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ABSTRACT. We study stationary equilibrium and comparative statics in an incom-
plete market economy with risk-sensitive preferences. We prove that a stationary
equilibrium exists for every nonnegative degree of risk sensitivity. With indepen-
dent income, greater risk sensitivity weakly raises aggregate saving at fixed prices
and weakly lowers the smallest and the largest equilibrium interest rates. With
stochastically monotone Markov income, these comparisons hold when the lower
risk-sensitivity parameter is sufficiently small or the upper parameter sufficiently
large. For pairs of intermediate values, however, greater risk sensitivity can lower
saving, contrary to an existing result in the literature, and can raise the smallest
and largest equilibrium rates. An exact decomposition identifies the forces driving
these reversals.
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comparative statics; heterogeneous agents; precautionary saving.

1. INTRODUCTION

Concerns about model misspecification occupy an important dimension of modern
macroeconomic analysis. The robust control approach allows households, investors,
and policymakers to evaluate decisions against adverse alternatives to a benchmark
probability model. This approach has deeply informed research on consumption and
saving, asset pricing, business cycles, welfare analysis, and policy design (Hansen and

Sargent, 1995, 2008; Hansen et al., 1999; Tallarini Jr, 2000; Anderson, 2005; Bidder
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and Smith, 2012, 2018; Ellison and Sargent, 2015; Bianchi et al., 2018; Kasa and Lei,
2018). Recent work connects pessimistic beliefs to survey evidence and documents
how such beliefs shape aggregate fluctuations (Bhandari et al., 2025). In incomplete
markets, these concerns operate through households’ demand for self-insurance, the

distribution of wealth, and the equilibrium prices at which households save.

We study these interactions within the risk-sensitive specification that underlies much
of this literature (Hansen and Sargent, 1995; Tallarini Jr, 2000; Anderson, 2005; Luo
and Young, 2010; Bauerle and Jaskiewicz, 2018; Bommier and Le Grand, 2019), under
which households evaluate uncertain future utility through the recursion

Vi =u(e) — %log E, e Vet

where v > 0 is the risk-sensitivity parameter, and v = 0 recovers expected utility.?
Increasing v raises aversion to risk in continuation utility without changing preferences
over deterministic consumption streams. For v > 0, this recursion also admits a
robustness representation equivalent to the multiplier robust preferences of Hansen
and Sargent (2008): the household evaluates future outcomes under the most adverse
income law within an entropy neighborhood of the physical one, with v equal to the
reciprocal of the robustness penalty parameter. A larger v lowers this penalty.

Our setting is an incomplete market production economy with borrowing-constrained
households, idiosyncratic income risk, and a risk-free asset. Our central concern is
how risk sensitivity affects household and aggregate saving, the stationary distribution
of wealth, and equilibrium interest rates. Analyzing this impact requires a stationary
equilibrium theory for risk-sensitive preferences, which has not been established. Be-
cause the tilted probabilities in the Euler equation depend on the continuation value,
the standard existence arguments for expected-utility economies do not apply directly.
We therefore prove that a stationary competitive equilibrium exists across the entire
family of risk-sensitive preferences, and that equilibrium interest rates vary upper
hemicontinuously with risk sensitivity. We obtain these results for strictly positive,
stochastically monotone Markov income processes, including independent income as

a special case.

Answering the saving question also requires resolving an existing claim in the litera-

ture. In their study of risk-sensitive household saving, Bommier and Le Grand (2019,

2Here, v is the period utility function, ¢; is consumption, V4 is utility from period-t onward, 3 is

the discount factor, and expectation IE; conditions on period-t information.
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Proposition 1) state that saving rises with risk sensitivity whenever income is stochas-
tically monotone. We show that this proposition is false as stated. A counterexample
satisfies their maintained assumptions, with time-homogeneous, stochastically mono-
tone income, yet saving falls between two positive risk-sensitivity parameters.®> The
issue extends beyond the household problem: stationary aggregate saving can fall
at fixed prices, and the extremal equilibrium interest rates can rise. These findings
make it necessary to identify the conditions under which monotone comparisons hold
and to characterize how these household effects translate into stationary equilibrium,
while establishing equilibrium without relying on global saving monotonicity.

Our first contribution characterizes the effects of risk sensitivity on saving, stationary
wealth, and equilibrium interest rates. Under independent income, a higher v weakly
raises saving and lowers consumption at all wealth levels, holding prices fixed. The
stationary wealth distribution shifts upward in first-order stochastic dominance, so
aggregate wealth and saving also rise weakly. In general equilibrium, both the smallest
and the largest equilibrium interest rates fall weakly. These results require neither
uniqueness of equilibrium nor monotonicity of aggregate capital supply in the interest

rate, and order extremal rates rather than arbitrary equilibrium selections.

With stochastically monotone Markov income, the comparison holds in two parame-
ter regions. At fixed prices, saving is weakly higher on the common invariant wealth
domain whenever the lower risk-sensitivity parameter is sufficiently small or the upper
parameter sufficiently large. The stationary distribution of wealth then shifts upward
conditional on each productivity state, and aggregate saving rises weakly. Moreover,
thresholds uniform over equilibrium prices deliver the same two-region comparison for
both extremal equilibrium rates. In particular, every positive v gives extremal rates
no higher than their expected-utility counterparts. This benchmark comparison does
not imply monotonicity between arbitrary positive parameters. Our counterexamples
demonstrate that the ordering of individual saving, stationary aggregates, and equi-
librium rates can all reverse between intermediate values. A numerical illustration
further shows that saving reversals can recur over a wide range of ~.

The mechanism operates through both the valuation of future states and the marginal
value of wealth in those states. Raising v changes decision weights directly, but it
also changes continuation values and future consumption choices. Under Markov

3Section 2.2 isolates the mechanism in a three-period economy. The Online Appendix provides an
infinite-horizon counterexample for the stated household comparison, alongside a general equilibrium

economy in which policy, aggregate, and equilibrium orderings all reverse.
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income, these changes differ across productivity states and can overturn the standard
precautionary saving comparison. We derive an ezact decomposition of the change
in the marginal return to saving into three components: the direct change in weights
holding continuation values fixed, the additional reweighting caused by changes in
continuation values, and the change in future marginal values. At a state with positive
baseline saving, their sum is negative if and only if saving falls. Under Markov
income, even the direct component need not be positive: lower continuation value does
not by itself imply a higher marginal value of wealth. This decomposition explains
individual reversals, while the threshold results deliver primitive sufficient conditions
for household and equilibrium comparisons.

Our second contribution is a stationary general equilibrium theory for this economy.
We prove that a stationary recursive competitive equilibrium exists for every v > 0.
Moreover, the equilibrium interest rate correspondence is nonempty, compact-valued,
and upper hemicontinuous in . Thus, whenever risk-sensitivity parameters converge,
every limit of corresponding equilibrium rates constitutes an equilibrium rate of the
limiting economy. In particular, as v tends to zero, equilibrium rates approach the
expected-utility equilibrium set. If equilibrium is unique at the limiting parameter,
all nearby equilibrium rates converge to that rate.

The equilibrium construction and comparative statics reinforce one another in a pre-
cise way. At fixed prices, the Markov comparison against v = 0, established on wealth
domains constructed independently of equilibrium, implies that aggregate saving is
at least as large as in the expected-utility benchmark. This transfers the divergence
of capital supply as gross returns approach the inverse discount factor to every v > 0.
Together with a lower endpoint bound and parametric continuity properties, this
yields equilibrium existence and places all equilibrium interest rates in one common
compact interval. That interval, in turn, renders the Markov comparison thresholds
uniform across equilibrium prices and converts the saving comparisons into orderings

of extremal market-clearing rates.

Two additional household-level results underpin this connection. First, we establish
existence, uniqueness, and parametric continuity of the value function and optimal
policy, allowing borrowing constraints and bounded or unbounded period utilities,
and derive a unified Euler equation. The Euler equation evaluates future marginal
utility under weights that depend on the continuation value, whereas realized wealth
continues to evolve under the physical income law. We therefore analyze the value
function and optimal policy jointly. Second, under impatience, vanishing absolute risk
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aversion, and positive income transitions, we establish a unique, globally attracting
stationary wealth distribution at fixed prices. An accessible binding state for the
borrowing constraint provides the anchor required for convergence. Uniform bounds
on stationary wealth then turn policy continuity into continuity of aggregate objects.
These results make it possible to connect endogenous decision weights, realized wealth

distributions, and market clearing within a single coherent analysis.

Related literature. Our analysis connects to a broad literature on robustness and
risk sensitivity in macroeconomics. Tallarini Jr (2000) and Bidder and Smith (2012)
study their implications for business cycles. In environments with idiosyncratic risk,
Ellison and Sargent (2015) examine how misspecification concerns affect the welfare
cost of exogenous consumption fluctuations, while Kasa and Lei (2018) study robust
portfolio choices and wealth inequality in a continuous-time Blanchard—Yaari econ-
omy. By contrast, we study the interaction of risk-sensitive consumption and saving
decisions, stationary wealth distributions, and endogenously determined factor prices

in an incomplete market production economy.

Our household analysis contributes to the literature on risk-sensitive dynamic pro-
gramming. Béuerle and Jaskiewicz (2018) study stochastic optimal growth, while Luo
and Young (2010) study risk-sensitive consumption and saving in a linear-quadratic
setting with rational inattention. We study a borrowing-constrained income fluctua-
tion problem and link its solution to stationary distributions and competitive equilib-
rium. Section 2 also illustrates why the observational equivalence between robustness
and patience in the linear-quadratic setting of Hansen et al. (1999) does not survive

in a nonlinear consumption-saving problem.

On the equilibrium side, a large literature studies incomplete market economies under
expected utility (Miao, 2006; Kuhn, 2013; Agikgoz, 2018; Cao, 2020; Zhu, 2020; Light,
2023; Prohl, 2025). We retain this benchmark at v = 0 and use a comparison with
it to establish existence throughout the risk-sensitive family. Our set-valued treat-
ment of equilibrium also connects to the classical continuity analysis of equilibrium
correspondences (Kannai, 1970; Hildenbrand and Mertens, 1972; He et al., 2017). In
continuous time, Achdou and Tang (2026) study recursive equilibrium using mean
field game methods. Their Epstein—Zin setting with late resolution of uncertainty
excludes the risk-sensitive preferences we study, and our upper hemicontinuity and
comparative statics results have no counterpart in that literature.
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Finally, our results complement work on precautionary saving and stochastic compar-
ative statics in Markov decision problems (Light, 2018, 2021), and on aggregate and
distributional comparative statics in large economies (Acemoglu and Jensen, 2015;
Jensen, 2018). Whereas these studies adopt expected-utility frameworks, we study
the equilibrium response to changes in risk sensitivity, identify the limits of global

monotonicity, and link valid household comparisons to stationary general equilibrium.

Organization. The rest of the paper is organized as follows. Section 2 develops three
stylized finite-horizon economies to build intuition. Section 3 solves the risk-sensitive
income fluctuation problem and establishes stochastic stability. Section 4 proves the
existence and upper hemicontinuity of equilibrium. Section 5 derives the comparative
statics and the exact decomposition of the saving comparison. Proofs are collected in
the appendices, and the Online Appendix contains the counterexamples.

2. THREE MOTIVATING EXAMPLES

Before turning to the general economy, we illustrate the underlying mechanism with
three stylized finite-horizon economies. The first shows how risk sensitivity generates
precautionary saving and lowers equilibrium interest rates. The second shows that this
monotonicity can fail once income is persistent. The third shows that risk sensitivity

is not observationally equivalent to patience outside the linear-quadratic setting.

2.1. A Two-Period Economy: Precautionary Saving and Equilibrium. Con-
sider a household that lives for two periods: ¢ = 0, 1. In period 0, it has initial wealth
ag > 0, consumes ¢y, and saves s = ag — ¢g at gross return R. In period 1, it receives
labor income wz and consumes ¢;(z) = Rs +wz. Here w > 0, and z € {2, 2y} with
0 < zp, < zg, probabilities 7, 7y > 0, and E(z) = 1. Period utility u is increasing,
strictly concave, and continuously differentiable on (0, 00) with u/(0) = oo.

The household evaluates uncertain future utility via the entropic certainty equivalent
1
py(X):=—=logEe ™ (y>0) and  po(X) :=EX (1)
8

For a nonconstant X, Jensen’s inequality gives p,(X) < EX when v > 0, hence an
uncertain utility is valued below its expected utility. As v | 0, the certainty equivalent
converges to the expectation; as 7 — oo, it converges to the worst realization. Thus
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~ measures sensitivity to adverse outcomes. The associated robustness interpretation
is developed in Section 3.1. Given a discount factor 5 € (0, 1), the household solves

maximize u(co) + Bpy [u(cr(2))]
subject to co+s=ap, ci1(z)=Rs+wz, s>0.

The objective is strictly concave, so its unique optimum satisfies
) ) ) e—vulci(2))
u'(cp) = max {5R]E [u (01(2))]”5(2)} LU (ao)} ,  where fy(z) := Eoon@@)
Since Ef; = 1, the probabilities used in the marginal saving calculation are m; f,(2;).
They put more weight on low consumption, where an additional unit of wealth has
greater marginal utility. At v =0, f; = 1 and the first-order condition becomes the

usual expected-utility Euler condition.

2.1.1. Precautionary saving. At any fixed s and v > 0, both u/(c;(z)) and e~ 7u(c1(2))
are strictly decreasing in z. Hence, for all v > 0,

E [u/(cl (2))e 7wl (z))}

]E[u/(cl(z))fs(z)} = Ee—ulci(z) > Eu'(e1(2))-

More generally, raising v increases this tilted marginal utility at every saving level s.
Strict concavity therefore implies that optimal saving is increasing in v, and increases
strictly when the household with the lower v saves a positive amount. Both households
may choose zero saving when current resources are sufficiently low. This mechanism
requires no change in the income dynamics: risk sensitivity raises the decision weight

on states in which saving is most valuable.

2.1.2. Equilibrium. To study price responses, consider a unit mass of households,
each endowed with ay units of the period-0 good. Their saving supplies capital for
period-1 production. A competitive firm uses the Cobb-Douglas production technol-
ogy F(K,L) = K“L'™® with full depreciation, where K is capital, L is labor, and
a € (0,1). Given R, profit maximization with labor normalized to one yields the
capital demand and wage schedules

K(R) = (a/R)Y0=%  and  w(R) = (1—a)K(R)". (2)

Because the productivity shock arrives after saving, all households are identical in
period 0 and choose the same saving s. With log utility, an interior choice satisfies
1 BRE(Rs+w(R)z) 7! )
ap—s  E(Rs+w(R)z)~"
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A competitive equilibrium clears the capital market: s = K(R). Substituting this
condition into (3) and using (2), the equilibrium capital K satisfies

1 aBC, E(a+ (1 —a)z)!

= h C, = :
w-K K YT TRt (- a))
There is a unique solution
aBbCy -1
* - =-r d R* — K* (6% .
1+apc, © ™ a(K)

The quantity C, is a tilted mean of (a4 (1 — «)z)~'. It is strictly increasing in v
because larger v places more weight on low z states. Therefore, the equilibrium capital

K™ increases and the equilibrium interest rate R* decreases with risk sensitivity.

2.2. A Three-Period Economy: When Saving Falls with Risk Sensitivity.
In the two-period example, terminal utility is independent of 7, and raising risk sen-
sitivity only reweights the fixed future outcomes. With another period, continuation
values themselves depend on ~. If current income predicts future income, then this

dependence differs across states and can reverse the saving response.

Consider periods ¢t = 0, 1,2 with u(c) = \/¢, 8 = 3/4, and R = w = 1. The household
saves in periods 0, 1 and consumes all remaining wealth in period 2. Period-1 income
is z;, = 1 or zy = 25/16, each with probability 1/2. Conditional period-2 income is

‘ Pr(ze =1) Pr(z =2)
21 = ZJ, ]_/4: 3/4, z2=9
2 = zy 1/4 3/4, 2 =281

The high state zg offers a better upside with the same downside probability, so its
conditional distribution first-order stochastically dominates that of the low state zp.

Work backward. At zero period-0 saving, period-1 cash satisfies a; = 21 € {z1, 25}
Since terminal income is at least 1, the marginal benefit of period-1 saving is at most
PRy (1) = 3/8. The marginal cost of saving at zero is u/(z;) = 1/2 and v/(zy) = 2/5;
both exceed 3/8, so for every ~y, zero saving is optimal in period 1 at both nodes. The

corresponding continuation values are

3 1 3 5 3 1 3
vp(y)=1-— o log[ze_7 + 16_37 and vg(y) = 1 log[ze_” + Z—Le_97 :
which are computed by substituting the period-2 rewards into the certainty equivalent

and adding the period-1 rewards.
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At zero period-0 saving, the ratio of the tilted probability of the low state to that of
the high state is

14 36_27} 3

— Yva(V)—vr(7)] ey | I T
O = et st — oyt = o[22

At v, =log2 and 7, = log 3, direct computation gives O(v;) > 5/3 > O(v2): greater
risk sensitivity reduces the relative weight on the low-income state, as illustrated in
panel (b) of Figure 1. To see why, write Av(vy) = vg(vy) — v (7). Then

Bt = (2= Avkn) + alsvtn) — Aot

direct change in weights change in the value gap

log

The first term is positive, as holding continuation values fixed, greater risk sensitivity
favors the worse state. But the second term is negative, because the value gap Av(7)
shrinks as 7 rises, and its magnitude dominates the first term between v, and 5. The
high state’s distant upside loses more value as v rises, narrowing the continuation

value gap enough to overturn the direct effect.

(a) Optimal period-0 saving (b) Tilted odds of the low-income state
indirect effect
151 dominates 2.0
-
= = 1.81
X 3
=107 S 1.6
s <
(%] =
> .| .Vl log2 g 1.4 -
g = .y
N 1.2 — per51stent mcome
——- same future law
01 - 10+ threshold 5/3
0.0 0.5 1.0 1.5 2.0 2.5 3.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0

Risk sensitivity y Risk sensitivity y

FIGURE 1. The three-period economy at initial cash aq = (160/111)?

The envelope identity converts this change in weights into a saving reversal. At the
two income nodes, the marginal values of wealth are u'(z1) = 1/2 and /(zg) = 2/5,
both independent of v as zero saving is optimal there for all 7. Their tilted mean is

O()/2+2/5
MO)=—700)
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which is strictly increasing in O(7). Choose initial cash ag = (160/111)?, so u/(ag) =
111/320. The derivative of the period-0 objective J, at zero saving is

111 3
J(04) = —u'(ag) + BRM (v) = 330 T M)
It is zero when O(v) = 5/3, positive at v;, and negative at 5. Strict concavity of the

period-0 objective therefore gives

s(ao; 71) > 0 = s(ao; 72)-

This reversal in saving arises entirely from the change in future continuation values, as
illustrated in panel (a) of Figure 1. If (21, z) instead shared the same future income
law, their value gap Awv(v) would be constant and equal to 1/4, so O(v) = ¢¥/* would
be increasing in «. Persistent income adds the indirect effect, which overturns this
direct effect for intermediate values of .

2.3. Distinguishing Risk Sensitivity from Patience. In the linear-quadratic
permanent income economy of Hansen et al. (1999), higher robustness can be offset
by a lower discount factor, leaving the consumption—investment allocation unchanged;
the two parameters are observationally equivalent from quantity data. The two-period
economy shows this equivalence is special to the linear-quadratic specification.

Return to the two-period problem with u(c) =loge, v =1, =1/2, R=w =1, and
z € {1,2} with equal probabilities. The risk-sensitive household solves
max {log(ap — s) — BlogE(s +2)~'}.

0<s<ag
At an interior optimum, 1/(ap — s) = BE(s + 2z)?/E(s + z)~'. An expected-utility
household choosing the same positive saving must satisfy 1/(ag —s) = 8’ E(s + 2) 7"
The required discount factor is therefore

E(s+ 2)72 _ 3 {1+

o) =p—
(s) []E(s—i—z)*l]

(2s + 3)21 ’

which depends on the saving level s. The risk-sensitive optimum is s = 1 at ag = 73/13
and s = 2 at ag = 218/25; the compensating discount factors are respectively 13/25
and 25/49. Because the objective is strictly concave, each Euler equation identifies
a unique optimum, so no single discount factor reproduces the risk-sensitive decision
rule. The observational equivalence of Hansen et al. (1999) therefore does not extend
to the nonlinear, borrowing-constrained environment used throughout this paper. As
a result, v is a genuinely independent parameter, not a relabeling of patience.
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2.4. Lessons and Roadmap. The examples suggest three lessons. First, when risk
sensitivity acts only by reweighting future outcomes, as in the two-period economy,
it raises precautionary saving and lowers the equilibrium interest rate. Second, once
income is persistent, risk sensitivity also changes continuation values, and changes
them unevenly across states; this indirect effect can reverse the saving comparison.

Third, risk sensitivity is a distinct preference parameter, not a relabeling of patience.

The rest of the paper asks how far these lessons extend to an infinite-horizon economy
with a stationary wealth distribution and endogenous prices. After Section 3 solves
the household problem, Section 5 shows that the comparison of the two-period econ-
omy survives globally under independent income. Under persistent income, it survives
whenever the lower risk-sensitivity parameter is sufficiently small or the upper one suf-
ficiently large, while counterexamples show that it can fail in between. Because these
comparisons concern equilibrium interest rates, they require a stationary equilibrium
theory for risk-sensitive preferences. Section 4 provides it, establishing existence for
every v > 0 and upper hemicontinuity of equilibrium rates in ~.

3. AN INcOME FLUCTUATION PROBLEM WITH RISK-SENSITIVE PREFERENCES

This section studies the income fluctuation problem with risk-sensitive preferences
that serves as the household-side building block of the general equilibrium economy.
We establish the existence, uniqueness, and properties of the optimal policy, the Euler
equation, and convergence to a unique stationary distribution.

3.1. Preferences and Economic Environment. Time is discrete and indexed by
t € {0,1,...}. Uncertainty is driven by a labor productivity shock {z:}:>¢ taking
values in a finite set Z = {z1,...,2x} C (0,00), where N > 2. The shock follows a
time-homogeneous Markov chain with transition matrix @, and Q(z, 2) denotes the
probability of moving from z to Z in one step. Throughout, we denote R := [0, 00)
and Ry, := (0,00).

3.1.1. Preferences. The household evaluates consumption recursively: for a consump-

tion plan {c¢; }+>0, the utility from period ¢ onward, V;, satisfies
1
——logE,e X, >0,
Vi =wulct) + Bpe(Vis1), where p(X) = v
EtXa fy - 0
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where v : Ry — R, is the period utility function, which is continuous, increasing,
strictly concave, twice continuously differentiable on R, and satisfies v/(0) = oco0.*

Moreover, § € (0, 1) is the discount factor, and E; conditions on period-t information.

The preference recursion (4) is the one introduced in Section 2, now extended to the
infinite horizon. Section 2.1 recalls the key facts we use throughout: as v | 0, the
certainty equivalent reduces to the plain expectation, so (4) approaches the additively
separable expected utility V; = E; ) .., B%u(ci4s); and for v > 0, the household
evaluates the future under a probabilityitﬂted toward low continuation value states.
Raising v increases aversion to dispersion in continuation value without changing the

ranking of deterministic consumption streams.

Remark 3.1 (Relation to robustness). For v > 0, the certainty equivalent also has
the robustness representation:

. 1 Dy
) = B 2 R gL, 5 ©
where X is the value of X on {z4; = 2;}, and the minimum is over probability
vectors p < Q(z, ) (i.e., pj = 0 whenever Q(z;, z;) = 0), with 0-log0 = 0. The first
term is the expectation of X under a distorted income law. The second term penalizes
departures from the income law by relative entropy: larger v lowers this penalty and
permits a more adverse assessment of continuation prospects. The recursion (4) is
thus the multiplier form of the robust preferences of Hansen and Sargent (2008): the
household evaluates continuation utility under the most adverse income law within
an entropy neighborhood of the physical one, with v controlling the size of that
neighborhood. As v | 0, the penalty on the departure grows without bound, so the
minimizing law converges to () itself and the certainty equivalent collapses to the
expectation.

4The condition u : R+ — R is a presentational convention, rather than a substantive restriction.
Any period utility that is bounded below on R is covered: adding a constant makes it nonnegative
and, by cash invariance, leaves the optimal policy unchanged. Utilities unbounded below near zero,
such as u(c) = logc or u(c) = ¢” /o with o < 0, are also admissible. There the Bellman operator is
analyzed directly on the space of bounded below value functions over the absorbing set [a, 00) X Z,
where @ > 0 is the lowest attainable next-period wealth. No positive lower bound on consumption
is required: the Inada condition u'(0) = oo already ensures that optimal consumption is interior. A
suboptimal policy may have value —oco, whereas the optimal value is finite at each positive wealth
level. The domain restriction is immaterial because a positive labor income floor keeps wealth above
a after one period. All such CRRA specifications are covered; see Appendix B.3.
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Remark 3.2 (Relation to Epstein-Zin parameterizations). When u(c) = loge, the
recursion (4) is the Epstein—Zin recursion with unit elasticity of intertemporal sub-

stitution and relative risk aversion

fy
14—
+ -3
(Tallarini Jr, 2000). Thus ~ is not itself a coefficient of relative risk aversion: with
an annual discount factor g = 0.96, v = 1 corresponds to relative risk aversion of 26.
The mapping also depends on the length of the model period through 5. In quan-
titative work, v is therefore usually disciplined through detection-error probabilities

(Anderson et al., 2003; Barillas et al., 2009).

3.1.2. The household’s problem. A household that enters period ¢ with cash-on-hand
a; chooses consumption ¢; and carries the remainder a; — ¢; into the next period,
where it earns gross return £ > 0, and receives labor income wz;; with w > 0.
The next period’s cash-on-hand is therefore a;y 1 = R(a; — ¢;) + wz41. Each period,
consumption must satisfy the no-borrowing constraint 0 < ¢; < a;: the household
cannot consume more than its current resources, so it can never borrow against future

labor income.

A policy m = (m)>0 assigns to each history hy = (ao, 20, o, - - -, QGt—1, 2t—1, Ct—1, G, Zt)
a feasible consumption choice ¢; € [0, a;]; the set of all policies is denoted by II. A
stationary policy is a constant sequence m; = ¢ for all ¢ > 0, with & denoting the
set of all stationary policies. Given a policy 7 and an initial state (a, z), the lifetime
utility J(a, z,7) is defined as the limit of finite-horizon truncations: for each horizon
n, impose a zero continuation value after period n, and compute the utility of the
truncated stream (co,...,c,) by backward recursion of (4). This yields J,(a, z,7),
the recursive utility of the first n + 1 periods. The lifetime utility is then

J(a,z,7) = lim J,(a,z, ).
n—oo

Under Assumption 3.1 below, the sequence {.J,},>¢ is increasing and bounded above,
so the limit is well defined and finite; the formal construction is in Appendix B. For
unbounded below period utilities, the limit remains well defined but may equal —oo
for suboptimal policies (Appendix B.3). Given (ag, 29) = (a, 2), the household solves
sup J(a,z,7) (6)

well
subject to: a1 = R(ay — ¢;) +wzpq, 0< ¢ <a, t>0. (7)
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3.2. Optimality Results. Throughout, E, := E[-|2zy = z]| denotes conditional
expectations, and X denotes the next-period value of a random variable X. The

following impatience assumption is maintained.

Assumption 3.1 (Impatience). The discount factor and gross return satisfy SR < 1.

Impatience controls the growth of discounted continuation utility and is standard in
incomplete market models. It suffices for the optimality results below. Stability of

wealth requires the additional tail restriction introduced in Section 3.3.

The state of the household is the pair (a, z) with state space X := Ry x Z. Let V be
the set of continuous functions v : X — R that are increasing in a, concave in a, and
grow at most linearly in a. The precise weighted norm under which V' is complete—
and under which the Bellman operator is a contraction—is specified in Appendix B.
For v >0,z € Z, and h: Z — R, define the entropic risk expectation:

1 .
——logE,e "), v > 0,
prz(h) = pya(R(2)) = 7 (8)
When applied to a continuation value, the argument includes the wealth implied by
current saving and next-period productivity.

Theorem 3.1 (Existence, uniqueness, and fundamental properties of optimal policy).
If Assumption 3.1 holds, then for all v > 0:

(1) There ezist a unique function v* € V and a unique stationary policy ¢* € ®
that satisfy

v*(a, z) = max {u(c) + Bp,. (v (R(a —c) + wz, 2)) } (9)

c€0,a]
2)) + Bpy.z (v*(R(a —c*(a,2)) + wz, 2))

= u(c
(2) The mapping v*(a, z) is concave in a and continuous.

“(a,
)
(3) Both c*(a,z) and s*(a,z) = a — c*(a, z) are increasing in a and continuous.
(4) The mappings (v*, c*) coincide with the value function and optimal policy, i.e.,
v*(a,z) =supJ(a,z,m) = J(a,z,c") forall (a,z) € X
mell
Theorem 3.1 shows that the income fluctuation problem is well posed for all v > 0. At
v =0, (9) is the standard expected-utility Bellman equation, and the value function
drops out of the first-order condition; existence can then be established directly on
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the consumption policy. For v > 0, the tilting weight depends on the continuation
value, so the value function itself must be the object of analysis, and the contraction
argument must discipline discounting and wealth growth jointly. This is the same
value dependence that Section 2.2 showed can reverse the saving comparison; it is
also why the comparative statics of Section 5 track the value function rather than the

policy alone.

Part (1) establishes existence and uniqueness of the value function and optimal policy,
while part (4) is the verification result linking the Bellman fixed point to the sequential
maximization problem. Parts (2)—(3) show that the solution retains the qualitative
features of the classical income fluctuation problem—concavity and monotonicity in
wealth, and continuity of consumption and saving—which are the key inputs for the

subsequent stochastic stability and general equilibrium analyses.

Remark 3.3 (A general parametric optimality result). Theorem 3.1 is a special case
of the parametric optimality result Theorem B.1 in Appendix B. There, the gross
return R varies over an arbitrary compact subset C C (0, R), while risk sensitivity
varies over an arbitrary nonempty subset I' C [0, 00); the parameter space is © = CxT.
The value function v*(a, z; R,~) and the optimal policy ¢*(a, z; R,7) are shown to be
jointly continuous in (a,z, R,7) on X x ©. In particular, no compactness of I is
needed. If 0 € I'; the solution is right continuous at v = 0, where the model reduces
to expected utility. This parametric extension serves two purposes. First, it delivers
the continuity in the interest rate used in the general equilibrium analysis of Section 4.
Second, it provides the joint continuity in (R, ) on which the comparative statics of
Section 5 rely. Theorem 3.1 follows immediately by fixing a single (R, ).

Proposition 3.1 (Euler equation). If Assumption 3.1 holds, then for all v > 0, the
unique optimal policy c¢* satisfies the Euler equation

u'(c*(a, z)) = max { BRE.u'(c*(a, 2)) fy(a, 2| 2), ¥'(a) }, (10)
where, for all (a,z,2) € X X Z,
) ) ) o )
a:=R(a—c"(a,2)+wz and f,(a,z2|z):= R G (11)

Appendix C establishes the envelope identity dv*(a, z)/da = u'(c*(a, z)) and uses it to
derive the Euler equation (10). Under risk sensitivity, the marginal benefit of saving
is the tilted expectation of future marginal utility. At a fixed continuation value, the
tilted probability f, places more relative weight on states with lower continuation
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value; it satisfies £, f, = 1 and reduces to the uniform weight at v = 0. The marginal
benefit of saving therefore depends jointly on future marginal utility and on the value-
dependent weights. For this reason, a higher v does not by itself guarantee a saving
comparison: Section 5 identifies when the comparison holds and when it can reverse.
When saving is positive, current marginal utility equals the discounted tilted marginal

benefit. At zero saving, it is weakly greater, as reflected by the maximum in (10).

3.3. Stochastic Stability. Under the optimal policy, the state dynamics are
apy1 = Rlag — ¢ (ag, 20)] + wzy, (12)
Zep1 ~ Q(z,0). (13)

Let P denote the induced stochastic kernel, which governs the transition probabilities
of the state process {(ay, z1)}. Appendix A provides its formal definition. We impose
the following condition to control wealth at high levels.

Assumption 3.2 (Vanishing absolute risk aversion). The period utility satisfies

(}Lrgo n(a) =0, where 7n(a) := —u"(a)/u/(a).

This condition ensures that marginal utility becomes insensitive to bounded changes
at sufficiently high wealth (in relative terms): lim, o @' (a+h)/u'(a) = 1 for all h > 0.
Assumption 3.2 clearly holds for the CRRA period utility function. More generally,
bounded relative risk aversion in the tail is sufficient. Together with impatience, it

implies mean reversion in wealth, as the next result demonstrates.

Proposition 3.2 (Mean reversion and existence of a stationary distribution). If
Assumptions 3.1-3.2 hold, then:

(1) (Invariance). There exists aj, < oo such that the state process {(at, z¢) }i>o lies
in Xg :=[0,a%] x Z almost surely whenever (ag, z9) € Xg.

(2) (Absorption). From any initial state (a,z) € X, the state process reaches Xg
almost surely in finite time.

(3) (Stationary distribution and support). The stochastic kernel P admits at least

one stationary distribution. Moreover, any stationary distribution ugr satisfies
pr(Xp) = 1.

Despite market incompleteness and risk sensitivity, wealth does not drift to infinity.
Crucially, although the endogenous tilted probability redistributes weights across in-
come states, it neither adds new states nor relaxes the budget constraint, so it cannot
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by itself induce unbounded accumulation. The compact absorbing set Xg, together
with smooth transitions, ensures existence of a stationary distribution, and it is the
building block for the general equilibrium analysis in Section 4.

To state the next result, we need a little notation, all defined formally in Appendix A.
Let P™ be the n-step stochastic kernel, which measures the transition probability over
n periods, and ||-||rv be the total variation norm, which measures the distance between
two distributions. If households are currently distributed according to p, then puP™
is the cross-sectional distribution n periods later. The next result shows that the
long-run behavior of the economy is unique and independent of initial conditions.

Theorem 3.2 (Global stability). If Assumptions 3.1-3.2 hold and @ has positive

entries, then the following statements are true.

(1) (Uniform ergodicity on Xg). The state process restricted to Xg is uniformly
ergodic: it admits a unique stationary distribution p* supported on Xg, and
there exist constants C' < oo and ¥ € (0,1) such that

sup [|[P"(z, ) — u*|lrv < CU™ for all n > 0.
z€Xp

(2) (Global stability on X). u* is the unique stationary distribution of P on X,
and for all initial distributions p,

|uP" — 1*|l7vy — 0 as n — oo.

Theorem 3.2 shows that the cross-sectional distribution converges to a unique limit p*
from any initial condition, at a geometric rate if the initial state lies in Xz. The key
point is that the endogenous tilt does not jeopardize ergodicity: although it reshapes
the optimal policy, the induced transition still assigns positive probability to reaching
the borrowing constraint in finite time (see Lemma D.3 in Appendix D). The theorem
justifies interpreting p* as the unique long-run distribution of the economy, and it
provides the stationary distribution used to clear the capital market in Section 4.

Remark 3.4 (The role of positive entries). The proof first uses the Euler equation and
impatience to show that the borrowing constraint binds with positive probability in
finite time. When it binds, next-period wealth depends only on the income realization.
Positive entries of () then allow households starting from different states to reach
a common binding state, and allow that state to recur. On Xpg, these probabilities
admit a common positive lower bound, which gives uniform ergodicity. This argument
requires neither monotonicity of (), nor the uniform asset decumulation at the lowest
productivity state that drives the standard expected-utility proof.
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4. GENERAL EQUILIBRIUM

This section embeds the risk-sensitive household problem into a production economy,
establishes the existence of a stationary competitive equilibrium, and the upper hemi-
continuity of the equilibrium correspondence in . The key challenge is that the tilted
probability is endogenously determined. The continuity and boundary properties un-
derlying the classical existence argument therefore have to be verified with the tilt
varying jointly with prices and the household’s policy, rather than held fixed.

Throughout, R := 1/3. At prices (R, w(R)) and risk sensitivity v, write cg., for the
optimal consumption policy, Pg, for the stochastic kernel in (12)-(13), and pg, for
its unique stationary distribution. The latter is well defined by Theorem 3.2 when @)
has positive entries. For the general equilibrium analysis, the economy is populated by
a unit mass of households, each facing the problem of Section 3 and each supplying z
units of effective labor each period. We normalize the productivity process so that its
stationary mean is £z = 1, with £ the expectation under the stationary distribution

of Q.

4.1. Production. A representative firm uses capital K and effective labor L to
produce output F(K, L). Capital depreciates at rate § € (0, 1).

Assumption 4.1 (Production technology). The production function F : RZ — R
is continuous, concave, and has constant returns to scale. It is strictly increasing and
continuously differentiable on ]Ri 4, K — F(K,1) is strictly concave, and

imF(K,1) =0, lmF (K1) =00, (:= lim F(K, 1)<
K10 K10 K—00

The Inada conditions in Assumption 4.1 guarantee that capital demand is positive and
finite at every relevant interest rate, while ¢ < ¢ ensures that the marginal product
of capital eventually falls below the depreciation rate. The firm chooses capital and
labor to maximize static profits:

max {F(K, L)— (R—1+0)K — wL}.

K,L>0

Labor market clearing requires L = 1: each household supplies z units of effective
labor, and the normalization [Ez = 1 makes aggregate effective labor supply equal to
L = Ez = 1. Hence, the first-order conditions are evaluated at L = 1 and given by

R—1+0=F(K,1) and w=F(K,1). (14)
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Define the capital demand schedule K(R) := F;'(R — 1+ 6,1), the induced wage
schedule w(R) := F»(K(R),1), and the lower bound interest rate R :=1—3§+ ¢ < 1.

By Assumption 4.1, K is continuous and strictly decreasing, with
lim K(R) = d limK(R)= K(R) € (0,00), 15
im K(R) =00 and lim K(R) = K(F) € (0,00) (15)

and the wage satisfies

}%igl?w(R) =w(R)>0 and }%Eli w(R)/K(R) = 0.

These properties are standard and are formally derived in Appendix F.

4.2. Stationary Equilibrium. Given an interest rate R € (R, R) and risk-sensitivity
parameter 7, the household side is summarized by the stationary distribution g -
obtained in Section 3.3. The aggregate wealth A(R,~y) and aggregate saving S(R, ),
which finance the firm’s capital stock, are respectively

A(R,7) ::/a,uR7 [d(a,z)] and S(R,7v) ::/X[a—cRﬁ(a, z)},uRﬁ[d(a, 2)]. (16)

In a stationary state, wealth equals the return on saving plus labor income, so these
quantities satisfy the accounting identity

A(R,v) = RS(R,v) +w(R).

Definition 4.1. A recursive competitive equilibrium consists of prices (R, w), a value
function v* : X — R, a policy function ¢* : X — R, and a probability measure p* on
X such that:

(i) Given (R, w), v* and ¢* solve the household problem (6)—(7).
(ii) Given (R, w), the firm maximizes profits, so its capital demand K satisfies the
first-order condition (14).
(iii) Markets clear: the labor and capital markets clear, satisfying

L=Ez=1 and /[a — c*(a,2)] p*ld(a, 2)] = K.
X
(iv) p* is a stationary distribution of the transition kernel P induced by (12)—(13):
p'(B) = / P((a,z), B) up*[d(a, z)] for all Borel sets B C X.
X
By part (iv) and the uniqueness statement of Theorem 3.2, any equilibrium measure

must coincide with pg ., at the equilibrium interest rate. The equilibrium conditions
therefore collapse to a single equation in the interest rate: S(R,v) = K(R).
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4.3. Existence and Upper Hemicontinuity of Equilibrium. Existence of an
equilibrium is equivalent to the existence of a zero excess capital supply, defined by

In what follows, we show that W is continuous and changes sign on (R, R).

Lemma 4.1 (Continuity of aggregate objects). If Assumptions 3.1-3.2 and 4.1 hold,
and @ has positive entries, then A(R,v), S(R,7), and V(R,v) are continuous on
(R, R) x [0, 00).

Lemma 4.1 follows from two facts. First, by Theorem B.1, the value function and
the optimal policy are jointly continuous in (a, z, R, ), so the transition kernel varies
continuously with the parameters. Second, by Proposition D.1, all stationary distri-
butions for interest rates in a compact set share a common compact absorbing set, so
their supports are uniformly bounded. As in Agkgoz (2018, Lemmas G.2-G.3) and
Zhu (2020, Lemma 7 and Theorem 6) in the expected-utility case, weak continuity of
the stationary distributions alone does not deliver convergence of their moments; the
uniform bound provides the needed control.

The upper-endpoint argument uses an additional restriction on income transitions.

Assumption 4.2 (Stochastic monotonicity). @ has positive entries and is monotone.

Here, monotonicity of () means that higher current productivity shifts the distribution
of future productivity upward in the sense of first-order stochastic dominance; see
Appendix A for its formal definition.

Proposition 4.1 (Divergence of aggregate wealth). If Assumptions 3.1-3.2 and 4.1-
4.2 hold, then limp,z A(R,~) = oo for all v > 0.

Proposition 4.1 shows that the classical divergence of Huggett (1993) survives under
risk-sensitive preferences: as the impatience condition SR < 1 binds with equality, the
force that bounds wealth accumulation vanishes, so aggregate asset demand explodes.
Two forces drive this divergence. The first is the standard incomplete-markets chan-
nel: households occasionally hit the borrowing constraint, so a precautionary motive
operates even when marginal utility is not convex. The second is the risk-sensitivity
channel, whose direction is not a priori obvious. The tilt overweights low continuation
value states, but it also revalues continuation prospects unevenly across states.
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The proof has two steps. When v = 0, a hypothetical sequence of bounded aggregate
wealth produces a limiting policy and a stationary distribution with finite mean at
R = 1 (Lemma E.1), and the limiting Euler inequality forces consumption to be
constant along stationary paths, contradicting nondegenerate income risk. For v > 0,
the comparative statics result Proposition 5.2, applied with ~; = 0, yields

A(R,7) > A(R,0).

Divergence of aggregate wealth therefore extends to every degree of risk sensitivity.
This comparison concerns households facing the same prices, and does not require
saving to be monotone between arbitrary positive values of . The comparison is
proved on a common invariant wealth set constructed from household primitives, so

its use here does not presume the existence of equilibrium.

Remark 4.1 (Why the expected-utility proof does not apply directly). The expected-
utility arguments of both Agikgoz (2018, Lemma 1 and Proposition 6) and Zhu (2020,
Theorem 7 and Proposition 13) exploit Euler restrictions under the law governing
realized wealth. With risk sensitivity, the Euler equation instead uses endogenous
tilted probabilities. Neither does stationarity cancel the tilted continuation term as
in Agikgoz (2018), nor does the Euler inequality directly produce a marginal utility
supermartingale under @Q as in Zhu (2020).

Remark 4.2 (Role of monotone @)). Stochastic monotonicity of @) is not a technical
artifact: it aligns the two forces of Proposition 4.1—the standard incomplete-markets
channel and the risk-sensitivity channel—for the comparison with the expected-utility
benchmark. A counterexample in the Online Appendix shows that the aggregate
comparison A(R,7) > A(R,0) can fail without it.

Define the equilibrium interest rate correspondence by
R:[0,00) = (R,R) st. R(y)={Re (B R): ¥(R~)=0}. (17)

Theorem 4.1 (Existence and upper hemicontinuity of recursive competitive equilib-
rium). If Assumptions 3.1-5.2 and 4.1-4.2 hold, then:

(1) A recursive competitive equilibrium exists at every v > 0; equivalently, R()
1s nonempty for all v > 0.
(2) The correspondence R is compact-valued and upper hemicontinuous on [0, 00).

SWith endogenous labor, Zhu’s divergent object is the capital-labor ratio: either wealth diverges

or labor supply vanishes. The wealth divergence comparison here concerns his exogenous labor case.
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Three features deserve emphasis. First, the equilibrium interest rates are bounded
away from R =1/8. As Rt R, Proposition 4.1 makes desired capital supply diverge
while capital demand remains finite, so no equilibrium rate can accumulate at the
boundary. Indeed, within the domain of the model, all equilibrium rates lie in a
compact interval separated from R (see Step 3 of the proof of Theorem 4.1). Second,
the theorem covers v = 0, so the expected-utility economy is nested as a special case
rather than treated separately.

Third, part (2) establishes the robustness of equilibrium interest rates to changes in
risk sensitivity. Upper hemicontinuity of the equilibrium correspondence is a classical
desideratum in general equilibrium theory (e.g., Hildenbrand and Mertens, 1972), and
here it is delivered by the joint continuity of W in (R, 7). Its force is clearest under
multiplicity: (i) along any sequence 7, — v with R, € R(7,), every cluster point
of {R,} is an equilibrium rate at ~o; (ii) near a parameter at which the equilibrium
is unique, nearby equilibrium rates cluster at it; (iii) if the equilibrium is unique at
every -, the equilibrium rate is continuous in 7, including right continuity at v = 0.

The next result collects these implications.

Corollary 4.1 (Limits and continuity of equilibrium rates). If the assumptions of
Theorem /.1 hold, then:

(1) If vn — 0 and R,, € R(7n), then every cluster point of {R,} lies in R(7o).

(2) If v — 0, Ro is the unique equilibrium interest rate at o, and R, € R(Vn),
then R,, — Ry.

(8) If the equilibrium is unique for all y, then the unique equilibrium interest rate

is continuous in vy on [0,00).

The proof of Theorem 4.1, in Appendix F, proceeds in three steps. First, the firm’s
side delivers a continuous capital demand schedule and a continuous wage schedule.
Second, for any fixed v, saving falls short of capital demand when R is near R, and
exceeds it when R is near R, where saving diverges while capital demand remains
finite; continuity of excess supply then yields an equilibrium by the intermediate
value theorem. Third, the same two endpoint bounds hold uniformly in ~, so every
equilibrium rate lies in one common compact interval. Since excess supply is jointly
continuous in (R,7), a limit of equilibrium rates is again an equilibrium rate, which
gives upper hemicontinuity.
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5. COMPARATIVE STATICS

This section studies the key comparative statics question that has no counterpart in
the expected-utility benchmark: how does risk sensitivity affect saving, the stationary
wealth distribution, and equilibrium interest rates? The comparison is global under
independent income. Under Markov income, we establish it for comparisons with a
sufficiently small lower parameter or a sufficiently large upper parameter. An exact
decomposition then identifies the forces relevant to comparisons outside these regions.

Let Vry, CrAys SA(Q,2) == a—cCRr~(a, ), and pg~ be the value function, consumption
and saving policies, and stationary distribution at prices (R, w) and risk sensitivity ~.
Aggregate wealth A(R, ), aggregate saving S(R, ), excess capital supply ¥(R,~),
and the equilibrium set R () are defined as in Section 4. Theorem 4.1 shows that R is
nonempty, compact-valued, and upper hemicontinuous. Hence, the extremal interest
rates are well-defined:

Ruyin(7) := min R(7y) and Riax(7) := max R (7). (18)

In what follows, policy and distributional comparisons are held at fixed prices, while
equilibrium comparisons allow prices to adjust.

5.1. Independent Productivity. We first consider 11D productivity, under which
a clean comparative static can be established.

Assumption 5.1 (Independent productivity with full support). The productivity
process {z} is 1ID on Z, and every state has positive probability.

In this case, current productivity carries no information about future income, so the
value function and optimal policy depend only on wealth. We write them as vg,(a),
cr~(a), and sg(a). Assumption 5.1 implies Assumption 4.2: the rows of @) coincide

and all entries are positive.

Proposition 5.1 (Risk sensitivity, saving and wealth distribution under 11D income).
If Assumptions 5.1-8.2 and 5.1 hold, then: for all R € (0, R) and 0 < 1 < 7,

Crqyy(a) < cpqy(a) and sp,(a) > spy(a)  forall a >0, (19)
and the aggregate objects satisfy

A<R7 '72) > A<R7 71) and S<R7 72) > S(Rv 71)' (20)
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Moreover, for all bounded increasing functions h : R, — R,

[hdune, = [ bdun,.

Thus, the stationary wealth distribution under o first-order stochastically dominates
that under ;.

Intuitively, with 1ID income, successor states differ only in wealth. Monotonicity and
concavity therefore align low continuation values with high marginal values of wealth.
Since a larger v overweights low continuation value states, the envelope identity im-
plies that the risk-adjusted return to saving rises, so the household consumes no more
and saves no less at every wealth level. Since the policy comparison holds along each
common productivity path, the more risk-sensitive household saves at least as much
at each realized wealth level, so its wealth path lies above in each period. Convergence
to the stationary distributions transfers this order to the long run. Hence the entire
wealth distribution, not merely its mean, shifts weakly upward.

The following theorem shows that, under the maintained assumptions, both extremal

equilibrium interest rates are decreasing in .

Theorem 5.1 (Equilibrium comparison under 11D income). If Assumptions 3.1, 3.2,
4.1, and 5.1 hold, then for all 0 < v < 73,

Rmin(72) S Rmin(VI) and Rmax(fh) S Rmax(’yl)' (21>

At each interest rate, higher risk sensitivity raises capital supply while leaving capital
demand unchanged. The excess supply curve W(-,~) therefore shifts upward, and the

extremal market clearing rates move weakly downward.

Remark 5.1 (Scope of the equilibrium comparison). Theorem 5.1 requires neither
uniqueness of equilibrium nor monotonicity of S(R,~) in R. It also does not require
differentiability of the optimal policy with respect to . If the equilibrium is unique,
its interest rate is decreasing in v. With multiple equilibria, the theorem orders their
extremal rates, but not arbitrary equilibrium selections across different values of ~.

5.2. Markov Productivity. We return to Assumption 4.2 and Markov productiv-
ity. Since current productivity affects future income prospects, ordering the tilted
probabilities across states now requires controlling how continuation values change
with both productivity and risk sensitivity. The 11D argument no longer applies. The
comparison nevertheless survives at both ends of the parameter range.
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For each fixed R, choose the common invariant set Xz := [0,a}] x Z supplied by
Proposition 3.2 (more generally, by Proposition D.1 with C = {R}). In particular,
Xg is uniform across 7, and every stationary distribution is supported on Xg.

Proposition 5.2 (Risk sensitivity, saving, and wealth distribution under Markov
income). If Assumptions 3.1-3.2 and 4.2 hold, then for every R € (0, R), there exist
0 < vz < g such that for all 0 <y < o with either v1 < 5 or y2 > Vi,

SR, (A, 2) > Spay(a,2) and  cray(a,z) < cp(a,z) on Xg (22)
and the aggregate objects satisfy
A(R,v2) > A(R,m1) and S(R,y2) > S(R, 7). (23)

Moreover, for all bounded h : X — R such that h(a, z) is increasing in a,

/hd/ﬁ]g;y2 > /hdpJR;yl.
X X

In particular, conditional on each productivity state, the stationary wealth distribution

under 7y first-order stochastically dominates the one under ;.

The two comparison regions connect to different benchmarks. When ~, is sufficiently
small, the household retains the expected-utility ordering of future states: additional
wealth is more valuable when income is low and future income prospects are worse.
Bounds on changes in continuation values preserve the saving comparison with any
higher parameter. Here, the lower threshold 5 controls the effect of the tilt near the
expected-utility benchmark.

When 7, is sufficiently large, the household’s problem approaches a deterministic
benchmark in which income remains at its minimum. This benchmark is common
across current productivity states, as each assigns positive probability to the lowest
income next period. Continuation values then depend only on wealth, so concavity
makes additional wealth more valuable in poorer outcomes. On the common wealth
domain Xpg, quantitative bounds control the relevant marginal values and changes in
tilted probabilities, establishing comparison with any smaller parameter. The upper
threshold v} identifies a point beyond which the worst-case regime dominates.

When both 7; and 7, lie in (75,7 ), changes in continuation values and future con-
sumption choices can instead reverse the saving comparison. However, once the saving
comparison holds, the stationary distribution inherits this pathwise order: conditional
on each productivity state, the entire wealth distribution shifts weakly upward.
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Appendix G constructs the thresholds (v5,7%) from the primitives and the common
wealth bound. It further constructs a single pair of thresholds, uniform across the set
of equilibrium interest rates, which permits the equilibrium comparison.

Theorem 5.2 (Equilibrium comparison under Markov income). If Assumptions 3.1-
3.2 and J.1-4.2 hold, then there exist 0 < v, <~} such that for all 0 < v, < vo with
either v1 <y, or vy > 7,

Rmin(’m) S Rmin(VI) and Rmax(fh) S Rmax(’yl)' (24>

Taking v; = 0 shows that, at every v > 0, the extremal equilibrium interest rates lie no
higher than their expected-utility counterparts: comparisons against the benchmark
never require the upper threshold. At the opposite end, once 7o > 7, the ordering
holds against any smaller v;. The only comparisons the theorem does not order are
those in which both parameters lie in the intermediate range (v, ,~;); the following

remark shows that this gap is substantive.

Remark 5.2 (Reversal between positive parameters). The two-threshold structure
of Proposition 5.2 and Theorem 5.2 is substantive. The Online Appendix constructs
an economy in which both parameters lie in the intermediate range (v, ,v;") and the

policy, aggregate, and equilibrium orders all fail.

The proofs are in Appendix G. Both productivity specifications follow the same route:
from finite-horizon policy comparisons to aggregates and stationary distributions, and
then to extremal equilibrium rates. Under Markov productivity, the additional step
bounds the indirect effect of v on continuation values and uses the resulting order of
the tilted probabilities.

5.3. Decomposing the Saving Comparison. The results of Section 5.2 leave
one question open: why does the comparison fail in the intermediate range, and
which force drives the reversal? This section addresses this question with an exact,

state-specific criterion for a saving reversal.

Fix R € (0,R), w > 0, (a,2) € X, and 0 < 1 < 7. Suppose baseline saving is
positive, that is, s; := sg.,(a,2) > 0,° and let z; := Rs; + wz; be the successor
wealth in state j. For each k € {1,2}, define the vectors Vj and my, by

Vij = VR (25,25)  and  my; i= Ovry, (25, 25) /025 = U'cry, (75, 25)],

6Tf 51 = 0, the weak saving comparison is automatic and a strict reversal is impossible.
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where the equivalence of marginal values and derivatives follows from the envelope
identity (Lemma C.1). Define the tilted probability vectors py and p:

pr; X Q(z, zj)e "V (k=1,2) and Pj o< Q(z,zj)e” Y.
Thus p changes risk sensitivity while holding the baseline continuation value function

fixed. Moreover, let L; := Vi; — V5.

Proposition 5.3 (Exact decomposition of the saving comparison). If Assumptions 3.1,
3.2 and 4.2 hold, then L; > 0 for all j, and

SrAs(a,2) > spoy(a,2) <= T+W+B>0,

where
_ Covy, (ml, e_(”_”l)vl) ~ Covj (ml, eWL)

= ]Eple*(’YQ*'Yl)Vl s W = ]Eﬁ e’YQL (L?’Ld B = ]Ep2 (m2 — ml).

A strict reversal sg,(a,2) < Sgpa, (a,2) occurs if and only if T+ W + B < 0.

The identity behind the proposition is

Ep2m2 — ]Epl my = ]Eﬁml — ]Eplml + Ep2m1 — ]Eﬁml + ]Ep2 (m2 — ml) .
N TV N Vv N Vv d

T W B

Multiplication by SR gives the change in the marginal return to saving. The baseline
Euler equality and strict concavity make its sign sufficient to determine the direction
of the policy comparison.

The first term, 7', is the direct tilt. Holding the baseline continuation value V; fixed,
a higher v places greater weight on low-V; states. If an extra unit of saving is more
valuable in those states—that is, if m; and e~ (2=7V1 are nonnegatively correlated—
then this shift raises the marginal benefit of saving and T > 0. Under 11D income,
monotonicity and concavity of the value function ensure this ordering, hence 7" > 0.
Under Markov income, however, values and derivatives are evaluated at different
productivity states, so an ordering of continuation value levels alone does not imply
the required ordering of their wealth derivatives. As a result, 7' < 0 can occur.

The term W records the additional reweighting induced by changes in continuation
values. Relative to p, the actual tilt gives more weight to states with larger value
losses (larger L;). Hence W < 0 when the states that lose the most continuation
value are precisely those where a marginal unit of saving is least valuable, in which
case m; and €72l have negative covariance under p, and the reweighting favors states

with lower baseline marginal value of saving.
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Finally, B records the change in future marginal values under the actual v, weights.
Thus B < 0 means that the expected marginal utility falls under these weights. Since
marginal utility is nonlinear, this condition need not coincide with an increase in

expected consumption.

In the two-period economy of Section 2.1, terminal consumption equals wealth, so
continuation values and their derivatives are independent of v. Therefore W = B = 0;

only the direct tilt T remains, and it is positive. In the three-period economy of

Section 2.2, the boundary calculation at s = 0 also holds the successor marginal
values fixed, so m; = my and B = 0, but the continuation value gap still varies with
v, and its decline makes W < 0. The indirect reweighting then outweighs the direct
tilt. This is a comparison of marginal incentives at the boundary; Proposition 5.3

evaluates them at positive baseline saving.

In the general economy, all three terms can operate. When T" > 0, a reversal requires
W 4+ B < —T. The decomposition is exact for a given state and parameter pair,
while the thresholds in Section 5.2 provide sufficient comparisons from the primitives

without requiring these endogenous quantities to be calculated.

(a) Repeated saving reversals
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FIGURE 2. Optimal saving at fixed prices

and productivity z;.

Figure 2 shows optimal saving at fixed prices and productivity z; for three nearby

wealth levels, on a logarithmic « axis.” Panel (a) highlights three successive saving

"We set u(e) = /¢, B=0.5, R=1.05,A=p=10"5 ¢ =108, and let income satisfy y := wz =
(1,14 A,142A,1+30A,1460A,1.03,1.06,9,25). Let Q;; =€+ plyj=1y + (1 —p— 9¢)Qij, where
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reversals spanning more than four orders of magnitude in v. The decline labels refer to
the lowest wealth level aq; the peak-to-trough declines are approximately 25%, 18%,
and 15%. The two neighboring wealth levels trace the same pattern, shifted in level,
showing that the nonmonotonicity is not a knife-edge in the wealth dimension either.
Panel (b) extends the plotting range to v = 10° and shows a pronounced recovery
at large 7. Yet at v = 10°, saving remains slightly below its first peak, attained
at v < 1. Thus, a reversed comparison can involve parameter values more than five
orders of magnitude apart, showing that the intermediate range in Proposition 5.2 can
be wide. The upper-threshold conclusion guarantees comparisons with every smaller
parameter, and the lower-threshold conclusion guarantees comparisons against any
larger parameter, but a local recovery alone does not establish this ordering.

APPENDIX A. PRELIMINARIES

Let (2,.%#,P) be a fixed probability space on which all random variables are defined.
The productivity process {z;} is defined on this space. Let {.%;} be the natural
filtration generated by {z}. For z € Z, we write P, for probability conditional on

zo = z, and denote conditional expectations by
E, =E[-|2 = 7] and E.. = E[-| (a0, 20) = (a, 2)].

Expectation without a subscript E refers to the stationary process, where z; is drawn

from its stationary distribution. Moreover, we denote z := minZ and Z := max Z.

Recall that @ is the probability transition matrix of {z;}, with Q(z, 2) denoting the
probability of transitioning from z to Z in one step. We say that {z;} or Q) is monotone

if for all zq, 29 € Z with z; < 25 and all bounded increasing functions h : Z — R,

> h(2)Q=1,2) < Y h(2)Q(z2,2).

zez zez
More generally, for a given topological space X, let #(X) be its Borel sets and & (X)
denote the set of probability measures on #(X). A stochastic kernel P on X is a map
P: Xx A(X) — [0,1] such that x — P(z, B) is #(X)-measurable for each B € %#(X),

the only nonzero entries of Q are (Q12,Q13) = (0.2,0.8), (Q24, Q26, Q28) = (0.005,0.045,0.95), and
(Qis, Qi7, Qi) = (0.005,0.045,0.95) for i = 3,...,9. Hence, Q is strictly positive and stochastically
monotone. For its stationary distribution 7, set w = Zj m;y; and z; = y;/w. Both panels use
a = (BR)™2 + Aby, and (b1, b, b3) = (7.5,7.75,8), all above the zero-saving region [0, (3R) 2]
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and B — P(x, B) is a probability measure on #(X) for each z € X. For all t € N,
z,y € Xand B € #A(X), we define

Pl—P and Plz B)— / Py, B)P(x, dy).
Furthermore, for all u € Z2(X), let

(uP')(B) = / P!z, B)u(d).

We call pu* € Z(X) a stationary distribution of P if p*P = p*. P is called Feller if

z v+ [ h(y)P(x,dy) is continuous on X whenever h is bounded and continuous on X.

A sequence {u,} C P(X) is called tight, if, for all ¢ > 0, there exists a compact
K C X such that p,(X\K) < € for all n. We say that a sequence {u,} C Z(X)
converges weakly to p € 2(X), denoted as p, — pu, if [hdu, — [hdu for all
bounded continuous functions i : X — R. For a finite signed measure p on #(X),
define its total variation norm |[|u[|zv := supg, < | [ gdu|. We say that a stochastic
kernel P is globally stable if P admits a unique stationary distribution p* € Z2(X)
and, for all p € L2(X), we have ||uP" — p*||rv — 0 as t = oo.

Lemma A.1 (Properties of the entropic risk measure). For v € [0,00), define the

entropic risk measure of a bounded random variable X by

1
——logEeX, ~>0,

py(X) == v
EX, v =0.

Then the following properties hold for all v € [0,00):

(1) (Monotonicity) X <Y implies p(X) < p,(Y).

(2) (Concavity) p,(AX + (1 = N)Y) > Ap,(X) + (1 — X)p,(Y) for all X € [0, 1].

(3) (Non-negativity) 0 = p,(0) < p,(X) for all X > 0.

(4) (Jensen’s inequality) p,(X) < EX, with equality if v = 0.

(5) (Cash invariance) py(X + d) = py(X) +d for all d € R.

(6) (Lipschitz continuity) |py(X) — py (V)] < | X = Y| c-

(7) (Continuity in ) For every bounded X, the map v — p,(X) is continuous on
[0,00), and the convergence p,(X) — EX as~y | 0 is uniform over all random
variables bounded by a common constant.

(8) (Monotonicity in v) 0 < v < 7y implies p, (X) > ps, (X).
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Proof. Properties (1)—(6) follow from Follmer and Schied (2011, Section 4.1) for v > 0;
the case v = 0 is immediate. Regarding (7), fix K < oo and X with |X| < K almost
surely. Since e™" =1 — ¢ + O(t?) uniformly on bounded intervals,

Ee X =1-7yEX + O(WQKQeVK).

Since |[EX| < E|X| < K, we have § := Ee™ 7 — 1 = O(yK), hence log(1 + §) =
§ + O(6%), which gives

1 1
——logEe ™ = —=log(1+6) = EX + O(yK?"*) 5 EX as 70,
gl gl

uniformly over |X| < K. Continuity for v > 0 is immediate from the continuity of

the exponential and the logarithm.

Regarding claim (8), for v > 0, define p(v) := log Ee™7*. Differentiating under the
tilted measure gives ¢”(y) = Var,(X) > 0, where Var, is the variance under the
probability reweighted by e™7% /Ee™7¥. Thus ¢ is convex with ¢(0) = 0. Convexity
then implies that the secant slopes ¢(v)/v are increasing in v > 0. Hence p,(X) =
—p(7y)/7 is decreasing, and taking v | 0 gives p,(X) < EX = po(X). O

APPENDIX B. PROOF OF THEOREM 3.1 AND PARAMETRIC OPTIMALITY

In this appendix, we prove a parametric extension of Theorem 3.1, in which both
the gross return R and the risk-sensitivity parameter v vary. Throughout we define
R :=1/B. The parameter space takes the product form © := C x ', where C C (0, R)
is nonempty and compact, I C [0,00) is arbitrary and nonempty, and the wage
is determined by a continuous function R — w(R) > 0. We establish existence,
uniqueness, and the fundamental properties of the value function and the optimal
policy uniformly over § = (R, ) € ©, including the right-continuity at v = 0, where
the model reduces to expected utility.

The impatience restriction SR < 1 involves only R, so all weighting and contraction
modulus constants below depend only on the compact set C; no compactness of I is
needed. Joint continuity in € is delivered by the joint continuity of the entropic risk
measure in (7, h) recorded in Lemma A.1(7). Theorem 3.1 follows as a special case
by taking C = {R} and I' = {7} and setting w = w(R).
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B.1. Setup. Fix a compact set C C (0, R), a nonempty subset ' C [0, 00), and set
©:=Cxl and 0= (R,7).

Let w(R) be a continuous, strictly positive wage schedule on (0, R). For a candidate
value function v and a candidate consumption policy ¢, write vy and cg for their

sections at the parameter #; that is,
vg(a, z) :=v(a, z;6) and co(a, z) == c(a, z;0).

We now construct a weighting function and a contraction modulus that are common
to all # € ©. To this end, define

R, = r]r%lggR and be = Erllggécw(R) < 0. (25)

The constant bc is finite because C is compact and w(R) is continuous; it does not
depend on 7. Since 8 € (0,1) and R, < R =1/, we can choose Mc such that

max{l,R.} < Mc <1/ — BMc < 1. (26)
Choose Lc and define the weight function kc : Ry — [1,00) by
Lc > max{1,bc/(Mc — 1)} and  kc(a) :=a+ Lc. (27)
For every 6 = (R,v) € ©, (a,2) € X, and ¢ € [0, a], we have
Kc (R(a —c)+ w(R)é) < Rya+bc+ Le < Mc(a+ Lc) = Mcke(a), (28)
where the last inequality follows from R, < Mc and bc < (Mc —1)Lc¢. In particular,

max E.rc(R(a — ¢) + w(R)2) < Mckc(a) for all (a,0) e Ry x©.  (29)

c€[0,a]

We next verify that u is bounded by the common weight function. If 0 < a < 1,
monotonicity gives u(a) < u(l). If @ > 1, concavity of u gives

u(a) <u(l)+u'(1)(a—1) <u(l) +d'(1)a.
Thus u(a) < u(l) +u'(1)a for all @ > 0, which implies

1= su u(a) o’ @ 00
Jull 2= sup £ < (1) 4 2 < . (30)

By Lemma A.1, for every v > 0 the map h — p,.(h) is monotone, concave, cash-
invariant, and 1-Lipschitz in the sup norm, and the map (v,h) — p,.(h) is jointly
continuous on [0,00) X RV, where N = |Z|.
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Let b, (X x ©) be the space of continuous functions v : X x © — R such that

folle = sup 1ol
(a,z,0)eXx® KC ((l)

Let Vo be the subset of b, (X x ©) consisting of functions that are concave in a,
increasing in a, and take nonnegative values. Then Ve, ||||x.) is complete, because
bic (Xx©) is a Banach space for any index set I' (a uniform limit of bounded continuous
functions is bounded continuous), and concavity, monotonicity, and nonnegativity

are preserved under pointwise limits. Let &g denote the set of continuous functions

c: X x © — Ry such that ¢(a, z) € [0,d] for all (a, z,0) € X x ©.

A history of length t is hy = (ao, 20, Co, - - - Q—1, 2t—1, Ct—1, Q¢, 2¢), Where hg = (ag, 2o)-
Let H; be the set of histories such that ¢s € [0, a;] for all s <. A policy m = (m)>0
assigns to each history h, € H, a feasible action ¢; € [0, a]; IT denotes the set of all
policies, and ® C II the set of stationary policies. For each ¢ > 0, let B, (H;) be
the set of nonnegative Borel measurable functions v : H; — R for which there is a
constant d,; < oo such that v(hy) < d,kc(a;) for every hy € Hy. Fix 0 = (R,7) € ©
and ™ = (m);>0 € 1I. Define the next-period states

S*fit = (R(a; — m(he)) + w(R)ze41, 2141).
Moreover, for v € B, (Hi41), define
pit,ht (U) = p'}/yzt (’U(h’t? Wt(ht), Sgt)) and (Lfrtv)(ht) = u('ﬂ_t(ht)) + 5P2t,ht (U)

For all m € II, let J,, o(a, z,m) and Jy(a, z, ) denote respectively the finite and infinite
horizon criteria J,, and J of Section 3, evaluated at the parameter 6. That is,

Jngla,z,m) = (LY o---oL? Y0(a,z) and Jo(a,z,):= nh_g)lo Jnola,z,m). (31)

B.2. Main Proofs. We aim to prove the following generalized optimality result.

Theorem B.1 (Parametric existence, uniqueness, and optimality). For any compact
subset C C (0, R) and any nonempty subset T C [0, 00), with © := Cx T, the following
statements hold.

(1) There exist a unique v* € Vo and a unique c¢* € ®g such that, for all (a,z,0) €
X x O,

vy(a, z) = max {u(c) + By, (v5(R(a — ¢) + w(R)Z, 2))

c€[0,a]

— u(cy(a,2)) + Bpy.. (3 (Rla — cila. 2)) + w(R)2, 2)).

(32)

——
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(2) The mapping vj(a,z) is concave in a, increasing in a, and continuous.
(3) Both cj(a,z) and sj(a,z) := a — cj(a, z) are increasing in a and continuous.

4) The mappings (v}, ;) coincide with the value function and optimal policy:
6> Co

vp(a, z) = sup Jy(a, z,m) = Jo(a, z,cp)  for all (a,z,0) € X x O.

mell

When v = 0, we have pg.(h) = E.h, in which case the Bellman equation (32) reduces
to the standard expected-utility Bellman equation. Because v* and ¢* are continuous
on X x ©, the solution depends continuously on v € I'; in particular, if 0 € ', then
for every R € C and every compact K C X, as v | 0,

sup [v(p (@, 2) = v(pey(a, 2)| =0 and  sup |c(g,(a,2) = cirgla,z)] = 0.
(a,2)eK (a,z)eK

To prove Theorem B.1, we introduce the Bellman operator and show that it is a
contraction mapping on Vg, with the jointly continuous value function as its unique
fixed point. For all v € Vg, define Ty by

(Tov)g(a, z) = max {u(c) + By (va(R(a — ¢) + w(R)Z, 2)) } (33)

c€[0,qa]

Lemma B.1 (Self-map on the candidate value space). Tg maps Vg into itself.
Proof. Fixv € Vg. Since p,.(h) > 0for h > 0 and all ¥ > 0, we have (Tgv)s(a, z) > 0.
By Lemma A.1(4), for all (a,z,0) € X x ©,

(Tov)e(a, z) < rél[aax]{u(c) + BE.vp(R(a —¢) + w(R)2, 2) }

<u(a)+p m[gx] E.v9(R(a —¢) +w(R)z, 2)
ce|0,a

< lullscrc(a) + Blviis max B.rc(R(a =) + w(kR)Z)

< (lullee + BMc|[v]lnc) ke (a).
where the last inequality follows from (29). Thus

ITevllxe < llullse +BMc|[v]lsc < oo (34)
To show that Tgv is jointly continuous, define
dg(a, z,¢) == py . (va(R(a — ¢) + w(R)Z, 2)).

Since Z is finite and v is jointly continuous, the vector (vs(R(a — ¢) + w(R)zZ, 2))262
is continuous in (a, z,6,¢). By Lemma A.1(7), the map (y,h) — p,.(h) is jointly
continuous on [0, 00) x RY. Hence ©y(a, 2, ¢) is continuous on Gr(I'g), where

Gr(le) := {(a,2,0,¢) : (a,2,0) e Xx O, c€[0,a]}, where T'e(a,z0):=0,al.
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Since in addition w is continuous, the mapping (a, z,6,c) — u(c) + Bvg(a, z,c) is
continuous. Moreover, the correspondence I'g is continuous, nonempty-valued, and
compact-valued. Applying the theorem of the maximum (see, e.g., Stokey et al., 1989,
Theorem 3.6), we obtain: Tgv is jointly continuous on X x ©.

Next, we show that Tgv(a, z) is increasing in a. Let as > a;. Each ¢ € [0, a1] remains
feasible at as, and R(ay — ¢) + w(R)z2 > R(ay — ¢) + w(R)Zz. Since vy is increasing
in a, the objective at (asg, z,0) evaluated at ¢ is no smaller than the corresponding
objective at (ay, z,0). Taking maxima shows that (Tgv)y is increasing in a.

Finally, we show that a +— (Tov)g(a,z) is concave. Fix 0 € © and let aj,as € Ry
with a; # ag and X € (0,1). Define a := Aa; + (1 — X)ag. Let ¢; € [0, a;] attain the
maximum in (33) at a;, j = 1,2, and define ¢ := A¢; + (1 — X)co. Then ¢ € [0,a] and

R(a—c¢) +w(R)z2 = A(R(a1 — 1) + w(R)2) + (1 — A)(R(az — ) + w(R)Z).
Concavity of vy(-, 2) then gives
vp(R(a—c)+w(R)z, 2) > Avg(R(a1—c1)+w(R)Z, 2)+(1—N)vg(R(ag—c2) +w(R)Z, 2).
By Lemma A.1(1)—(2), we have
vo(a, z,¢) > Ag(ay, z,¢1) + (1 — N)vg(ag, 2, c2).
Combining this inequality with concavity of u yields

(Tov)e(a, z) > u(c) + pog(a, z, c)
Mu(er) + Bog(ay, z,¢1)] + (1= X [u(ca) + Bog(az, 2, ¢2))
)\(T@U)@(Ch, Z) + (1 — )\) (T@U)g(ag, Z)

v

Therefore (Tov)y is concave in a. Together with (34) and the preceding continuity
and monotonicity arguments, we obtain TgVe C Ve. O

Remark B.1 (Convergence to the expected-utility operator as v | 0). For fixed
v € Vo and R € C, Lemma A.1(7) gives (Tov)(r) — (Tov)(r0) as v | 0, uniformly
on compact subsets of X, where (Tgv)r,) is the standard expected-utility Bellman
operator obtained by setting v = 0.

Lemma B.2 (Contraction mapping). Tg is a contraction mapping on (Ve,|||lxc)
with modulus BMc < 1.
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Proof. Fix v1,v9 € Vg and set d := ||v; — va||x.. By (28), for every feasible (a,,c, 2),

|(v1)g(R(a —¢) + w(R)Z,2) — (ve)a(R(a — ¢) + w(R)z, 2)|
< dkc(R(a—c¢)+w(R)z) < dMckc(a).

The last expression is constant with respect to 2. By Lemma A.1(6),
| ((v1)o(R(a — ¢) + w(R)Z,2)) — py.-((v2)o(R(a — ¢) + w(R)Z,2))| < dMckc(a).

Using the elementary inequality for continuous functions

- hc)| < —h
Crg[g%f(C) max () _Crg[g%\f(@ ()],

we obtain |(Tevy)e(a, z) — (Teva)g(a, 2)| < fMcd kc(a), which gives
||T@'U1 - T@UQHHC S BMCHUI - U2||nc-
The conclusion then follows from (26). O

Lemma B.3 (Admissibility and monotonicity of the policy operator). For all 6 € O,
m e ll, and t > 0, the following statements hold:

(1) th : BHC(HH-l) - BHC(Ht>'
(2) (Lgtvt+1)<ht) S (Lit/ﬁt-f—l)(ht) fOT ht S Ht and Vt+1 S f)t_;'_l.

Proof. Fix v;11 € By (Hey1). By Lemma A.1(3)-(4) and (29), we have

0< pfrt’ht(vt—&-l) < Ewipa (he, me(he), S”ﬁt)
< dy+1Eikc (R(at —me(hy)) + w(R)Zt+1) < Mcdy i115c(ay).

Moreover, by monotonicity of u and (30), we have, u(m(h:)) < u(ar) < [Jul|scrc(ar).

Combining the inequalities above yields
(Lfrtthrl)(ht) < (HUan + BMcdy p41) Ric(ar).
Hence claim (1) holds. Claim (2) follows immediately from Lemma A.1(1). O

Lemma B.4 (Uniform bounds for the recursive criterion). For all (a,z,0) € X x ©
and m € 11, the sequence {Jn(a,z,m)}n>0 is increasing and

0< Jno(a,zm) < %mc(a) for all n > 0. (35)

Moreover, Jy is well defined.
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Proof. Fix (a,z,60) € X x © and 7 € II. Since u is nonnegative, the definition of .J, ¢
and Lemma A.1(3) imply J,¢(a,z,7) > 0. To see that {J,¢(a, z,7)}n>0 is increas-
ing, notice that Lit is increasing and maps nonnegative functions into nonnegative

functions for all ¢ € N by Lemma B.3. Hence
Jno(a,z,m) = (L o---oL? Y0(a,z) < (LY o---oL? Y(LY 0)(a,z) = Jus10(a,2,7).

Tn+1

Thus {Jne(a, z, ) }n>0 is increasing.
Set D¢ := ||lul|x./(1 — BMc). Since fMc < 1, D¢ > ||lul|4.. Hence, for all h,, € H,,
L7, 0(hn) = u(ma(hn)) < ulan) < [Jtllactic(an) < Deric(an).
The monotonicity of L? | Lemma A.1(4), and (29) then imply that
L0 (E.0)(h ) < I (Desc)(har)

S u(ﬂ-n—l<hn—1>) + /BDCETL—IK/C (R(an—l - 7"-n—l(hn—l)) + w(R)Zn)
< |lu||kehc(an—1) + BDCC max ]En_llic(R(an_l —c)+w(R)z,)

0,an71
< (llullwe + BMcDc)kc(an-1) = Dekclan-1).
where the last equality follows from the definition of D¢. Continuing backward gives
(Lfrt o---0 Lfrn)O(ht) < Dckc(ay) for t =n,n —1,...,0. In particular,

Jng(a, z,m) = (LY o---oL? Y0(a,2) < Dckcla) = %mc(a)

= 0< Jno(a,zm) < %/@c(a) for all n > 0.
Since k¢, Mc, ||ul|x. do not depend on 6 € ©, the bound is uniform over 6. The

increasing sequence is therefore bounded above, so its limit exists and is finite. Hence
Jy is well defined. O

Proof of Theorem B.1. By Lemma B.2, (26), and the Banach fixed point theorem,
there exists a unique fixed point v* € Vg such that v* = Tgv*. Since v* € Vg, the
mapping vj(a, z) is jointly continuous on X x ©, and v} (a, ) is concave in a. We next

establish existence, uniqueness, and joint continuity of the optimal policy. Define
Fol(a, z,0,¢) :=u(c) + B py.(vs(R(a — ¢) + w(R)Z, 2)).

The joint continuity of v*, continuity of w(-), finiteness of Z, and Lemma A.1(7)
imply that Fg is jointly continuous on Gr(I'g). Moreover, through similar analysis
to Lemma B.1, for fixed (a,z,6), the map ¢ — p,.(vj(R(a — ¢) + w(R)z,2)) is
continuous and concave. Since in addition u is strictly concave, ¢ — Fg(a, z,0,¢) is
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continuous and strictly concave on [0, a]. It therefore has a unique maximizer cj(a, z).
Since I'g is continuous, nonempty-valued, and compact-valued, the theorem of the
maximum implies that ¢j(a, z) is jointly continuous on X x ©. Hence the savings
policy sj;(a, z) = a—cj(a, z) is also jointly continuous. This proves claims (1)-(2) and
the continuity part of claim (3).

We now prove the monotonicity part of claim (3). Fix (2,0) € Z x © and define

,09(1'72’) = /BPWZ(Ué)(Rx + w(R) 2))

The same argument used in Lemma B.1 shows that = +— py(x, 2) is concave. Suppose,
to the contrary, that there are 0 < ay < ag such that ¢j(ay, z) > ¢j(az, z). Concavity

of py(-, z) gives
polar — cylay, 2), 2) — po(ar — cylaz, 2), 2) < polaz — cz(ar, 2), z) — polaz — chlaz, 2), 2).
Since the maximizer in (32) is unique, optimality at a; and ay yields
0 < ulczlar, 2)) + polar = cglan, 2), 2) — ulcg(az, 2)) = polar — chlaz, 2), 2)
< ulcylar, 2)) + polaz — cylar, 2), 2) — u(cy(az, 2)) — polaz — cz(as, 2), 2) <0,

a contradiction. Hence a — ¢}(a, z) is increasing.

Regarding the monotonicity of a — sj(a, z), note that the Bellman equation can be
rewritten as vy (a, z) = u(a — sj(a, z)) + po(sy(a, z), z). Suppose there are 0 < a; < az
such that sj(a1,2) > sj(az, z). Strict concavity of u implies

u(ay — sp(ag, 2)) — u(ar — splag, 2)) > u(ag — sp(ag, 2)) — u(az — sp(ay, 2)).
Optimality of sj(a1, z) at a1 and of sj(az, 2) at ag therefore gives
0> u(ar — sp(az, 2)) + pa(spla, 2), 2) — ular — splar, 2)) = po(sy(as, 2), 2)
> u(as — (a2, 2)) + po(s3(a2, 2), ) — ulas — 53(ar, 2)) — po(siar, 2),2) > 0,
which is impossible. Thus a — sj(a, 2) is increasing. Claim (3) is verified.

Regarding claim (4), fix § € © and m € II. For any history h; € Hy; and t > 0, we
have v} (ay, 2¢) > L% vj(h). Iterating forward gives, for all (a,z) € X and n > 0,

vpla,z) > (LS oo L? Yug(a,2) > (LY o---o L% Y0(a,z) = Jye(a, 2, ).
Letting n — oo and taking the supremum over 7 yields

vp(a, z) > sup Jy(a, z,m) for all (a,z) € X. (36)
well
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Next, we prove the reverse inequality. Fix n € N. By strict concavity of the objective
in the Bellman equation and by the theorem of the maximum, using backwards in-
duction, the n-stage problem admits an optimal policy 7" = (n{, ..., 7", m") such
that

Jnola,z, ) = (T510)g(a, 2).
Extend 7™ to an infinite-horizon policy 7™ € II by prescribing arbitrary feasible

actions after period n. Since (J,0)m>0 i increasing in m,
Jo(a,z,7") = lim Je(a,2,7") > Jue(a, 2, 7") = (T&0)e(a, 2).
m—0o0
Hence sup,.c Jo(a,z, ) > (T570)g(a, 2) for all n. Since To is a contraction and
0 € Ve, TE™0 — v* in ||+ 4. Letting n — oo gives

sup Jﬁ(av'z?ﬂ-) > U;(CLVZ)' (37>
mell

Since 0 is arbitrary, combining (36) and (37) proves vj(a, z) = sup,.p Jo(a, z,7) for
all (a,z,0) € X x ©.

It remains to show that vy = Jy(-, ¢j) for every § € ©. Fix § € ©. By the Bellman
equation (32) and the fact that ¢} attains the supremum, for every (a, z) € X,

vi(a, z) = ulcj(a, 2)) + B py. (v5(Ra — cj(a, 2)) + w(R)Z, 2)) = (Leyvp)(a, 2),
where the policy operator L. is defined on b, (X) by
(Leg f)(a, 2) = ulcj(a, 2)) + B py. (f(Ra = cjla, 2)) + w(R)Z, 2)).

Iterating this fixed-point identity gives v, = (ch)"ﬂv; for all n > 0. By the same
argument as in Lemma B.2 (cash invariance, Lipschitz continuity, and monotonicity
of the entropic risk measure, together with (26)), L is a contraction on by (X) with
modulus fMc < 1. Moreover, by definition, J,g(a, 2, ¢;) = (Le; )" 0(a, 2). Hence

105 = Tno (-5 e = I1(Ley)" 05 = (Les)"0llee < (BM)"H|vgllwe — 0.
Hence v} = limy, 00 Jno(+, ¢5) = Jo(+, ¢). This completes the proof of claim (4). O

Lemma B.5 (Monotonicity of the value function in productivity). If the transition
matriz () is monotone, then, for all § € ©, the value function vj(a,z) from Theo-

rem B.1 s increasing in z.

Proof. Set vg = 0 and v,41 := Tev, for n > 0. By Lemma B.2, Ty is a contraction
on (Ve, || - llsc)s s0 v, = v* in || - ||4x.. Since k¢ > 1, convergence in || - ||, implies
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pointwise convergence. It therefore suffices to prove that v, ¢(a, z) is increasing in z

for every n.

The claim holds for n = 0. Suppose v,, ¢ is increasing in z. Fix 0 = (R,~) € ©, a > 0,
c €[0,al, and z; < z5 in Z. The map

2 h(2) = v,9(R(a—c)+w(R)Z, 2)

is increasing. If v > 0, then 2 — e ") is decreasing. Since Q is monotone, we
obtain [E, e %) > E_ e ") and therefore

1 A 1 )
P (h) = - log e ") < - logE,,e ") = p, . (h).

If v =0, then po.(h) = E,h, and monotonicity of Q gives po_., (h) < po..,(h) directly.
Hence in all cases u(c) + Bp,..(h) is no smaller at 2, than at z; for every feasible c,
and maximizing over ¢ € [0, a] yields (Tov,)g(a,z1) < (Tovn)e(a, z2). Thus v,419 =
(Towy)g is increasing in z, completing the induction and the proof. O

B.3. Extension to Utilities Unbounded Below. The baseline argument assumes
nonnegative period utility. Bounded below utilities can be treated by normalization.
We extend the argument to utilities unbounded below when labor income has a uni-

form positive lower bound, as stated in Footnote 4.

B.3.1. Bounded below utilities. Suppose u is bounded below on (0, c0), say infu =:
m > —oo, and replace u by 4 := u — m > 0. By cash invariance of the entropic
certainty equivalent (Lemma A.1(5)), if 0* denotes the recursive value under @, then
the original value is v* = 0* +m/(1 — ). The two problems have the same optimal
policy, and the bounds in (30) remain valid with @(1) and @'(1) = /(1) in place of

u(1) and v/(1). Hence all results extend verbatim.

B.3.2. Utilities unbounded below. Suppose u satisfies the maintained assumptions on
(0,00) and u(c) - —o0 as ¢ | 0, and set u(0) := —oco. Assume that the continuous
wage schedule is positive on C, and define

- ; 0 ._
a:= gr}gleugw(R) >0 and  X¢:=[a,00) x Z.

The set Xg is invariant because next period wealth is at least w(R)z > a under every
feasible action. On X2 x ©, retain the candidate space of Section B.1, dropping only
the nonnegativity requirement. This space remains complete.
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At ¢ = a, the continuation wealth is w(R)z with Z € Z, a finite set contained in [a, a]
for a := Zmaxgec w(R). Since ||v||q < 00 gives v(w(R)Z,2) > —||v|lxckc(a) =: m,

for all z, choosing ¢ = a yields
(Tov)o(a, z) > u(a) + Bp-.- (v(w(R)é, 2)) > u(a) + fmy,

a uniform lower bound independent of (a,z). Moreover, the linear growth bound
on u from (30) and the definition of || - ||,. provide the upper bound, exactly as in
the bounded below case. Since u(c) — —oo as ¢ | 0 while the continuation term is
bounded on compact subsets of feasible consumption, the maximand tends to —oo
as ¢ | 0 and is finite at ¢ = a; hence the maximizer lies away from zero, uniformly
on compact sets of (a,z). The monotonicity, concavity, and continuity arguments of
the finite-horizon iteration are unchanged and pass to the limit, so v* retains these
properties. The contraction estimate in Lemma B.2 is unchanged, yielding a unique

fixed point v* and a continuous greedy policy ¢* > 0.

For verification, set r := fM¢ < 1. By concavity of u, there exists B > 0 such that
u(c) < Bkc(a) whenever 0 < ¢ < a and a > a. For policy evaluation, extend the
certainty equivalent to [—o00, 0o)-valued successor payoffs, ignoring successors of zero
transition probability; monotonicity and cash invariance remain valid. Accordingly,
the operators Lfrt are well defined on extended-real history functions with a weighted
upper bound. By (28), for every d > 0,

flhiga) < glhe) + diclarn) = (L2, f)(he) < (L2, 9)(he) + rdkc(ar).

Since LY 0= u(m,1) < B, iterating this estimate backward gives

Jniro(a,z,m) < Jugla, 2, 7) + Br'tec(a).

Consequently, the sequence

Brntl

Jnola,z,m) + Kc(a)

is decreasing, hence has a limit in [—00, 00); since the correction vanishes, Jy(a, z, 7) :=
lim,, J,, ¢(a, z, 7) exists in [—o0, 00). To prove optimality, let &, (a) := r"*||v*|| . rc(a).
Since |v;| < ||v*||sc ke, the terminal bound 0 < vy + ||v*|| 4 kc holds; applying the es-
timate with f = 0, ¢ = v}, and d = ||v*||,. backward over n + 1 periods, and then
using the Bellman inequality L? v; < vj, we obtain

Jnela,z,m) < [(Lfro 0--+0 Lfrn)v;} (a,2) +en(a) < vpla, z) + en(a).
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For the greedy policy ¢ every Bellman inequality is an equality, and the same

terminal-value estimate in both directions gives
vpla,z) —enla) < Jnola, z,cp) <wvpla,z) + en(a).

Letting n — oo yields vj(a, 2) = sup,¢p Jo(a, z, ) = Jy(a, z, ¢;). The monotonicity of
optimal consumption and saving does not depend on the sign of utility and remains

valid. Thus Theorem B.1 extends to X¢, with real-valued candidate functions.

APPENDIX C. PROOF OF PROPOSITION 3.1

We return to the fixed-price setting of Sections 3.1-3.2: the gross interest rate R,
the wage w, and the risk-sensitivity parameter v > 0 are all held fixed, and we use
the notation of the main text rather than the parametric notation of Appendix B.
Formally, this is the special case C = {R} and ' = {v} of Appendix B, with the
wage schedule set to w = w(R). Accordingly, all results of Appendix B are invoked
below with © = C x I, under which the parametric objects (Ve, v}, ¢, vy, ¢p) reduce
to (V,v*, ", v, c), respectively. Moreover, we write the Bellman operator T in (33)
simply as

Tv(a,z) = max {u(C) + Bpy,- (U(R(a —c) +wz, 2)) }’

c€[0,a]
which for v > 0 coincides with
Tv(a,z) = max {u(c) _8 log ]Eze_W(R(“_C)eré’é)} . (38)
c€[0,a] y
We prove the Euler equation uniformly for all v+ > 0. To state it in unified form,
define, for v >0, 2 € Z, s >0, and Z € Z,
ef’yv*(Rerwé,é)

* AN 7 > 07
f’y(sy 2, 2) — ¢ E,e (Rs+w?,2) (39)

1, v = 0.

Then f,(s, z,-) is a probability density with respect to Q(z,-) for every v > 0. The
unified Euler equation is

u'(c*(a,2)) = maX{BR E. [ (c*(a,2)) fy(a — ¢*(a,2),2,2)], u/(a)},

where @ = R(a — ¢*(a, z)) + wZ. For v > 0 this is precisely (10) of the main text; for
v = 0 it reduces to the standard expected-utility Euler equation.

We first prove the following lemma, which establishes the differentiability of the value
function and relates its derivative to the optimal policy.
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Lemma C.1 (Differentiability). For any v € V, let ¢ be the unique optimizer that
attains the mazimum in (38). Then 0Tv(a,z)/0a = u'(c(a,z)) for all a > 0 and
z € Z. In particular, Ov*(a,z)/0a = u'(c*(a, 2)) for alla >0 and z € Z.

Proof. For each v € V, the Bellman operator can be written equivalently as

Tv(a,z) = sup W(a,z,s) with W(a,z,s) =u(a—s)+p8p,.(v(Rs+wz, 2)). (40)

s€[0,a]

Define s(a, z) := a — ¢(a, z). Then s is the unique optimizer attaining the maximum
in (40). Fix @ > 0 and z € Z. Since v/(0) = oo, the optimal consumption is
strictly positive, c¢(a, z) > 0; hence s(a, z) < a. Choose |h| sufficiently small such that
a+h >0 and s(a,z) < a+ h, that is, ¢(a, z) + h > 0. For such h, the choice s(a, 2)
is feasible in the problem at wealth a + h. Therefore, by the definition of T,

Tv(a+h,z) —Tv(a,z) > W(a+h,z,s(a,z)) —W(a,z,s(a,z))

=u(a — s(a,z) +h) —u(a—s(a, 2))

=u(c(a,z) + h) —u(c(a, 2)).
Let h > 0 be sufficiently small. Dividing the above inequality by h then letting h | 0
yields T (a, z) > u/(c(a, 2)), where TV, (a, z) is the right derivative of a — T'v(a, 2),
which exists by the concavity of Tv (Lemma B.1). Now let h < 0 be sufficiently small
such that c(a, z) + h > 0. Dividing the same inequality by h reverses the inequality:

Tv(a+ h,z) —Tv(a,z) < u(c(a, z) + h) — u(c(a, 2))
h - h '

Letting h 1 0, we obtain T (a, z) < u'(c¢(a, 2)), where T (a, z) is the left derivative
of a — Tv(a,z). By the concavity of Tw(a, z) in a, we have T (a, z) < TV (a, 2).

Combining the three inequalities derived above, we obtain u'(c(a, z)) < TV (a,2) <
TV (a,z) < u'(c(a, 2)). Therefore,
0T
da

This verifies the first claim. The second claim then follows immediately from the first

(a,2) = T, (a,2) = Tv! (a,2) = u(c(a, 2)).
claim and the fact that v* is the unique fixed point of 7" in V (Theorem B.1 with
C={R}and Tl = {v}). O

Proof of Proposition 3.1. Fix (a,z) € X. We consider ¢*(a, z) < a and ¢*(a, z) = a.
Case 1. ¢*(a,z) < a. Since u'(c*(a,z)) > u'(a) in this case, it remains to verify

u'(c*(a,2)) = BRE.[u'(c*(a, 2)) fy(a — c¢*(a, 2), 2, 2)], (41)
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where & = R(a — ¢*(a, 2)) + wz. To that end, we denote
(s, 2) = py. (v (Rs + w2, 2)) (42)

Then s — 0(s, z) is concave. To proceed, we show that

9%
V'(s, 2) i= % = RE,(v*)'(Rs + wz, 2) f,(s, z, 2). (43)

s
Once this is shown, (41) holds naturally by letting s = a — ¢*(a, z): the first order
condition gives u'(a — s) = pf/(s, z) for 0 < s < a, while Lemma C.1 implies that, at

s =a—c*(a,z), we have (v*)(Rs + wz, 2) = u/(c*(a, 2)).
It remains to justify equation (43). Define
G(s,z) == RE,[(v")(Rs + w2, 2) f,(s, 2, 2)].

For v = 0, we have fy = 1 and 0(s,2) = E,v*(Rs + wz, 2). Since v*(+, 2) is con-
cave and differentiable (Lemma C.1), the difference quotients are bounded above by

the derivative and converge pointwise, so the dominated convergence theorem gives
0'(s,z) = G(s, z), which is (43).
For v > 0, fix h > 0. For the right difference quotient,

~ h, _ ~ 1 « o~ * PN

<E. {v*(R(s +h) + wé,l,é;) — v (Rs 4+ wz, 2) £ (5,2 2)]

< RE, [(v*)(Rs +wz, 2) (s, z, 2)] = G(s, 2),

where the first inequality follows from Jensen’s inequality under the tilted probability

measure f,(s,z,-)Q(z,-), and the second uses the fact that for the concave function
v*(+, 2), the right difference quotient is bounded above by the right derivative. Letting
h ] 0 yields 9/ (s, z) < G(s, 2). Similarly, for the left difference quotient,
(s —h,z) —0(s, 2)
—h
Letting h | 0 gives ¥’ (s,2) > G(s,z). Hence we have v/, (s,2) < G(s,2) < 0’ _(s, 2).
Moreover, by the concavity of 9(-, z) and the continuity of G (which follows from the

> RE, [(v*)(Rs + wz, 2) f,(s, z, 2)] = G(s, 2),

dominated convergence theorem),
G(s+h,z) <0 (s+h,z) <V (s,2) <G(s,2) <O (s,2) <V (s—h,z) <G(s—h,z).

Letting h | 0, we obtain 7/ (s,z) = v’ (s,2) = G(s,z), which proves (43). The
same argument applies at s = 0 with one-sided derivatives; they are finite because
R-04+wz>wz > 0.
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Case 2. c*(a,z) = a. In this case, since s* := a — ¢*(a, z) = 0 maximizes u(a — s) +
Bo(s, z) over s € [0, al, for all s € (0, a], we have

u(a) — u(a — s) > 3 0(s, z) — (0, z)'

Letting s | 0 yields «'(a) > B/.(0,2). By concavity of 0(-,2), for all s > 0, we
have ¥/, (0, z) > ¥'(s,2) = G(s, z). Letting s | 0 and using the continuity of G gives
v, (0, 2) > G(0, z). Therefore,

u'(a) > BG(0,2) = BRE. [u'(c¢*(wZ, 2)) f,(0,2,2)] = BRE. [u/(c*(a, 2)) f,(0, 2, 2)],

where the last equality holds because @ = wZ when ¢*(a, z) = a. This shows that the
tilted expectation term is bounded above by u/(a). Hence, in the constrained case,
the maximum in the proposition equals u/(a) = u'(¢*(a, 2)).

Combining cases 1-2 above completes the proof. O

APPENDIX D. PROOF OF PROPOSITION 3.2 AND THEOREM 3.2

In this section we prove Proposition 3.2 and Theorem 3.2. We shall need both the
fixed-price objects of Section 3 and the parametric objects of Appendix B.

D.1. Key Notation. Throughout, let X := (0,00) x Z. In the fixed-price and
fixed-v setting of Section 3, we write ¢(a, 2) := ¢*(a, z) for the optimal consumption

policy and define the optimal wealth transition
gla,z,2) := Rla — c(a, 2)] + wz, (a,z,2) € XX Z, (44)

which is increasing in a by Theorem 3.1. For the parametric results, fix a compact
subset C C (0, R), where R := 1/3, and let R — w(R) > 0 be a continuous wage
schedule on C. Set © := C x [0,00) and 0§ = (R,~). For 6 € ©, let Ty denote the
Bellman operator (33) of Appendix B. Define the finite-horizon value functions

vop =0 and Upt1,0 = Tpvnp, n>0.
For n > 1, let ¢, ¢(a, z) denote the unique maximizer in v, g = Tyv,_1 ¢, and define
Sno(a,z) :=a—cpp(a,z) and gng(a,z 2) = Rla — cpp(a,z)] + w(R)Z.
For the infinite-horizon objects, write

cola,z) == cpla, z), sela,z):=a—cy(a,z), gola,z 2):=Rla—cyla,z)]+w(R)z.
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Clearly, the fixed-price and fixed-y objects are the special case C = {R} and I = {~}
with w(R) = w, so that ¢ = ¢y and g = gyp. Lemma D.2 and Proposition D.1 below
are stated in the parametric notation, while Lemmas D.1, D.3-D.5 and the proofs of
Proposition 3.2 and Theorem 3.2 use the fixed-price and fixed-y notation.

D.2. Proofs. Asin Appendix B, we prove a uniform parametric extension of Propo-
sition 3.2. The following lemma shows that, except in extreme cases, the borrowing
constraint is binding if and only if assets fall below a certain threshold.

Lemma D.1 (Threshold for saving decision). Given z € Z, either (i) c(a, z) = a for
all a > 0, or (ii) there exists a threshold a(z) € (0,00) such that c(a,z) = a if and
only if a < a(z).

Proof. Fix z € Z. Suppose (i) does not hold. Notice that ¢(a, z) > 0 for all (a, z) € X
since u/'(0) = oo. Since in addition
a= R(a—c(a,z)) +wz>wz>wz>0,

we have u/(¢(a, 2)) < max,ez v'(c(wz, z)) < co. Hence

BRE ' (c(a, 2))e™ " (@2) ,
B0 @2 < bR Max u (c(wz, 2)) < 0.

The Euler equation then implies that c(a,z) = a when a is sufficiently close to 0.
Since in addition a — a — ¢(a, z) is increasing and continuous by Theorem 3.1, and

c(a,z) < a for some a > 0 when (i) does not hold, we have
a(z) := max{a € (0,00) : ¢(a, z) = a} < oco.

By definition, ¢(a, z) = a if and only if @ < a(z). Hence, we have shown that claim (ii)
holds if claim (i) does not hold. The proof is now complete. U

Lemma D.2 (Finite-horizon Bellman iterations). Let C C (0, R) be a compact subset,
I C [0,00) be nonempty, and set © := CxT. Forv € Vg, let To be as in (33). Define
vo,g = 0 and vpq19 = Tevye for n > 0. Forn > 1, let ¢, p denote the unique
mazimizer in v, g = Tov,_19, and set s,go(a,z) == a — cpg(a,z). Forn >0, define

e~ Vn,0 (Rs+w(R)z,2)

—yv s+w 2.3)? Y > O,
Fro(s, 2, 2) = Bze77 n,6(Rs+w(R)z,%) .

1, v =0.
Then, for alln >0 and 0§ € ©:

(1) vng is nonnegative, jointly continuous, increasing in a, and concave in a.
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(2) Forn > 1, c,g and s, are continuous, nonnegative, and increasing in a.

(3) Forn > 1, whenever 0 < c,410(a,z) < a, with s := a — ¢py10(a, 2),
u'(cni10(a,2)) = BRE, |:u/(Cn79<RS + w(R)z, 2)) fan(s, 2)}

(4) vng — vo uniformly on compact subsets of X, and c,g(a,z) — cp(a,z) and
snol(a, z) = se(a, z) for all (a,z) € X, where vg and cg are the fized point and
optimal policy of Theorem B.1.

Proof. Since vpg = 0 € Vg and Tg maps Vg into itself by Lemma B.1, induction gives
Ung € Vo for all n, which is claim (1). For claim (2), fix n > 1. The maximizer
in v, 9 = Tev,_1, exists uniquely by strict concavity of u and concavity of the con-
tinuation value in ¢ (as in the proof of Theorem B.1); the maximum theorem gives
continuity of ¢, g, and the same argument as in the proof of Theorem B.1(3) gives

that ¢, and s, are increasing in a.

For claim (3), fix n > 1 and # € ©. Lemma C.1, applied at the fixed parameter 6 to
the function v,_1 g, gives v, g(a, 2)/0a = u'(cpp(a, z)) for a > 0. The derivative of
the map s — p.,. (v, 0(Rs+w(R)Z, 2)) is computed exactly as in (43) of Appendix C,
with v* replaced by v, ¢ and f, replaced by f, ¢
9p=(vno(Rs +w(R)Z, 2)) Ovno(Rs +w(R)2, 2)
s = RE da

The first-order condition for ¢, 419 in vp419 = Tovse then gives claim (3).

fn,9(37 Z, 2)

For claim (4), v, 9 = T50. By Lemma B.2, Ty is a contraction with modulus SM¢ < 1,
S0 ||vne — vallke — 0, hence v, 9 — vy uniformly on compact subsets of X. For the
policy convergence, fix §# € ©, a > 0, z € Z, and write

pn,@(sa Z) = ﬂp’y,z (Un,H(RS + W(R)ﬁ, 2)) and p9<37 Z) = ﬁp'y,z (U0<RS + U)(R),%, 2))
By Lemma A.1(6), we have

sup |pno(s,z) — pa(s,2)| < B sup |Uno(z, 2) — vg(z, 2)] — O.
s€[0,a] (z,2)€[0,Ra+w(R)z]xZ

Consider any convergent subsequence s, +1¢(a,2) — 5 € [0,a]. Set

Ek = Sl[lp]|,0nk79(8,2) - p9(8)2)| — 0.
s€|0,a

By optimality of s, +1¢(a, 2), for all s € [0, a], we have
U(CL - Snk-i—l,@(av Z)) + pnkﬂ(snk-i-lﬂ(av Z)» Z) > u(a - 3) + pnkﬂ(sv Z)

= (@ = sn110(0; 2)) + po(sni10(a, 2), 2) = ula = s) + po(s, z) — 2e.
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Letting £ — oo and using continuity gives
u(a — 8) + pa(5,2) > ula —$) + pa(s, 2) for all s € [0, al.

Thus § maximizes the limiting objective; uniqueness gives § = sy(a, z). Since [0, a]
is compact, the whole sequence converges, so s,g(a,z) — sgp(a,z) and c,g9(a,z) —
cy(a,z). At a = 0 both policies equal zero. This proves claim (4). O

Proposition D.1 (Common compact support). Let C C (0, R) be any compact sub-
set. The following statements hold:

(1) (Invariance). There exists an ac < oo, independent of v > 0 and n > 1,
such that Xc := [0, ac] X Z is invariant under every finite-horizon and infinite-
horizon optimal policy. That is, for any (a,z,R,2) € Xc X Cx Z, v > 0, and
n > 1, we have g, g(a,z,2) < ac and go(a, z, 2) < ac.

(2) (Absorption). Under each infinite-horizon optimal policy, Xc is reached almost
surely in finite time from any initial state (a,z) € X, for all R € C and vy > 0.

(3) (Stationary support). FEvery stationary distribution pe of the optimal state
process satisfies pg(Xc) =1, for every R € C and v > 0.

Proof. By Assumption 3.2, the absolute risk aversion n(a) := —u"(a)/u'(a) converges
to zero as a — oo. Hence, for every fixed h > 0,

u/(a + h) B a+h u”(t) - a+h
log @ /a o) dt = /a n(t) dt — 0,

implying that
!/
h
lim wla+h) =1 for every fixed h > 0. (46)
a—oo U (a)
Throughout the proof, p, . is the entropic risk expectation (8) and f, g is the finite
horizon tilt defined in (45); at 7 = 0 both reduce to their expected-utility limits.

Recall R, ,bc defined in (25) and define
R_:=minR > 0, gc .= PR, <1 and a = minw(R)z > 0.

ReC ReC
Step 1. Consumption diverges uniformly. We first show that

cnp(a,z) > min{a,a} foralln >1, ReC, v>0, (a,z) € X (47)

The claim holds at n = 1 because ¢; g(a, z) = a. Suppose it holds at n but ¢, 41 4(a, 2) <
min{a,a}. Then 0 < ¢,414(a, 2) < a, so the Euler equation of Lemma D.2(3) applies.
Every next-period wealth satisfies

&j = R(CL — Cn+1,9(aa Z)) + w(R)Z] 2 a.
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By the induction hypothesis, ¢, (a;, z;) > min{a;,a} = a. Hence
u/(Cn+1,9(CL7 z)) = BRE, [U/(Cn,e(&, 7:’))fn,9(a — Cuy10(a, 2), 2, 5)] < R (a) < u/(a).

But c¢,119(a,2) < a, so v(cps10(a, z)) > v (a), a contradiction. Thus (47) holds.
Next, we show that

alggj mc(a) = oo, where mc(a) = Rech,lfzez cnola, z). (48)
720, n>1

In particular, by Lemma D.2(2) and (47), mc(a) > 0 for all @ > 0 and mc is increasing.
Suppose to the contrary that mc(a) — M € (0,00). Choose ar — oo and indices
(ng, Ry, Yk, 21) such that

me(ag) < g = Cny Ry (ks 26) < mc(ag) + 1/k.

Then ¢, — M. For all sufficiently large k, we have ¢, < M + 1 < ay, so current
consumption is interior and ny > 2 (since ¢ 9 = a). Every next-period wealth satisfies

Ak = Gny.0, Ok, 21, 2) > R_(a — ¢) =: d — 0.
By Lemma D.2(2) and the definition of mc, we have

Crp—1,0, (Aky 2) > Cnp—1.0, (dis, 2) > me(dy) for all z € Z.
Since u' is decreasing and E, f,,, _1 9, = 1, the Euler equation gives

() < BRw (me(dy)) < BRyu (me(dy)).

Letting k — oo, since ay, dy — oo and mc(a) = M as a — oo, we obtain u'(M) <
qcu' (M), which contradicts gc < 1 and «/(M) > 0. Hence (48) holds.

Step 2. Uniform eventual drift coefficient. Define the return-adjusted saving rate

R — tn )
ongla,z) = G cavg(a Z)), a> 0.

We first show that
onola,z) <1 for all (a,z,R) € Xg xC, n>1, v>0. (49)

If R <1, then o,9(a,2) < R < 1. If R =1, then o,4(a,z) = 1 — cyg(a,z)/a <1
because ¢, g(a,z) > 0. For R > 1,let A\ :=1—1/R € (0,1) and argue by induction
on n. The claim holds at n = 1 because ¢ ¢(a, z) = a. Suppose it holds at n but fails
at n + 1 for some (a,z) € Xo. Then ¢ := cpy19(a,2) < Aga < a and R(a — ¢) > a, so
the choice is interior. For all 2, we have @ := R(a —c¢)+w(R)z > a+w(R)Z > a, and

the induction hypothesis gives ¢, 9(a, 2) > Ara@ > Aga > c¢. Thus /(¢ 0(a, 2)) < u/(c),
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and the Euler equation yields u/(c) < fRu/(c) < u/(c), a contradiction. This proves
(49).

Step 3. Uniform eventual inward drift. We claim that there exists A < oo such that
Rsng(a,z) +bc<a—1 forall a>A n>1 ReC, v>0, z€Z (50)

Suppose not. Then there exist a;, — oo and (ng, Rk, Yk, 2x) such that, writing ¢, :=
Cnp 0 (s 21), Ri(ar — ¢) +bc > ap — 1. Set A\, := 1 — 1/Ry,.. Rearranging gives

cr < Apag + (bc + 1)/Rk.

Since ¢, > mc(ay) — oo by (48) and (bc + 1)/Ri; < (bc + 1)/R_ < oo, we obtain
Apap — 00. Because ap — oo, this forces A\, > 0 for all sufficiently large k, hence
Ri > 1 and 0 < A < 1 eventually. Define zy := Ag(axr — bc — 1) — oo. For every
zZ € Z,using 1 — A\ = 1/Ry,, the next-period wealth satisfies

bc +1

k

dszk(ak—ck)>Rk (ak—)\kak— )de—bc—l,

and the lower bound is positive for large k. Hence, saving is positive, ¢, < az, and
ng > 2. Applying (49) at horizon ny — 1 and state (ay, 2) yields
Crp—1.0, (Aky 2) > Mgl > Mp(ar, — be — 1) = .
On the other hand, 1/Ry = 1 — \;, gives
ek < Apag + (bc + 1)/ Ry = xp + b + 1.

Since v’ is decreasing, we have u/(z;+bc+1) < u/(¢x) and v/ (¢, —1.0, (Gk, 2)) < ' (x)).
The Euler equation then gives
u’(xk + bc + 1)

U (zp 4+ bc+ 1) < u'(ey) < BRyu (1) < qev'(z) = o () <gc <L
k

But z;, — 00, so (46) with h = bc + 1 implies u'(x + bc + 1)/u/(x) — 1, a contra-
diction. This proves (50).

Step 4. Passage to the infinite horizon. By Lemma D.2(4), for each fixed § € ©,
Un,0 — Vg uniformly on compact subsets of X, and

sno(a,z) = sp(a,z) and  cyg(a, z) = cp(a,z) forall (a,z) € X. (51)
Step 5. Invariance and absorption. By (51), passing to the limit in (50) yields

go(a,z,2) < Rsg(a,z) +bc <a—1 forall a> A. (52)
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The same passage extends (47) and the lower bound ¢, 9 > mc to the infinite-horizon
policy. Choose ac > max{A,bc + 1} sufficiently large that (50) and (52) hold for all
a > ac. For a < ac, monotonicity of saving and these bounds give

Rsng(a,z) +w(R)z < Rspg(ac, z) + bc < ac — 1,

53
Rsg(a,z) + w(R)z < Rsy(ac,z) +bc < ac — 1. (53)

Thus X¢ := [0, ac] x Z is invariant for all R € C, 7y > 0, and n > 1, proving claim (1).

For absorption, fix ag > ac. By (52), a;11 < a; — 1 whenever a; > ac. Hence a; < ac
after at most |ag — ac] + 1 periods along every productivity path; by invariance the
process remains in Xc thereafter. This proves claim (2).

Step 6. Stationary support. Let pg be a stationary distribution of the state process
under the optimal policy at parameter § = (R, ) € ©. By stationarity,

to(Xe) = / P}(z,Xc) po(dx) for all ¢t > 1.
X

Let 7, be the first hitting time of the state process to X¢ conditional on (ay, z0) = z,
with 7, = oo if the process never enters Xc. By claim (1), the process never leaves
Xc once it enters, so the events {7, < t} and {a; € Xc} coincide. Claim (2) then
gives Pi(z,Xc) = Pu(1: < t) = Pu(1, < 00) = 1 for every x € X. The dominated
convergence theorem then gives jy(Xc) = 1, proving claim (3). O

Proof of Proposition 3.2. Claims (1)—(2) follow immediately from Proposition D.1 by
setting C = { R}, and the support statement in claim (3), i.e., ur(Xg) = 1, is claim (3)
of Proposition D.1 with C = {R}. It remains to verify the existence of a stationary
distribution. Since Xp is invariant and absorbing, we may restrict the state process
to Xgz. We first show that P is Feller on Xi. Let h : Xg — R be bounded continuous.
Then

Q>
IS 3
N—
~
Il
>z
—
)
—
e
n
N>
N—
Q>
~
L
—~
N
Q>
N~—

(Ph)(a,z) = /h(d, 2) P((a, 2),d(

for all (a,z) € Xg, where g(a, z, 2) is given by (44). By Theorem 3.1, the policy
function a +— c(a, z) is continuous for each z € Z. Therefore ¢ is continuous in a.
Since Z is finite and h is continuous, the map Ph is continuous on Xg. Thus P is
Feller on the compact state space Xgz. By the Krylov—Bogolyubov theorem, a Feller
Markov chain on a compact state space admits at least one stationary distribution.
Hence claim (3) holds. The proof is now complete. O
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The next result shows that, starting from any initial condition, there is a positive

probability that the borrowing constraint will bind within a finite time horizon.

Lemma D.3 (The borrowing constraint binds with positive probability). For all
(a,2) € X, we have P, .y (U=o{c; = ar}) > 0.

Proof. Since the stated claim clearly holds when a = 0, it suffices to verify that it
holds for (a, z) € Xy. Suppose, to the contrary, that for some (a, z) € Xy, we have

]P(a,z) (thO{Ct < at}) =1- P(mz)(Utzo{ct = at}) =1.

In other words, the borrowing constraint never binds with probability one. Recall
the tilted probability f(a, Z|z) defined by (11). By definition, E, f(a, 2| z) = 1. Note
that a; > wz; > wz for all t > 1 and ¢(wz, z) > 0 for all z € Z because u/'(0) = co.

By the monotonicity of ¢(-, z), we have
clag, z) > c(wz, z) > mi%l c(wz,z) =: B >0,
ze

Hence, u'(¢(ay, z)) < u/(B) < oo with probability one for all ¢. Since the borrowing
constraint never binds with probability one, based on the Euler equation,

u'(c(a, 2)) = BRE f (a1, 21 | 2)u'(c(ay, 21))
= BREof(a1, 21| 2) BRE: f(az, 22 | 21)u' (c(ag, 22))
= BREof (a1, 21| 2) - BRE; 1 f(as, 2z | ze-1)v (c(ay, 2t))
<4 (B)BREf(ay,z1|2) - BRE;_1f(as, 2 | z-1) = (BR)"W(B)

with probability one for all ¢ > 1. Letting ¢ — oo yields 0 < u/(¢(a, z)) < 0 with
probability one, which is a contradiction. Hence the stated claim holds. [l

In the rest of this section, let () have positive entries, as in Theorem 3.2. Then
Gmin := rr}ir% Q(z,2) > 0. (54)
2,2€

Lemma D.4 (An accessible binding state). There exists Z € Z such that wz < a(2),
and for all (a,z) € X, there exists t > 1 with

Pay ({e: = ar} N{z = 2}) > 0.

Proof. 1If ¢(a, z) = a for all a > 0 for some z € Z, the stated claim obviously holds.
Now suppose for all z € Z, ¢(a, z) < a for some a > 0. By Lemma D.1, there exists
a(z) € (0,00) such that ¢(a, z) = a if and only if @ < a(z). Lemma D.3 then implies
that there exists Z € Z such that wz < a(Z), otherwise the borrowing constraint never
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binds starting from any (a, z) with a > a(z). Note that Lemma D.3 also implies that
for all (a, z) € X, there exists some ¢ and Z € Z such that

M(a,z) := Pz ({ci—1 = a1} N {z—1 = 2}) > 0.
Hence, by Lemma D.1, we have
Pz ({ee=ar} N{z = 2}) = Py {ar < alz) f N {z = 2})

> Pz ({ar < alz)} N{ze = 2} [ {cm1 = e } N {21 = 2}) M (a, 2)
=P y{wa <alz) |z =2 Q(2,2)M(a, 2) > qminM (a, z) > 0.

The stated claim is verified. O

Lemma D.5 (Monotone binding transition map). The mapping

l(a,z) =P ({ce = a} N {z = 2})

1s decreasing in a for all z € Z and t > 1, where z is defined as in Lemma D.}.

Proof. We extend the range of a(z) to (0,00] by defining a(z) = oo if ¢(a, z) = a.
Then by Lemma D.1, there exists a(z) € (0, 00] such that ¢(a,z) = a if and only if
a < a(z). Hence, for all ¢ > 0,

1{a=a}tn{z =2} =1{a <a(z)} N{z=2}),

which is decreasing in a;. Recall the optimal wealth evolution function g defined in
(44). When t = 1, by definition, we have

t1(a,2) = ool (for < a(z0)} 0 {z1 = 2}) = Q(2, 51 {g(a, 2,2) < a(2)}.

As g(a, z, 2) is increasing in a, ¢;(a, z) is decreasing in a. Now suppose the stated
claim holds for arbitrary ¢, we show that it holds for ¢ + 1. Note that

lii(a, z) = Eo .1 ({aeer < a(2e1)} N {2001 = 2})
= Eo:Ea ) {1 {art1 < alze)} N {241 = 2}) | F1}
= Eo:Eq@ 1 ({a: < alz)} N{z=2}) = Eq.li(ar, z1)
= Eq.0 (9(a, 2, 21), 21)

Since ¢y(a1, z1) is decreasing in a; and g(a, z, z1) is increasing in a, we have (;,1(a, 2)
is decreasing in a. Hence the stated claim holds. 0
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Proof of Theorem 3.2. As in Meyn and Tweedie (2009), a Borel set A € A(X) is
called v,,,-small if there exists m € N and a nontrivial measure v, on % (X) such that

inf P™(x, B) > v, (B) for all B € Z(X). (55)

z€EA

Moreover, by Theorem 16.0.2 of Meyn and Tweedie (2009), a v-irreducible aperiodic

chain is uniformly ergodic if and only if the whole state space is a v,,-small set.

(1) Uniform ergodicity on Xg. By Proposition 3.2, the set Xg is compact, invariant,
and reached almost surely in finite time from every initial state. Hence, to establish
uniform ergodicity on Xg, it suffices to show that X is a v,,-small set for some m € IN.

We now verify the minorization condition.

Let Z € Z be the state given by Lemma D.4. Fix an arbitrary z € Z. Applying
Lemma D.4 to the state (a}, 2), choose t > 1 such that

q1 ‘= P(a}},z?) ({Ct = at} N {Zt = 2}) > 0. (56)
Fix (a,z) € Xg. The event {z; = 2} has probability Q(z,2) > gmm > 0 by (54), and

on this event, a; = g(a, z, 2) < a}; by the invariance of Xz. By Lemma D.5,

Play sy ({er = ar} N {z = 2}) 2 Plas 2y {a = i} N {z = 2}) = qu. (57)

Given {¢; = a4, z; = Z}, the next-period asset is a;41 = R(a; — ¢;) + w2z = wzpyq.
On the event {211 = 2}, we obtain (a¢41, 2¢41) = (wZ, 2). Moreover, since wz < a(Z),
Lemma D.1 implies ¢4 = a;y1. The conditional probability of this transition is
Q(Z,2) > Gmin- Combining these steps and setting m := ¢ + 2, we obtain

p™ ((a7 Z)? {(wé, 2)}) > Q(Z>2> sl Q<572) > QI2ninql =:q>0. (58)
Since (a, z) € Xg was arbitrary, it follows that

inf P"((a,2),{(wz,2)}) >q>0.

(a,2)EXR
Define the nontrivial measure v, on %£(X) by
¢, (wz,2) € B,

Um(B) :=
0, otherwise.

Then (55) holds for A = Xg, hence X is a v,,-small set. The atom (wZ, Z) is aperiodic,
because P ((wz, 2),{(wz,2)}) > Q(Z, 2) > 0. Therefore the chain restricted to Xg is
y-irreducible and aperiodic. By Theorem 16.0.2 of Meyn and Tweedie (2009), it is
uniformly ergodic on Xg, and the first claim is verified.
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(2) Global stability on X. Let 7 :=inf{t > 0 : (a4, 2:) € Xz} denote the hitting time
of Xg. By Proposition 3.2, 7 < oo almost surely and Xg is absorbing. Let C' < oo
and ¥ € (0, 1) be the constants in part (1).

Step 1. Pointwise estimate. Fix x € X and n > 1, and set T':= [n/2]. For B € #(X)
and s € {0,...,T}, define the sub-probability measure A(-) := P, (7 = s, (as, z5) € -)
on Xg. Since p* = p*P"* and p*(Xg) = 1, the strong Markov property gives

P, ((an, 2,) € B, T =s) = /x P"*(y, B)\s(dy)

wd  Pofr=(B) = [ i (B,
R
Subtracting the latter from the former and summing over s < T yields
P ((@n, 20) € B,r <T) = Po(r < T)u'(B)|

(59)

<3 [ 1P - B0 < s [P ol < 7).

YEXR
0<s<T

For the tail term, the event {(a,, z,) € B} N {r > T'} is contained in {7 > T'}, so

‘Pw((an,zn) €B,7>T)—Py(r> T);[“(B)’ <P,(r>T). (60)

Since n —s >n —T > n/2 for every s < T, part (1) bounds the supremum in (59)
by C¥™2. Combining (59) and (60) and taking supremum over B € %(X) yields

||Pn(xv ) - /IJ*

because ¥ < 1 and P,(7 > [n/2]) = P,(7 = o00) = 0.

< 200" + P, (1 > |n/2]) -0 as n— oo,

Step 2. Averaging over the initial distribution. For any p € &?(X), dominated con-
vergence (using || P"(z, ) — p*||ry < 2) gives

| P — ,u*”TV < /XHP”(QE, ) = ,u*”TV u(dz) -0 as n— oc. (61)

Uniqueness is immediate: if uP = p, then ||u — p*||7v = ||uP"™ — p*||rv — 0, hence
1= p*. Therefore P is globally stable on X. O

APPENDIX E. PROOF OF PROPOSITION 4.1

In this section we prove Proposition 4.1, i.e., the divergence of aggregate wealth as
R T R :=1/B. We work in the general equilibrium setting of Section 4, where the
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household faces the wage schedule w(R) defined in Section 4.1. Throughout, Assump-
tion 4.2 is in force. The monotonicity of () is used only in the final step, through
Proposition 5.2, to lift the expected-utility divergence to v > 0; the contrapositive
argument below uses only the strict positivity of Q).

Let {R,} be a sequence in (R, R) with R, T R, and set

= w(R, d  @:=limw(R),
w w(Ry,) an w Rl%w()

which is finite by (73) in Appendix F. Write vg , cr,y, ftr,~ for the value function, con-
sumption policy, and stationary distribution at prices (R, w(R)) and risk-sensitivity
parameter . At 7 = 0, the entropic risk expectation py . of (8) is the conditional
expectation [E,, so these objects are the expected-utility benchmark.

We first establish divergence at v = 0. For the sequence above, set
cnl(a, z) :==cp, o0(a, 2) and vn(a, z) == vg, o(a, 2).

Let A(R,,0) and S(R,,0) be the aggregate wealth and saving under pp, o, as defined
in (16) of the main text. Define the optimal wealth transition at (R, w,,0) by

gnla, z,2) == Ryla — cp(a, 2)] + w2, (a,2,2) € XX Z, (62)
so that a, = gn(a, 2, 2) is next period’s assets.

Lemma E.1 (A finite-mean invariant distribution at the critical return). Suppose
liminf, . A(Rn,0) < oo for some sequence {R,} with R, T R. Then there exist a
probability measure py € P (X) and a continuous policy cy such that

/adu0<oo, 0 < cola,z) <a,
X

and the maps a — cy(a, z),a — co(a, z) are increasing for each z € Z. Moreover, g is
stationary for the transition kernel Pg o and cy satisfies the Euler inequality

u'(cola, 2)) > Bau' (co(R(a — co(a, 2)) + w2, 2)) . (63)

Proof. Since liminf, . A(R,,0) < oo, there exist M < oo and a subsequence of
{R,} along which A(R,,0) < M. Passing to this subsequence, we may assume that
A(R,,0) < M for every n.

Step 1. Emistence of o with finite first moment. Let i, := pig, o. By the definition of
A(R,,0)1in (16) and the Markov inequality, p,([L,c0)xZ) < M/L for all L > 0 and n.
Since Z is finite, the sequence {yu,} is tight. By Prokhorov’s theorem, there is a weakly
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convergent subsequence. With slight abuse of notation, we write u, — o € 2(X).
For each L > 0, the map a — aA L is bounded and continuous. By weak convergence,
/(a/\L)d,uo: lim [ (aAL)du, <M.

X n—oo X

Letting L — oo, the monotone convergence theorem gives fx adug < M < oco. Thus
1o has finite first moment.

Step 2. Fuxistence and properties of ¢y. For each n and z € Z, by Theorem B.1
applied at § = (R,,0), the maps a — ¢,(a,z),a — ¢,(a, z) are increasing. Hence,
for ay > a1, 0 < c¢y(ag, z2) — cu(ay, z) < as — ay. Therefore, {c,(-, 2)}, is uniformly
Lipschitz continuous. Moreover, 0 < ¢,(a, z) < a, so the family is uniformly bounded
on compact sets. Starting from the subsequence in Step 1, apply the Arzela—Ascoli
theorem successively to obtain subsequences {cn@)} j>1, each extracted from the pre-
ceding one, converging uniformly to ¢* on [0, k?] x Z. Since ¢V 1.7 = ¥ we
E‘J)-
For each fixed k, the tail {V;},> is a subsequence of {n§k)}j21, 80 cn; — o uniformly

define a continuous policy co on X by co|jpxxz := ¢ for every k > 1. Set N;:=n

on [0, k] x Z. Relabeling this subsequence by n, we obtain local uniform convergence
cn — ¢o while retaining g, — po. Passing to the limit gives 0 < ¢g(a,2) < a, with
a— co(a, z) and a — a — co(a, z) increasing for every z € Z.

Step 3. Stationarity of po for Pry. Since R, T R and ¢, — ¢y on A x Z for each
compact A, by the definition of g, in (62), for each Z € Z, we have g,(a, z,2) —
go(a, 2, 2) == R(a — co(a, 2)) + w2 uniformly on compact subsets of X. Let P, be the
transition kernel induced by g, at v = 0 and let Py, be the kernel induced by go.
For h : X — R bounded and continuous, u, P, = u, gives

/hd,un:/hd(,unpn) :/Pnhdun.
X X X

/ hdpy = / Prohdpg  for all bounded continuous i : X — R, (64)
X X

We show that

which implies 9 Pg o = po, i.e., jto is a stationary distribution of Pg,. To see (64),

[ = [ Paohano| < | [ nuo— [ nap,
X X X X

/ Prohdpy — / Prohdio
X X

< +

/(Pnh - PR,Oh) dlu’n
X

+ . (65)
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The first and third terms converge to zero by the weak convergence ji,, — o and the
fact that h and Pgoh are bounded and continuous. For the middle term, fix € > 0,

by tightness of {u,}, we can choose a compact set K C X such that sup,, p,,(X\ K) <
e/(4l[hllec). Since max{[Prohl, [Pnh|} < [[h]o,

| 1P = Prohl g < 2 suppa (X\ K) < 272
X\K n

Since g, — go uniformly on K and h is bounded continuous, for all large n,

sup |P,h(a,z) — Proh(a, z)|
(a,2)eK

< sup Y |h(gn(a, 2, %), 2) — h(go(a, 2, 2), 2)| Q(z, 2) < &/2.

(a,z)eK sez

Hence for all large n,

/ (Puh — Proh) dpia| < / |Puhi— Proh| djin / Puh—Proh| djin < 2/24+2/2 = e.
X X\K K

Letting n — oo in (65) yields (64), hence pi is stationary for Pgg.

Step 4. FEuler inequality. Since ¢, is the expected-utility policy at v = 0, Proposi-
tion 3.1 applied at v = 0 gives

u'(cn(a, 2)) > BR,E[u (¢, (an, 2))] (66)
for every n and every (a, z) € X, with «/(0) := 0.

It remains to prove the Euler inequality (63). Fix (a,z) € X. If ¢y(a,z) = 0, then
(63) holds trivially since u'(co(a, z)) = 0o. Suppose co(a, z) > 0. By (66),
W(enla2)) > 8RS Qe 20 (enlgn(a 2, 2), 2)).
zez
Since ¢, (a,z) = co(a, z) > 0, we have u/(c,(a, 2)) — u/(co(a, 2)). Also, BR, — BR =
1. For each Z € Z, g,(a,z,2) — go(a, 2, 2). By the uniform convergence of {¢,} to ¢
on compact sets, the continuity of ¢y, and the triangle inequality, we obtain

|Cn(gn<a’zv 2)72) - CO(QO(CL?Z"%)v 2)| < |Cn(gn(a7z72)7 2) - CO(gn(aﬂZ?'%)?é”

+ |co(gnla, 2, 2), 2) — co(g0(a, 2, 2), 2)| — 0.

Moreover, co(go(a, z,2),2) > 0 for every 2 € Z: otherwise ¢,(gn(a, 2, 2),2) — 0 for
some Z, then u/(¢,(gn(a, 2, 2), 2)) — 00, which would force the right-hand side of (66)
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to diverge and contradict the boundedness of the left-hand side, since u/(c,(a, z)) —
u'(co(a, z)) < oco. Hence each limit is finite. Taking limits then gives
u'(co(a, 2)) > D Q(z, 2)u (colgo(a, 7, ), 2)).
zez

Hence (63) holds, as was to be shown. The proof is now complete. 0

Proof of Proposition 4.1. We first prove that A(R,0) — oo as R T R. Suppose, to
the contrary, that this fails. Then there exist M < oo and a sequence R, T R such
that A(R,,,0) < M for every n. Lemma E.1 therefore yields a pair (pg,¢) such that
(i) [y adpg < oo, (ii) o is invariant for Pg, and (i) ¢y satisfies the Euler inequality
(63).

Step 1. Martingale {u'(c;)} process. Let {(as, 2;) }s>0 have transition kernel Py, and
invariant distribution g, with (ag, z0) ~ po. Define ¢; := ¢o(ay, z¢) and ¢ := u'(¢y) €
(0, 00]. Evaluating (63) at (a, 2:) and using the Markov property gives

o1 > Elpi1 | F] almost surely. (67)

Thus {¢;} is a supermartingale. For K > 0, define X := o, A K. Since z — 2 A K

is increasing and concave,
Elpfer | F] S Elp | FINK S oo AK = o

Hence {} is a bounded supermartingale. Because {(ay, 2¢) }¢>o is stationary, E[pf] =
E[pf,]. Since the random variable ¢ — E[p;% | %] is nonnegative and has zero ex-
pectation, we have E[pf | | %] = pf° almost surely, implying that {¢f} is indeed a
bounded martingale.
Step 2. Almost sure constancy of {c;}. Let Ay := ¢f, — off. Since {¢f} is a
martingale, E[A; | .%;] = 0. Therefore,

Elpf A = Elp; E[A; | 7] = 0

= E[(¢f1)%] = El(ef + A)?] = E[()*] + B[A]].

Stationarity gives E[(¢f1)?] = E[(¢f)?], hence E[A7] = 0, so ¢, = ¢i* almost
surely. Letting K — oo through a countable sequence gives ;11 = @ almost surely.
Since v’ is strictly decreasing, ¢;11 = ¢; almost surely. As E, a; < oo and ¢; < a;, we
have ¢; < co almost surely. Intersecting over all ¢, there is a finite random variable ¢
with ¢, = ¢ for all t > 0 almost surely. Thus consumption is constant along almost
every realized path starting from (ag, z9) ~ po-
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Step 3. Constructing zero conditional variance. Define s; := a; — ¢; > 0. At R = R,
Qi1 = RSy + Wz Since ¢ipq = ¢ = G, Sy41 = Gyq1 — Cop1 = RS; + W21 — C, SO
sy = R7's; 11 + R7Y(€ — wzey1). Tterating N periods gives
N
si=RNsyn+ Y R(C—zy;). (68)
j=1

Since pio has finite first moment, £, s; < oco. By Tonelli’s theorem and stationarity,

Z R_NSH_N] Z R N]EMO [St—i-N MO SO Z R
N=1

]Ello

because R > 1. Hence Zf\,ozl R Ns,,n < 0o almost surely, which 1mPhes R Ns n —
0 almost surely as N — oo. Because {z;4;};>1 is bounded and R > 1, the series
P R772.,; converges absolutely, hence almost surely. Letting N — oo in (68),

almost surely. (69)

Define Y; :== > 7%, Rz ;. Then (69) implies Y; = [¢/(R — 1) — s;]/w. Because
sy = a; — colayg, z¢) and ¢ = co(ay, 2), we obtain

Var(Y; | as, ze) =0 almost surely. (70)
Step 4. Impossibility of zero conditional variance. Let
N o'}
Sy = ZR‘j and Ty = Z R,
j=1 j=N+1

Since Sy 1 (R —1)7! and Ty | 0, we can choose N sufficiently large such that
Sy > Tn. Define the two events

DL::{Zt+l:"':Zt+N:§} and DH::{zt—l—l:"':Zt—i-N:g}'
Since Q(z,2) > qmin > 0 for all z, 2 € Z, where ¢y, is defined in (54), we have
P(Dy|as,z) > ¢, >0 and P(Dgy|ay, z) > ¢, > 0.

On Dy, we have Y; < zSy +zZTny =: A. While on Dy, we have Y; > zSy + 21Ty =: B.
The gap between these two bounds is

d:=B—-A=(z—2)(Sy—Ty) > 0.

Let m := E(Y; |as, z). f m > (A+ B)/2,thenon Dy, Y, —m < A—m < —§/2, so
()/t - m)2 Z (5/2)2 USng IP(DL | Qg, Zt) Z qg]r\fina we obtain

Var(Y; | ar, z) > (0/2)°P(Di | ar, 2) > Gpin(0/2)°
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If instead m < (A+ B)/2, then on Dy, Y; —m > B—m > §/2, so again (Y; —m)? >
(6/2)%, and we obtain

Var(Y; | ay, z) > (6/2)*P(Dy | ar, z) > ¢7:. (6/2)? > 0.

Therefore, Var(Y; | as, z;) > 0 almost surely. This contradicts (70). As a result, there
is no pair (po, co) such that (i) E, a; < oo, (ii) po is invariant for Pg,, and (iii) co
satisfies the Euler inequality (63). The stated claim then follows immediately from
Lemma E.1. Finally, for every fixed finite 4y > 0, Proposition 5.2 gives A(R,~y) >
A(R,0). Thus A(R,~) — oo as R 1 R, which proves the proposition. O

APPENDIX F. PROOF OF LEMMA 4.1 AND THEOREM 4.1

This appendix proves Lemma 4.1 and Theorem 4.1. Throughout, R and R := 1/8
are as in Section 4, and K (R),w(R) are the firm’s capital demand and induced wage
defined in Section 4.1. Recall that cg, and vg, are the optimal policy and value
function of Theorem B.1, ug, is the unique stationary distribution of Theorem 3.2,
and Ppg., is the stochastic kernel at § = (R, ). The aggregate wealth A(R,~) and
aggregate saving S(R, ) are defined in (16).

On the household side, Theorem 3.2 delivers a unique stationary distribution pp , for
every R € (R, R), and Proposition 4.1 gives A(R,v) — oo as R+ R. On the firm
side, Section 4.1 defines the capital demand K(R) and the induced wage schedule
w(R). Lemma 4.1 establishes the continuity of A(R,~) and S(R, ), which is the key
technical step needed to apply the intermediate value theorem to the excess capital
supply (R, ) := S(R,7) — K(R).

Proof of Lemma 4.1. Let 0, = (R, 7n) — 0o = (Ro, %) € (R, R) x[0,00), and choose
a compact interval C C (R, R) containing Ry and {R,}. Set © := C x [0,00). By
Theorem B.1, the optimal policy (a, z,0) — ¢g(a, z) is jointly continuous on X x ©.
Moreover, by Theorem 3.2, P, has a unique stationary measure py for every 6 € ©.
By Proposition D.1, applied with the compact interval C, there exists ac < oo such
that Xc := [0, ac] x Z is invariant under P, and the stationary distribution satisfies
wg(Xc) = 1 for all § € ©. Hence, the sequence of stationary distributions {uyg, }rn>0
has common compact support Xc.
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Now, pick any sequence {(ay,, z,)}n>0 C X such that (a,,z,) — (a,z) € X, and pick
any bounded continuous function f : X — R. By definition, we have

[ 162002000, 2) = 3 (Rulan = o (an,20) + 0(R)2:2) Qs )

zez
By the finiteness of Z and the continuity of f, cy(a, z), and w(R), the right-hand side

converges to

Zf (Ro(& - Ceo(av Z)) + w(R0)272) Q(Zv 2) = /)(f(&vé)P90<(avz)vd(&>2))

zeZ

Hence, { Py, ((an, 2n), )} converges weakly to Py, ((a, 2),-).

Applying Theorem 12.13 in Stokey et al. (1989), we obtain: {ug, } converges weakly
to pg,. Therefore,

A®,) = [ o, @, 2] = [ o, d(a )]
X Xc
which, by the weak convergence of {1, } to g, and the boundedness and continuity
of the integrand on the compact support X¢, converges to

/XC apgy(da, dz) = / apg, (da, dz) = A(bp).

X
Thus A(6,) — A(6), so A(f) is continuous on (R, R) x [0, 00).

The continuity of S(f) then follows immediately from the continuity of A(#), the
accounting identity A(0) = A(R,v) = RS(R,~) + w(R) established in Section 4.2,
together with the continuity of w(R) and the fact that R > 0 on (R, R). O

Proof of Theorem /.1. The proof proceeds in three steps.

Step 1. Properties of the firm’s capital demand and wage schedules. Assumption 4.1
implies that, for every R € (R, R), (14) admits a unique positive solution K(R) =
F'(R—1+46,1), which is continuous and strictly decreasing in R. Since R—1+46 — ¢
as R | R while R — 146 > § > £, (15) follows immediately from Assumption 4.1.

The first-order condition (14) defines w(R) := Fy(K(R), 1), which is continuous by
Assumption 4.1 and the continuity of K(R). By constant returns to scale of F,
F(tK,t) = tF(K,1). Differentiating with respect to ¢ gives KFy(tK,t) + F5(tK,t) =
F(K,1), hence F(K,1) = KF\(K,1)+ F»(K,1). Consequently,
w(i) _ F(K(R)1)
K(R) ~ K(R)

— R(K(R),1). (71)
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Fix Ky > 0. For K > K, the fundamental theorem of calculus gives

F(K,1) F(Ky1) 1 (K
— — | Fy(z,1)dz.
K K +K - I(Ia ) T

Since Fi(z,1) — { as & — oo, the continuous Cesaro mean theorem implies that

A e K,

K 1 K
/Fl(x,l)dx:€ = lim E/ Fi(z,1)dx = ¢.

Ko K—oo Ko
So limg o FI(K,1)/K = {. Combined with Assumption 4.1, (14) and (71), we obtain

%%5_(3—1+6):0 as R | R. (72)

At the upper endpoint, (15) and the continuity of F» imply

w(R) = w(R) = F5(K(R),1) € (0,00) as R1TR. (73)
Step 2. Ezxistence of a stationary equilibrium. By stationarity, pgFPy = pg for 6 =
(R,7v). As the z-marginal of py is the stationary distribution 7 of the Markov chain
{z:} and Ez =1,
/ Q2. 2)2old(a, 2)] = Y Em(5) = 1.
X ze7

Therefore

A(6) = AR, ) = / a(poPr)ld(a, 2)] = / (Pod)(a, 2ol (a, )]
= /XZQ(z, Z) (R[a —cy(a, z)] + w(R)é) wold(a, z)] = RS(0) + w(R). (74)

zez
Since R=1—-§+ ¢ < 1, take R < 1 close to R, the inequalities S(R,v) < A(R,7)
and (74) imply (1 — R)S(R,v) < w(R). Together with (72), this yields

S(Ry)  w(R)/K(R)

0<
~ K(R) 1-R

—0 as R R. (75)

Hence, we may choose Ry, € (R, R) sufficiently close to R such that S(Ry,v)/K(Ryr) <
1. The excess capital supply W(R, ) then satisfies

At the upper endpoint, together with Proposition 4.1, (73) and (74),

S(R,v) = AR, V)R_ (k) —~o00 as RTR.
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Since K(R) is a decreasing function taking values in (0, 00), we may choose Ry €
(Rp, R) sufficiently close to R such that

Consider the compact interval C := [Rp,Ry] C (R, R). By Lemma 4.1 and the
continuity of w(R), (74) implies that S(R,~) is continuous on C. Together with the
continuity of capital demand K(R), ¥(R,~) is continuous on C. By (76), (77), and
the intermediate value theorem, there exists R* € (R, Ry) such that

U(R',7)=0 =  S(R,~)=K(R". (78)

This establishes the existence of a recursive competitive equilibrium (R*, w*, v*, c*, u*),

where w* = w(R"), v* = Vg, ¢ = Cge 5, and p* = fig= 5.

Step 3. Compactness and upper hemicontinuity of equilibrium interest rates. The
lower-endpoint Ry, in Step 2 is independent of 7. Recall (75). As R 1 R, the expected-
utility argument in Appendix E gives W(R,0) — oo. For each fixed R, applying
Proposition 5.2 on a compact interval containing R with 7, = 0 gives W(R,vy) >
U(R,0) for all v > 0. By (77), we may choose Ry, Ry € (R, R) independent of
such that R, < Ry and

VU(R,v) <0 for Re (R, Ry and V(R,y) >0 for R€[Ry,R)
for every v > 0. Consequently,
R(7) ={R € [Ry, Ru] : ¥(R,7) = 0}.

By Lemma 4.1 and continuity of K, W(-,7) is continuous. The intermediate value
theorem and closedness of its zero set on [Rp, Ry| imply that R(7y) is nonempty,

compact, and contained in (Ry, Ry) for every v > 0.

To establish upper hemicontinuity of R(7), it suffices to show that R() has a closed
graph. Equivalently, let 7, — v > 0 and R,, € R(v,) with R, — Ry, we need to
verify Ry € R(7). By the previous paragraph, the sequence { R, } lies in the common
compact set [Rp, Ryg]. By the joint continuity of W established in Lemma 4.1, we
obtain W(Ry,vo) = lim,, oo V(R,,v,) = 0. Hence Ry € R(7o). dJ

APPENDIX G. PROOF OF SECTION 5 RESULTS

In the fixed-price household arguments below, let R € (0, R) and w > 0. Equilibrium
arguments evaluate household objects at the production wage w(R). We identify the
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parameter § with (R, y). We use the entropic risk expectation p, . of (8), the infinite-
horizon tilt f,(s, z,2) of (39), and the finite-horizon objects of Lemma D.2, namely
the iterates v, g, the policies ¢, g, Sy, and the finite-horizon tilt f, ¢(s, z, 2) defined
in (45). At fixed prices we abbreviate

~

'Un”y = UTL,(R,’Y)? Cnv'y = Cna(R)7)7 S”v'}’ = Snv(R7’7)7 fn:7(57 Z’ 2) = fnv(Rv’Y) (87 Z’ Z)’

and similarly vy := V(ry), ¢y = C(Ry), Sy 1= S(Rr,y). Both f, ¢ and f, are densities with
respect to Q(z,-), equal to one at 7 = 0; hence the tilted probability mass attached
to 2 = z; is Q(2, 2j) fa~(S, 2, 2;). We use the shorthand

Pur(8,2) = Bpy:(vny(Rs + w2, 2))  and  py(s, z) = Bpy.(vy(Rs + w2, 2)),

as in the proof of Lemma D.2. Moreover, continuity, monotonicity, the finite-horizon
Euler equation, and convergence of the finite-horizon objects are cited from Lemma D.2
and the envelope derivative from Lemma C.1. Finally, under Assumption 4.2, the
finite-horizon values are increasing in productivity, as established in Lemma B.5.

G.1. Common comparison arguments. Fix R € (0, R) and w > 0. For all v > 0,
let T, be the Bellman operator (38) at the fixed prices (R, w), and set

vy = 0 and Unyiy = TyUny, 12> 0.
In terms of saving, this recursion is

Un+1,'y(a7 Z) = Slél[g)i]{u<a - 8) + pnﬁ(Sv Z)} (79>

For n > 1, write s,,41(a, z) for the unique maximizer in (79) and set c,41,(a, 2) :=
a— Spt14(a, z). By Lemma D.2(4), ¢y41,, — ¢, and $,41, — 5. By Lemma D.2(2),
Cn+t1,~ and S,41. are continuous and increasing in a, and Lemma C.1 applied at each

finite horizon gives

, ov,, ,
Vrr(a,2) = P2 02 = (@) (020,020 (80)

The derivatives here and below are with respect to wealth or saving, not with respect
toy. For s > 0, put z;(s) := Rs+wz;. Since f, , is a density with respect to Q(z, -),

0 . ..
p;z,'y(sa Z) = %pnﬁ<87 Z) = 5R]Ez |:fn,’y(87 2, Z)”;,v(RS + wz, Z)

N
:ﬁRZQ(ZvZj)fn,’y(saZazj)vé,y<x]’(3)>zj)‘ (81)
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At s = 0 the derivative is from the right; it is finite because z;(0) > wz > 0. Fix
n>0,0<9 <7, and (a,z) € X with a > 0. Fix a feasible s and j € {1,..., N},
and denote

aj ‘= Q(Z7Zj) fn,’yz(sazazj)a bj = Q(Z7Zj) fn,’n(sazazj)?
Aj =, (x5(s), %), Bji= 1, (25(s), 7).

ny7y2 n,71

Lemma G.1 (One-step comparison). Suppose that A; > B; for all j, j — a;/b; is
decreasing, and at least one of j — A; and j — B; is decreasing. Then pp,(s,z) —
P (8, 2) 18 INCTeasing in s, Spi1.q,(4, 2) > Spt14, (@, 2), and cpi14,(a, 2) < Cpy14(a, 2).

Proof. If j — Bj is decreasing, since » ;= > ;bj =1, symmetry gives

N N N
1 a; a

> (a;—b))B;j =Y a;bu(B; — By) = 5 > bibx <b_j - b_:> (Bj — By) = 0. (82)

j=1 j,k=1 7,k=1 J

The inequality follows because a;/b; is decreasing in j. Together with A; > B;, this

ZCLJ’A]' Z Zaij 2 Zb]BJ
J J J
If instead j — A; is decreasing, the same logic with A; in place of B; in (82) gives
ZajAj Z ijAj 2 Zb]B]
J J J
Thus, in either case, (81) yields

Phnp(5,2) = BRY "ajA; > BRY b;B; = pf,  (s,2).
i i

implies

Thus pp ~, (8, 2) —pn, (8, 2) is increasing in s. Suppose to the contrary that s,41 4, (a, 2) <
Snt1, (@, 2). Uniqueness of the maximizer at v, gives

u(a = g1, (a,2)) — u(a — Spr1,(a, 2))

> Pam (Sn+1772 (a,z2), Z) — P (Sn+1m(a7 z), Z)

2 Py (3n+1,72 (a,z), z) — Pnya (Sn+1m (a,z), Z)?
where the last inequality follows from the increasing difference of p;, +, (s, 2)—pn., (s, 2).

Rearranging contradicts optimality of s,,+1.4,(a, 2). O

Lemma G.2 (From policy order to stationary distribution and aggregates). Fiz
Re€ (0,R) and 0 <y < ¥o. Let Xg := [0,a%] X Z be a common support set provided
by Proposition D.1. If s.,(a,2) > s4,(a, z) for all (a, z) € Xg, then:
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(1) A(R,72) 2 A(R,m) and S(R,72) = S(R,m).
(2) For all bounded h : X — R such that h(a, z) is increasing in a,

[ranna = [ hdun, (33)

In particular, if {z;} is Markov, then conditional on each productivity state
z € L, the stationary wealth distribution under 7y, first-order stochastically

dominates the one under ;.

Proof. Fix an arbitrary initial productivity state 2y € Z, and write p., = pg,, for
i € {1,2}. For each i, define the wealth process recursively by

a0 =10 and i1 = Rsy,(aig, 2) + wzppr, t>0.

Let P,, be the stochastic kernel of {(a;, ) }1>0. Since (0, zp) € Xg and Xp is invariant
under both kernels, we have (a;¢, 2:) € Xp almost surely for i = 1,2 and all ¢t > 0.
Moreover, ji,,(Xg) =1 for i = 1,2. We first verify that

asy > a1y and sy, (agy, z) > Sy (a1, 2:) almost surely for all ¢ > 0. (84)

By Theorem B.1(3), each saving policy is increasing in wealth, while the hypothesis
gives s.,,(a,z) > s, (a,z) for all (a,z) € Xg. The initial wealth levels coincide.
Suppose as; > ay,; at some date t. Then s, (a2, 20) > sy,(a1s,20) > 54, (a1, 21).
Since the two processes receive the same labor income at date ¢ + 1, it follows that

agt+1 — G141 = R[%(%,t, Zt) - 571(a1,t, Zt)] > 0.

Induction therefore yields (84).

Step 1. Ordering of stationary aggregates. Let M := max{1,a}} < oo. Feasibility of
the saving policies implies 0 < s.,(ai¢, 2) < a;y < M almost surely for ¢ = 1,2 and
all t > 0. Let v;; denote the distribution of (a;¢, 2¢). Then v;; = 5(0,ZO)P’yt¢ , where
v — 0 ast — oo, and

8(0,20) 1s the point mass at (0, z9). By Theorem 3.2, ||v;¢ — 1+,
both v;; and p., assign probability one to [0, M] x Z. For the aggregate comparison,
by (16),

‘]Eam — A(R, 'yl)‘ = '/ a(viy — poy)[d(a, z)]‘ < M||viy — poy|lrv — 0 and
X

|]E5%‘(ai,t7 zt) - S(R7 %)} = v — 0.

[t 21080 = w)iaCes ] < s =

Taking expectations in (84) and then letting ¢ — oo gives A(R,72) > A(R,~) and
S(R,v2) > S(R,71), so claim (1) is verified.
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Step 2. Ordering of stationary distributions. Fix h as in claim (2). Since the two
processes in (84) share the productivity path {z;} and h(a, z) is increasing in a, (84)
implies h(ags, 2:) > h(aiy, z) almost surely for all ¢ > 0. Hence E[h(agy, 2:)] >
Elh(aiy, z)] for all £ > 0. Moreover, boundedness of h and the total variation con-
vergence give [hdv;; — [hdu,, for i = 1,2. Letting ¢t — oo in E[h(agy, z)] >

Elh(ay 4, z)] proves (83).

Step 3. Ordering of stationary wealth distribution. Fix z; € Z and a bounded nonde-
creasing ¢ : Ry — R, and apply claim (2) to h(a,2) = ¢(a)1{z = 2;}. Both ug.,
and g, have the productivity marginal 7, the stationary distribution of @), and

7(%;) > 0 under the maintained assumptions. Dividing by 7(z;) gives

/}R+ 0(a) i, (da|z = 2;) > / 0(a) gy (da| 2 = 2;),

R+

which is the stated conditional first-order stochastic dominance in claim (2). O

Lemma G.3 (From aggregate order to extremal equilibrium sets). There ezists a
compact interval C = [Ry,, Ry) C (R, R) containing R(v) for every v > 0. For any
0<7 <, if S(R,v2) > S(R,v1) for all R € C, then

Rmin (’72) S Rmin (71) and Rmax (’72) S Rmax (’71)

Proof. By Step 3 of the proof of Theorem 4.1 in Appendix F, there exist R;, < Ry,
independent of 7, such that C := [R;, Ry] C (R, R) and

U(Rp,v) <0< Y(Ry,v), R(y)={ReC:V(R,v) =0}

for every v > 0. By Lemma 4.1 and continuity of K(R), ¥(-,) is continuous on C.
Hence R(7) is nonempty, compact, and both extremal equilibrium interest rates in
(18) are attained.

Fix 0 <7y < 79 such that S(R,7,) > S(R, ) for all R € C. By definition of ¥, for
R e C, U (R,7y2) —Y(R,71) = S(R,7) — S(R,71) > 0. At r; := Ruin(71), we have
U(ry,v2) > W(ry,v1) = 0. Since V(Ry,72) < 0, continuity yields an equilibrium for
Yo in (Rp,m]. Hence Ryin(72) < 71 = Ruin(71). To compare the largest equilibria,
evaluate instead at 3 = Rpax(72). Then W(ry,v) < W(ry,7y2) = 0. Together
with W(Rpy,7y) > 0, continuity yields an equilibrium for 7 in [ry, Ry). Therefore
Rinax(71) = r2 = Ruax(72). This proves (21). d
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G.2. Proof under 1ID productivity.

Proof of Proposition 5.1. Fix R € (0,R) and 0 < 7, < 75. Under Assumption 5.1,
the Bellman iterates in (79) are independent of current productivity. We therefore
suppress z in the notation of Section G.1 and write p; := Q(z, 2;).

Step 1. Preserving the marginal-value order. We prove by induction that

v, (a) >0, (a)  forall a>0. (85)

72 — nm

The claim holds for n = 0. Suppose it holds at iteration n and define D, (x) :=

Y2Un s () — Y10+, (). Since marginal values are nonnegative,

Dy, (x) = yalvn, (@) = vn 4, (@)] + (72 = M)y, () 2 0. (86)
In the 1ID case, the finite-horizon tilt is

o=V (@5(5)

faa8:2) = S5y

so the density ratio satisfies

B Zk: pke_"flvn;’vl (zr(s))

fopo(8,2) —Dn(z;(s)) i :
TneS2) o (g)e . with  Cp(s) := S, pre @)

fn771 (57 Zj)

(87)

Here C,(s) > 0 is independent of j. Since z;(s) is increasing in j, (86) implies that
/
n,71

All the conditions of Lemma G.1 are therefore satisfied. Its policy comparison and
(80) establish (85) at iteration n + 1. In particular, for all n > 1,

the ratio in (87) is decreasing in j. Concavity also makes v], . (x;(s)) decreasing in j.

8":’72 ((Z) Z Sn,’Yl (a) and Cﬂ,’m (a) S Cn,“/l (a) (88)

By Lemma D.2(4), passing (88) to the limit proves (19). Applying Lemma G.2 with
the policy order (19) yields (20) together with the distributional comparison stated
in the proposition. O

Proof of Theorem 5.1. Fix 0 < ; < 2. Proposition 5.1 gives S(R,72) > S(R, ) for
every R € (R, R). Applying Lemma G.3 proves (21). O
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G.3. Proof under Markov productivity. Fix a compact set C C (0, R) and a
bound ac from Proposition D.1. Write g;; := Q(z;, 2;) and g, = min; g1 > 0. Set

we = gleigw(R), a = wez,
_ _ _Ue _ _bBE
Uc = u(ac) — u(@), BC = 1_ 5, Cc = 8(1 — 5), (89)
Az :=min(zj41 — 25), dc:=wcAzu'(ac) >0 = b lo L
Ty T A, der= e c X 1-3 ggl-
Define
. fac—a (1-P)dc
= 0
e mm{ 5 2u’(@) > U,
e min dufSEE) U@L, (90)
¢,é€[a,ac] 2 2
|C—6|28C

The feasible set in (90) is nonempty and compact; strict concavity makes the minimum
positive. Put
Cedc . Jc _ X
Jc = —, =—>0 d ~f = 29¢, = ¢ . 91
=S e >0 and i max {2 o (o1)

Since (¢ < Uc, we have ¢ < dc/(2A¢). All constants in (89)-(91) depend only on
the primitives and the common bound of Proposition D.1.

We need to establish the policy comparison on Xc = [0,ac] x Z. For 0 < a < a,
feasibility and the consumption floor (47) imply a > ¢,(a, z) > min{a, a} = a, hence
¢y(a, z) = a. Similarly, ¢, ,(a, 2) = a for all 0 < a < a. Thus optimal saving is zero in
this region, independently of v, so the policy comparison holds there automatically.
It therefore remains to consider a € I¢ := [a, ac]. Let Hg := [ac —w(R)Z]/R > 0. By
(53) in the proof of Proposition D.1,
snﬁ(a,z)SHR—%<HR and sv(a,z)SHR—%<HR

for (a,z) € Ic x Z, n > 1, and v > 0. By the normalization argument in Section B.3,
we may subtract u(a) from period utility without changing policies, marginal values,
or tilted probabilities. After this normalization, the domain of the optimal saving
function becomes I¢ x Z and its range becomes [0, min{a — a, Hr}].

Starting from vy, = 0, normalized current utility is at most (1 — 3)Bc, while the
certainty equivalent of a continuation value in [0, B¢| also lies in [0, Bc]. Induction
shows that the transformed value functions satisfy 0 < v, ,(a,2) < B¢ for all (a, z) €
IC x Z.
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Proof of Proposition 5.2. We prove a more general result. Let C be any compact
subset of (0, R). We show that there exist 0 < y¢ < ¢ such that for all 0 <, < 79
with 11 < ¢ or 72 > ¢, the stated claims hold uniformly for R € C.

Step 1. A criterion for the finite-horizon comparison. Define D, (a, 2) 1= vy, ,(a, 2)—

Y1Uny (@, 2). We show that
Snye (@, 2) > Spay(a,2) forall (a,2) € Ic xZ
if for alln > 1 and 0 < s < min{a — a, Hg},

J = U (x5(s),25) is decreasing for some vy € {v1,72}, )
’ 92
Jj — D,(z;(s),z;) Iis increasing. (

To that end, we apply Lemma G.1. Note that the first condition of (92) indicates A;

or B; is decreasing in j. Moreover, since

a; f”7’72<87Z’£72j)

— = ———L = (,i(s) exp{—Dy(z;(s), %)} ,

b fnm<372i72j) ) { (z( i)}
where C), ;(s) > 0 is independent of j, the second condition of (92) implies that a;/b;
is decreasing in j.

Next, we show that v), ., > v, . on Ic x Z for all n. By (79), v{ ,(a,2) = u/(a). Now

Y2
suppose vjzm > v;m on IcxZ. By Lemma G.1, 8,414, > Spt14, a0d Cpti vy < Cpgimg -
The envelope identity (80) then gives v;,,,., > v, .,, closing the induction. This

gives A; > B;.
The stated claim then follows immediately from Lemma G.1.

Step 2. Uniform value estimates. First, Lemma B.5, the envelope identity, and
feasibility give, for £k > j and n > 1,

Uny (T5(8)s 28) = Vny (5(5), 25) = Vnpy (@k(8), 25) — Vniy (25(5), 25)

0]
= [ lenne ) da = wela - ) eo) (93)
zj(s)
For a fixed random variable X € [0, Bc], write f(t) := logE.e **. Differentiating
with X held fixed gives
E, Xe X B2

J) =% and  f(t) = Var.(X) < =€
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where Var; . denotes variance under the tilted probability e™** /Ee~*X. Since f(0) =
0,

0p~ (X "(v) — 1 [ B2
o< _9p=(X) _af'0) ﬂw:_/Qmemws—S
dy 7 7% Jo ’ 8
Integrating between 7, and v, and using continuity at zero when v, = 0, yields
B2
0% . oX) = s (X) < “E00 =), (94)
Monotonicity therefore gives v, ,, > v, ,, by induction from zero. Define
Opi= Sup  |Unn, (@, 2) — Vpypla, 2)|.
(a,z)elcxZ

Recall that T, uses the common saving restriction 0 < s < min{a — a, Hg}. For each
such choice, @ = Rs + w(R)Z satisfies (a, 2) € Ic x Z by the definition of Hg. First,
since 0 < vy, 5, —Un 4, < 6, 010 Ic X Z, monotonicity and cash invariance (Lemma A.1(1)
and (5)) imply

p“/l,Z(vn,“n (d7 2)) < p%,Z(vm’m (d7 2) + 571) = p”/172(vn772 <d7 2)) + 0.

Multiplying by 3, adding the common current utility, and maximizing over the same

saving set therefore gives
0 < T Un (@, 2) = T Un 40 (0, 2) < B0, (95)

Second, hold v, ,, fixed. Since its successor values lie in [0, Bc|, the preceding certainty
equivalent bound (94) yields

2
0< p%,Z(UnﬁQ(dv 2)) - p’Yz,Z(Uanz <d7 2)) < ?C(f)/? - 71)'

As this bound is uniform over saving choices, the same maximization argument gives

B2
0 < Tyt (@, 2) = Toytin(a,2) < 226

(72 — m)- (96)

Combining (95) and (96), we obtain

2
C

Opp1 = sup |15, 0n(a,2) — T, 4, (a, 2)| < B, + 3
(a,z)€lcxZ

(72 —m)-
Since dy = 0, iteration gives
2 _Aan
< BB1L= "
8(1—5)

Thus, we have shown that

(2 =) < Ac(ye —m).

0 <wpy(a,2) —vpq,(a,z) < Ac(ya—m) on Ic x Z. (97)
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Step 3. A wuniform strict concavity bound. We first establish the strict concavity
bound for expected utility. Fixn > 1,z € Z,anda <a < b < ac withb—a > wcAz.
Feasibility and Lemma C.1 give

b
Uno(b, 2) — vnola, z) = / u'(cnolx,2)) de > (b—a)u'(ac) > dc. (98)

Use the same productivity path with zy = z. For g € {a, b}, let
ag = q, ¢} i= carolaf, z), aiyy = Rai — ¢f) + w(R)zepr (0t <m).
Proposition D.1 and (47) imply a < ¢} < af < ac. Put E; := {|cb — ¢| > ec}. Since
u(c) — ()] < u'(a)ecleg + Uclp,

optimality of the two paths, the definition of ec in (90), and (98) yield

IQ

+U<;Zﬁt (Ev) <—+U Zﬁt

Consequently, S 7' B'P.(F;) > dc/(2Uc). The midpoint plan a := (a? +a?)/2 and
adm = (& +})/2 is adapted and satisfies

a+b

m m
9 > G Uy,

CLO:

aiy, = R(af" — ") + w(R)z41.

Its feasibility, optimality of v, o, and the definition of (¢ in (90) imply
a+b > Vno(a, 2) + vno(b, 2)
X2

jn,R(a7 ba Z) = Unpo (

2 2
- Zﬁt [ <ct —i—ct) B u(c?)—gu@i’)] . chz_;ﬁth(Et) > >0 (99)

The bound is uniform over the stated choices of n, R, z, a, b.

Alongside the expected-utility problem, consider the deterministic problem with in-

come w(R)z, at every date. Denote its n-period value function and consumption

policy by v2 and c?| respectively. Its normalized values therefore satisfy v = 0 and
Wal@=__max - Jule—s)+ 000 ().

The same argument applies to this special deterministic problem: take z; = 21, replace

cn_to(al, z) by 2, (af), and omit expectations. The common consumption floor and

wealth bound ensure that the same constants apply. Thus

y (a+b) v (a) +ol(b) > Je 0. (100)

2 2
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D

Passing to the infinite horizon limit gives the same bound for v~ := lim, . v{? ,

uniformly over the stated choices of R, a,b.

Step 4. The zero-gap region near expected utility. Fix 0 < v < vy with v < 7¢.
We first show that ¢, (a, z) is increasing in z for all n. Since ¢;(a, 2) = a, suppose
inductively that c¢,(a,2) is increasing in z. The monotonicity of z;(s) in j then
makes j — v/ (¢, 0(x;(s), z;)) decreasing. For ¢ < k, Assumption 4.2 therefore gives

Pro(8:2k) = BRZ Q(z1, 2i)u' (cno(5(5), 7))
< BRZQ(% zi)u' (cno(5(8), 25)) = P (s, 2i)-

Thus pn0(S, z:) — Pro(S, 2k) is increasing in s. The maximizer argument in the proof
of Lemma G.1 yields s,410(a, 2i) > sn+10(a, 2x), completing the induction. By (80),
0@ Zj41) = v (cno(a; zj1)) S u'(cnpla, 2)) = vola, ;) (n21).  (101)

Fixn > 1,0 < s < min{a —a, Hg}, and j < N. Put & := z;(s), & = z;41(9),
h =& — &, and m == (§ +&)/2. Then a < & < m < & < ac and h =
w(R)(2j+1 — ;) > wcAz. For v > 0, concavity gives

2
U;w(&), zj) > E[Un,’y(”% zj) = Vn~ (805 25)],
2
Vng (&1 2501) < 2[00 (€15 2540) = vna (s 2540 (102)
At v = 0, integrating (101) over [m, & | yields

Uno(&1, 2j41) — Vno(Mm, 2j51) < vno(&1, 2) — Uno(m, 25).

Moreover, (97) gives 0 < v, 9 — vpy < Acy on Ic x Z. Applying this bound to the
two positive terms below and using —v,, , > —v, for the other two terms, we obtain

Uny (M, 25) = Uny (€0, 25) — Vnny (€15 Zj41) + Uy (M, 2541)
> Uno(m, 25) — Vn0(€o, 27) — Uno(&1s 2Zj41) + Uno(m, 2j41) — 2Acy

> 205,0(m, 2j) — Un0(&0s 25) — Vn0(&1, 25) — 2Acy = 2T0,r(€0, &1, 25) — 2Acy.

Combining these estimates with (99), (102) and v < 7¢ gives

U (25(5), 25) — vy, (T4 (), 2j41)

J
4 4
l

> E[jn,R(g(bgl,Zj) — Acy] > 3 Jc—Acy] > 0. (103)
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Hence j — vy, (;(s),2;) is decreasing, establishing the first condition in (92). For
the second condition, recall that D,, = (y2 — Y1)V, — 71 (Vs — Uy, ). The one-sided
estimate (97) and the diagonal value bound (93) established in Step 2 give

Dy(2j41(s), zj+1) — Dn(25(s), 2j) = (72 = 71)(de = 1lAc) 20, (104)
where the last inequality follows from v; < v¢ < dc/(2Ac¢). Thus both conditions in

(92) hold for every n > 1 and 0 < s < min{a — a, Hg}. Step 1 therefore proves (22)
whenever v, < v, with no upper restriction on ~,.

Step 5. The zero-gap region at high risk sensitivity. For any vector y = (y1,...,yn)
and v > 0,
gne ¥ < Z gije "W < e TN
j
Applying —y~1log gives

. 1 1
miny; < py - (y) <y + —log —. (105)
j v i1
We first compare stochastic and deterministic values. Note that vy ,(a,z;) = v{(a) =
D

u(a). Suppose 0 < v,., —vP < x/v. Since v is increasing, monotonicity, cash

n

invariance, and (105) imply

x +log(1/q,)
vf(wl(s)) < Py (Un,w(xj(s)a Zj)) < Ur?(x1<8)) + fl
Since By + Blog(1/q,) = x, multiplying by 3, adding u(a — s), and maximizing over

the common saving set yields

0 < vnqla, z) —v2(a) < =, ac€le, n>1, >0 (106)

==

Fixn >1,0 <s <min{a — a, Hg}, and j < N. Let a := z;(s), b := x;41(s), and
m := (a + b)/2. Concavity, (100), (102), and (106) give

,U;L;y(é(b Zj) o U?”L,’y(£17 Zj+1>

> 2 [Unn/(ma Zj) - U?W(an Zj) - vnﬁ(gh Zj+1) + U’flﬂ/(m7 Zj+1)}
& — &
4 D _U5(50)+U5(§1) _K} 4 ( _K)
- & —&o {Un (m) 2 g = &1 — &o e V) (107)

We next establish the second condition in (92). Fix 0 < 73 < 72 and a vector y with
y1 = min; y;. Define

Zg = Zqije_yl(yj_yl), { = 1, 2.
J
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Since y; —y1 > 0 and the j = 1 term equals ¢;;, we have ¢ < Zy < Z; < 1.
Jensen’s inequality, applied to t — ¢72/71 also gives Z, > le/ 7. Using p.,.(y) =
Yi— Yog Z,, we therefore obtain

_ log Zl X IOg 22
24! 72

< (i - i) (—log Zy) < (i - i) log i (108)

71 V2 4! V2 qi1

0 S pyl,zi (y) - p'YQyzi (y) =

Here the lower bound follows from Z, > le/ " and the two upper bounds follow
from Zy < Z; and Z; > ¢;1, respectively. By an argument similar to the proof of (97)
in Step 2, we have

1 1
0 < Upy(a,2) —vpq,(a, z) < x (— - —) , (a,z) € Ic x Z. (109)
T2
Recall that D,, = (v2—71)Vn, —71 (Uny —Unn,). The value gap (93) and the one-sided

bound (109) imply
Dn(l'j+1(5), Zj+1> - Dn(xj(s)a zj)

1 1 X

> (72 — m)dc — nx (— - —) =(n—m) (dc - —) : (110)
7 72

Fix 7¢ <91 < 72 with 79 > 7. For every n > 1 and 0 < s < min{a — a, Hg}, (107)

and 2 > x/Jc show that j — v;,_ (7;(s), 2;) is decreasing. Thus the first condition

in (92) holds at 7,. (110) and x /v < Jc < dc/2 imply that j — D,(z;(s), z;) is

increasing. Hence the second condition also holds.

Step 6. Passage to the infinite horizon and stationary aggregates. For each v €
{m,72}, Lemma D.2(4) gives s,+1~(a,z) = s,(a, z) and ¢,11,(a, 2) = ¢ (a, z). Pass-
ing to the limit in the policy order from Step 4 and Step 5 proves (22) for 0 < a < ac;
at a = 0, both consumption and saving equal zero. The common support in Proposi-
tion D.1 then permits an application of Lemma G.2, which yields (23) together with

the distributional comparison stated in the proposition. ([l

Proof of Theorem 5.2. Let C = [Rp, Rg] be the common equilibrium interval pro-
vided by Lemma G.3, and set 7, := ¢ and 7, := 7 defined in (91). For 0 < y; < 72
with vy < 4. or 72 > ~, the comparison established in the proof of Proposition 5.2
implies S(R,72) > S(R, ) for every R € C. By Lemma G.3, we obtain (24). O
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Proof of Proposition 5.3. For every bounded X, Lemma A.1(8) gives p., (X) > p, (X).
Hence, for any fixed policy, the recursive criterion is decreasing in ~y; taking the supre-
mum over policies preserves the ordering, so vg,, > Vg, pointwise. In particular

L; :=Vy; =V > 0 for every j.

Fix (a,2) € X, R € (0, R),w > 0, 0 < 7, < 72, and suppose s; := sg,(a,z) > 0. For
7> 0 and s € [0, al, define

D, (s) :==u(a — s) + Bpy: (v~ (Rs + wz, 2)).

At 7, the choice s; is an interior maximizer, so ® (s;) = 0. By the derivative
formula (43) of Appendix C,

P (s1) = —u(a —s1) + ﬁRZpljmlj = —u'(a — s1) + BRM; =0,
J
where
Mk = Zpkjmkj (k’ = 1, 2)
J
At 79, evaluating the derivative at the same point gives

@ (s1) = —u'(a — 51) + BRM, = BR(My — My).

Note that ®., is strictly concave in s: w is strictly concave, s — Vg, (Rs + wz, 2) is
concave for each Z and p,, , is monotone and concave by Lemma A.1(1)-(2). Hence

SRp(a,2) > 81 = @ (s51)>0 <= My— M >0, (111)

and sg.,(a, z) < sp if and only if My — M; < 0. It remains to decompose My — M;.
Adding and subtracting > _; p; mu;,
My — My =Y (55 = pi)mas + Y (pay = Bj)maj + Y paj(ma; —myj). (112)
J J J
By the definition of p; and p,
o Q(Z, Zj)e_'ylvlj
pl] - ZZ Q(Z, Zg)e*’)’lvll

Hence

~ Q(Z, zj)e_72vlj plje—("fz—’h)vlj
and - p; = >0 Qz, zp)e 2 Ve - E, e~ (z-mVi

- Eplmle*(’h*’}’l)‘/l COVp1 (mh e—(’YQ—’Yl)Vi)
Z(pj - plj)mlj B Eple_(72_71)vl B ]Eplml B Ep1e_('72—"/1)V1 =T.

J

Since Vo; = Vi — L;, we obtain

P2j x Q(z, zj)e_“’QVQj = Q(z, zj)e_”VUe”Lj x ﬁje”Lﬂ' = Dy =
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Therefore

B E; myert Covy(my, e72h)
> (02 = i)y = ?Eﬁc# —Epm = Z]QEﬁewL =W

J

Moreover, the envelope identity of Lemma C.1 gives
M = U;zme (xj7 Zj) = u/(cRﬂk (xja Zj))? kE=1,2,
80 > i p2j(ma; —maj) = Ey,(ma —my) = B as stated.

Hence, (112) implies that My — M; = T+ W + B. The equivalence results then follow
from (111). O
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Online Appendix to “Risk Sensitivity and

Stationary Equilibrium in Incomplete Markets”

Qingyin Ma, John Stachurski, Bin Wu

This appendix presents two counterexamples addressing Remarks 4.2 and 5.2, re-
spectively. The first shows that, without stochastic monotonicity of (), risk-sensitive
households can save less than expected-utility households, i.e., A(R,v) < A(R,0) for
some v > 0. The second shows that, even when () is monotone with strictly positive
entries, the saving comparison and the ordering of both extremal equilibrium interest
rates can reverse between intermediate values of risk sensitivity. Thus, the restrictions
on the pair (71, 72) in Proposition 5.2 and Theorem 5.2 cannot be dispensed with in
general.

ONLINE APPENDIX A: COMMON SETUP AND A ZERO-SAVING CRITERION

Throughout, we consider u(c) = \/c. Let Z = {z1,...,zy}, with 0 < 23 < -+ < 2z,
and write ¢;; = Q(z;, z;). Let 7 be the stationary distribution of the strictly positive
transition matrix ), normalized so that >, m;z; = 1. Fix wy > 0 and define

Yi 1= wozi, i=1,...,N. (0.1)

Thus ). my;, = wy. At wage w, productivity remains fixed and labor income is
wz;. At fixed prices (R, wy), the notation vg., Cr~, Sk, e~ A(R,y), and S(R,7)
has the same meaning as in the main text, with the wage held at wy. Theorem 3.1
supplies the household solution, and Proposition 3.2 and Theorem 3.2 supply a unique
stationary distribution with compact wealth support. Their conditions hold whenever
@ is strictly positive and 0 < R < 1/, since —u"(c)/u'(c) = 1/(2¢) — 0.

We begin with the same feasible plan: consume current income and save zero whenever

wealth equals income. Let e(y) = (e;())Y, be its value vector, defined by

ei(Y) = VUi + Bpy.z(e(7)). (0.2)
By Lemma A.1(6), the right-hand side of (0O.2) is a contraction with modulus g.

Hence the system has a unique solution e(v). It is the value of a specified plan, not
yet the optimal value at the income nodes. Define

1 qie N d.
and  M;(y) = 2 9 7
25 >, e

d; = U/(yi) =

(0.3)



82

The ratio is well defined also at v = 0, when it reduces to i 4iid;- As in the Euler
equation of Section 2.1, d; is the marginal cost of saving and SRM; is a tilted marginal
continuation benefit. The following lemma makes this comparison an optimality test.

Lemma O.A.1 (Zero saving at the income nodes). Suppose Q is strictly positive and
0 < R<1/B. For each v > 0, the following statements are equivalent:

(i) S(R,v) =0;
(11) Sp~(Yiszi) = 0 for every i;
(iii) BRM;(y) < d; for everyi.

When these statements hold, vg~(yi, i) = €i(7) and ppy =Y, Tid(y 2,)-

Proof. Fix v and abbreviate e = e(y). First suppose (iii) holds. For a > 0, define
W{(a,z) = e; + di(a — y;). Since ¢; > /y; and dyy; = /y;/2, W is nonnegative.
Concavity of utility w and of p, ,, implies, for every s € [0, a],

u(a — 8) 4 Bpyz (W(Rs +woz, 2)) < yi +di(a— s — y;) + Bps, () + BRsM;(7)
= Wi(a, z;) + s(BRM;(v) — d;) < W(a,z).

Thus the Bellman operator satisfies TW < W pointwise. Its monotonicity gives
T"0 < W, and value-iteration convergence yields vg, < W. At (y;, %), the zero-
saving plan attains e; = W (y;, 2;), so it is optimal there. This proves (ii). Let
V=) .Ml ). Under (ii), a household at (y;, ;) moves to (y;, z;) with probability
¢ij.- Thus, if the current state has distribution v, its next-period distribution is

Z b Z Qij(s(ijzj) = Z(WQ)j(S(yj»Zj) =V,
J

i j
where the last equality uses 7() = 7. Hence v is invariant. By Theorem 3.2, g, = v,
and therefore

S(R,v) = ZWiSR;y(yi; z;) = 0.
This proves that (ii) implies (i).

Conversely, if (i) holds, nonnegative saving is zero jip-almost surely. Equation (12)
then gives a;11 = w211 almost surely. Stationarity and the productivity marginal
7 imply piry = Y, Tl ). Since every m; > 0, (ii) follows. By (ii), the Bell-
man equation implies that (vg(yi,2:)), satisfies (0.2). Uniqueness of its solu-
tion therefore gives vg.(v;, 2;) = e; for every i. To prove (iii), consider a feasible
deviation that saves s € [0,y;] today, consumes all wealth next period, and saves
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zero thereafter. Conditional on next-period productivity z;, its continuation value is
u(y; + Rs) 4 Bpy,z;(e) = ¢; + u(y; + Rs) — u(y;). Thus the deviation has value

Dz(s) = u(yz - 3) + /Bp"/,zi <(ej + u<yj + RS) - u(y]));\[:1> :

Since D;(s) < vr(yi, z) = e; = D;(0), the right derivative at zero must be nonposi-
tive: D}(0+) = —d; + BRM;(~y) < 0. This proves (iii). O

The lemma implies that if all income nodes save zero, their stationary distribution
is known. If one of the inequalities in (iii) fails, stationary saving must instead be
positive. Integrating (12) then gives the same accounting identity as in the main text,

A(R,v) = RS(R,7) + wo. (0.4)

ONLINE APPENDIX B: COUNTEREXAMPLE I

This example illustrates Remark 4.2. Without stochastic monotonicity of ), house-
holds with positive risk sensitivity can have lower aggregate saving and wealth than
expected-utility households. Consider N = 3, hence Z = {z1, 29, 23}, and fix

9 58 87
u(c) = Ve, 5:1—07 Ro=§>1, 5R0:£<17
1 1 18
= (381 1369 100 Q= L 1 18 1 09
y_ I 16 ’ ) - 20
10 9 1

Here y; = wgz;. To impose the normalization of Section 4.1, let m denote the stationary
distribution of productivity and set

1 344573
= ——(29, 181, 37 = W = ———, P = Y; . 0.6
™ 247< ; ) )7 Wo Zﬂ—y 3959 Z y/wo ( )

Direct multiplication verifies 7Q) = m, and hence ) . mz = 1. The matrix Q is
strictly positive but violates the monotonicity requirement in Assumption 4.2: for
the increasing function h(z) = 1{z = z3}, one has Qh(z;) = 18/20 > 1/20 = Qh(zs).

Proposition O.B.1 (Reversal relative to expected utility). For the primitives in
(0.5), at the fized prices (R, wy),

SRy.4(100, z3) = 0 < sg, (100, 23), (0.7)

S(Ry,4) =0 < S(Ry,0), (0.8)

A(Rp,4) = wy < A(Ry,0). (0.9)
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Proof. Step 1. Order the zero-saving values. Let e = e(4) be the income-node value

vector of the zero-saving plan. Its defining contraction is
9 e
~ 10 log Z gije . (0.10)
J

We first show that its fixed point satisfies
€1 — €9 Z ]./5, 63—6223/4. (O].l)

To see this, choose e® satisfying e§°) — eg}) > 1/5 and ego) - ego) > 3/4. Iterate (O.2)
at v = 4:

N T log (Z ij exp|— ]) : i=1,2,3.

Suppose both inequalities hold at iteration n, and set r,, := exp[—4(e§n) — eén))], ri=

exp|—4(e; — es)], t, = exp[—4(eén) (n))] t := exp[—4(es — e2)]. Then 0 < 7, <
exp(—4/5) < 9/20 and 0 < ¢, < exp(—3) < 1/20, so

ot 1418, _9/204+1+18/20 47 2 2
=— < —=<ex
r + 18+ 1, 18 360 15 P

Moreover, (107, +9 +t,) — (r, + 18 +t,,) = 9(r, — 1) < 0. Substituting the rows of
() therefore gives
(n+1) (n+1) 1 9 Ty + 1+ 18tn 1 9 1
_ - __ . - "> - _
e 17 10%, r181t, 4720 5
(n+1) (n+1) 3 9 10r, +9+1t, 3
% T 1740 B 184t 4
By induction, both bounds hold for every n. The contraction property implies that

e converges to the unique fixed point e. Passing to the limit yields (O.11).

Step 2. Verify zero saving under risk sensitivity. For these incomes, the marginal-

(1 2 1
- (E’ 37 %) -
Abbreviate M; = M;(4). Since dy > dy > d3, for i = 1, 2,
T 570 37
At the third node, removing the term with the lowest marginal utility and then using

r < 9/20 gives

utility vector is

10Td1 +9d2 —|—td5 < 10Td1 —|—9d2 < dl —|—2d2 . 109
10r +9 + ¢ 10r +9 3 1998

3:
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Consequently,
87 109 1

My < 2020 g ds. 1
BlRoMs < 5=7008 = % ~ 35308 < % (0.13)

Lemma O.A.1 now verifies the zero-saving plan at every income node: vg, 4(y;, z;) = €;

and sg, 4(yi, z;) = 0 for all .

Step 3. Establish the expected-utility policy comparison. Under expected utility, the
corresponding marginal comparison has the opposite sign:

;71 9 1 17
R L R T RS S 14
b Ro;qgfdj 95 <36 T30 400) %+ Bisoo0 ~ (0.14)

To relate this inequality to the optimal expected-utility policy, apply Lemma C.1 at
the income nodes. Since consumption cannot exceed available wealth,

8UR070(yj’ Zj)/@a = U’/(CRO,O(ij Zj)) > u/(yj) = dj'

The right derivative at zero of the saving objective at (ys, z3) is therefore

17

1218000 =

—ds + BRo Y 43500r0(y;, %)/ da >

J

Thus zero saving is not optimal there, proving (O.7).

Step 4. Compare stationary aggregates. By Lemma O.A.1, sg, 4(y;, z;) = 0 for every i
implies S(Ry,4) = 0, whereas sg, 0(ys, z3) > 0 implies S(Rp,0) > 0. The accounting
identity (0.4) then gives A(Ry,4) = wy < A(Ry,0), proving (O.8) and (0.9). O

ONLINE APPENDIX C: COUNTEREXAMPLE II

The example illustrates Remark 5.2 by showing that the saving comparison in Propo-
sition 5.2 and equilibrium interest rate comparison in Theorem 5.2 need not extend
to the intermediate region of risk sensitivity. We construct a five-state economy with
strictly positive, stochastically monotone productivity transitions and two positive
values of v for which the larger value yields lower aggregate saving and mean sta-
tionary wealth at fixed prices. We then introduce production and show that, for the
same parameter pair, both the smallest and the largest equilibrium interest rates are
higher at the larger value of ~.
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0O.C.1. Saving Reversal at Fixed Prices. We first construct an example with
two positive parameters 7; < 2 such that, at the same prices, stationary aggregate

saving is positive under 7, and zero under ~y,. Let Z = {z1,..., 25} and fix
3 1617
B=1 u-= <64,81,100, <E> ,169) ,
(0.15)
1564
= =log4 =log1 =277
RBo=17>1  m=logd<yp=logls, ¢
Define
1 0 0 0 0
] 1 0 0 0 0
Q=(1-2)Q+eU, Uiy = =, Q=1|1/4 314 0 o0 of. (0.16)
/4 0 3/4 0 0
0 0 1/2 1/2 0

Let 7 be the stationary distribution of Q and define wy and z; by (O.1). The matrix Q)
is monotone: each row first-order stochastically dominates the preceding row. Mixing

every row with the same distribution preserves this order, so () is monotone and every
entry is at least €/5. Also SRy = 391/507 < 1.

Proposition O.C.1 (Reversal under monotone productivity). At prices (Ro,wp) in

(0.15),
Shom (169, 25) > 0 = 55, -, (169, z5), (0.17)
S(Ro,71) > 0 = S(Ro, 7). (0.18)
A(Ro.m) > A(Rg, ) = wo. (0.19)

Moreover, for every bounded h : X — R that is increasing in a,

/h d,uRo,’Yl Z/h d/J’ROOQ? (020)
X X

with strict inequality for h(a,z) = a/(1 + a).

Proof. Step 1. Calculate the value gap under the auxiliary matriz. Let e and €® denote
the corresponding zero-saving value vectors under @) and @ respectively. The first
two rows of () assign probability one to state 1, so both certainty equivalents equal

e}. Hence

3 3
6(1]:8+Z€(1J, 68:94‘16?
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Solving these equations gives ¢} = 32 and €9 = 33, independently of v. Define
1+ 3e™ O - 1+ 3e~2 434

b= ’ 4
Factoring e 7! out of the exponential sums in rows 3 and 4 yields
3 545 3
ey =34 — E log A, el = 16 E log C,. (0.21)
Let
B, =D Bi=ei(A /0> (0.22)
We claim that 5 0 1
B, > 3> = >35> B,,. (0.23)
Aty =log4, A, =7/16. Since 16 - 7* < 9*, we have A3{4 < 9/16. Consequently,
283 A, 448 11

., < > > —.
710247 C, =~ 283 7

Using v/2 > 7/5 in (0.22) gives

7 /11\* 1331 3\*
Bf > (=) =225 (2) .
" 5(7) 245 (2)

At v, =log 16, A,, = 19/64 and C,, > 1/4, so

19\° 13718 (11"
B <2(=) =—F< (=) .
” (16) 4096 ( 8 )
This proves (0.23) by elementary rational comparisons.

Step 2. Turn the value-gap comparison into a marginal comparison. Write M;(v) and
MP(~) for the tilted marginal means computed using (Q, ) and (Q, €°), respectively.
Since ¢¥; = ¢2, = 1/2, the tilted probability of state 3 is
e~ 7% B,
e % feve 14+ B
Using d3 = 1/20 and dy = 8/161, we obtain
M) = 25 = o ST B

Thus a fall in B, reduces the weight on the lower-income state and lowers the tilted

(0.24)

marginal mean. Choose the intermediate mean

8 110 39

M= 161 322017 ~ T80 (0.25)
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The return in (O.15) satisfies fRoM, = ds. Since B/(1 + B) is strictly increasing for
B >0, (0.23) gives

1 3 10 1
M) =M, >——|=—= | = 271 0.26
5(1) ~ 3220 (5 17) 273700 ~ © (0.26)
1 10 11 3
M, — M} — === > 271, 0.27
5(12) > 5555 (17 19) 1040060 (0.27)
Consequently,
BRoMg (1) > ds > BRoMg (72).
Step 3. Control the positive perturbation. We show that, for v € {v1,72},
max |M;(y) — M7 (y)] < 27 (0.28)

Fix v € {71,72} and set
1
e a—veY — E 0 — E
Ej =e 7 7, L, = j qijEj’ Ly = g j Ej.

Since incomes and () are monotone, the map in (0.2) preserves increasing vectors.
Iterating from zero and passing to the limit gives €} < --- < el. Thus E; < E; for
every j, and hence Ly < Fj. The first four rows satisfy ¢ > 1/4, while ¢%; = 1/2.
Therefore, we have, for i < 4, L; > E;/4 and L; > E3/2. Moreover, (0.21), v <
log 16, and A, > 1/4 imply

By /By = 570 = 27 /A% < 256 - 434 < 1024.

Consequently, for ¢ < 4, we have Ly/L; < 4 and Ly/Ls < 2E,/E3 < 2. Thus
Ly/L; < 2™ for every row. Since ¢;; = (1 — €)qj; + £/5, evaluating the exponential
sums at e’ gives

J J

which implies that 1 —e <1—e+¢eLy/L; <1—e+ 272 <1+ 2721 Thus, for every
row i, the ratio of the exponential sum under @ to that under @, with E; = e
fixed, satisfies

(Z QijEj> / (Z Q%Ej> =1—e+ely/L; €[l —g,1+27%)
J J
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Let T and Ty denote the maps in (O.2), with fixed points e and Y, respectively.

|

The ratio inside the logarithm lies in [1 — &, 1 + 272!]. Since log(1 4+ 272!) < 272
and —log(1 —e) < e/(1 —¢e) < 2¢, we have ||[Tge’ — Tpe? || < $272°/7. Using the
fixed-point identities and the contraction property,

Evaluating both maps at €° gives

(Tue®)i — (Tpe®); = —(B/7) log

le = lle < ITae = Toelle + I Tae® = Taellloe < Blle = e + 5272/,
Hence
A= qlle— &l < B20)(1— B) = 3-27%. (0.29)

To separate the effects of changing the matrix and the values, introduce

_ (; qz-jEde) / (; qijj) |

which uses @ together with the old values €°. Since ¢;;F; = (1 — 5)qi0jEj +¢E;/5,
normalizing these weights and taking the mean of d; gives

Mi(y) = M{(v) = (1_5 +5LU [(ZEd> /(5Ly) — M?(v)]-

Since d; € (0,1/16], both means in brackets lie in (0, 1/16], so their absolute difference
is at most 1/16. Moreover, Ly /L; < 2 and e = 2732 imply eLy/((1—¢)L; +eLy) <
2721 /(1 — ¢) < 2729, Consequently, replacing @ by @ while holding ¢ fixed changes

each tilted mean by less than 2724
Mi(7) = MP(7)] < 272°/16 = 27

Next, keep @ fixed and replace €® by e. The definition of A and summation against
row i give e"2F; < e 7% < e2F}, which implies that e ™ >, g By < >, qire 7 <
et > GikEy. Thus, in row ¢ and column j, the tilted probability computed at e,
divided by that computed at €°, equals

e—"/(ej—eg) (Z QikEk> / (Z qike_’}/ek) e [e_2A,62A].
k k

Each probability therefore changes in absolute value by at most €22 —1 times its value

0

at €®. Since d; < 1/16, the resulting change in the mean is at most (e — 1)/16.



90
Moreover, 2A < 6-2720 < 1, s0 e* — 1 < 27 yields

[Mi(y) = Mi(y)| < (e** = 1)/16 < A/4 <3272
The triangle inequality now gives

max | M;(y) = M;'(7)| < max | Mi(y) — M7 (7)] + max [Mi(7) — Mi(7))] (0.30

<2M43.272-13.27M <2, '
This estimate holds for both parameters. Combining it with (0.26)—(0.27) gives
M5(")/1) > M, > M5(")/2> Since 5ROM* = d5,

ﬁR0M5(”)/1) > d5 > 6R0M5(’)/2) (031)
For either parameter, every tilted mean is at most max; d; = 1/16. Hence
BRoM;(v) < 391/8112 < 8/161 < d;, 1< 4. (0.32)

Together with (O.31), this verifies SRy M;(72) < d; for every i. Lemma O.A.1 therefore
implies sg, ~, (¥i, 2;) = 0 at every income node.

Step 4. Locate the policy reversal. It remains to identify the fifth income node as the
point of reversal. We first establish that, for the actual matrix ) and every v > 0,

8 \? 4056
— 1 < = — = | ——— . .
Sron(a,2) =0 if a<L <530) ( 391 > (0.33)

Use the finite-horizon policies of Lemma D.2. Since ¢; ,(a, 2) = a, the induction starts
with ¢; (64, z) = 64 for every z. Suppose ¢, (64, z) = 64 for every z. Monotonicity in
wealth and y; > 64 imply ¢, - (y; + Ros, z;) > 64. If s,,114(a, 2) > 0 for some 0 < a <
L, the finite-horizon Euler equation gives u/(a) < u/(cn414(a, 2)) < BR/16 < u/(a),
a contradiction. Thus ¢,+1,(a,z) = a on [0, L]. Since 64 < L, induction and policy
convergence in Lemma D.2(4) prove (0.33). Since 4056 - 16 > 391 - 161, we have
L > y4. The first four income nodes therefore save zero under both parameters. If
the fifth node also saved zero under vy, Lemma O.A.1 would imply SRoM;(v1) < ds,
contradicting (0.31). This proves (O.17). Finally, (0.31)—(0.32) and Lemma O.A.1
give (O.18). The accounting identity (O.4) then proves (O.19).

Under jig, -, , stationarity implies a > wyz almost surely, and the productivity mar-

ginal is 7. Since gy, = Y ; Til(y, =), €very bounded h increasing in a satisfies

/h(aa Z) dHRo,’h Z/h(wﬂz z d:uRo’n Zﬂl yl,zz _/h’dMRo,’yz'
X X X
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Moreover, stationary accounting and (O.18) give

/(a — woz) digy .y = RoS(Ro,71) > 0.
X

Thus a > wyz on a set of positive jig,~,-probability. For the bounded, strictly
increasing function h(a, z) = a/(1 + a), the first inequality is therefore strict. This

proves (0.20) and its strictness assertion. O

0.C.2. Reversal of Equilibrium Interest Rates. We show that the ordering of
extremal equilibrium interest rates can also reverse in the intermediate region of risk
sensitivity: both the smallest and the largest equilibrium rates are higher under 7,
than under v;. We obtain this reversal by adding a family of production technologies
to the five-state example.

For arbitrary wages w > 0, define e, d;, and M; as in (0.2)—(0.3), replacing y; by

wz;, and write

: di
T(y;w) = min BML(7) (0.34)

Here the wage dependence of e, d;, and M; is understood. By Lemma O.A.1,

- 4
S(R,v;w)=0 <= R<71(y;w), O<R<R:§. (0.35)

Set depreciation to 6 = 9/10, so that R = 1/10. For each o € (0,1), define the
Cobb-Douglas technology

Wy

(1—a)(Ro— R)’

w (0% -
mf( L= (0.36)

67

ko = F,K,L)=

The firm conditions (14) give

RO —R a/(l—a)

wa(R):wo(R_R) ,
aw,(R)

(I-a)(R-R)

(0.37)

Ko(R) =
In particular, w,(Ry) = wy. Denote the equilibrium set by
Ra(y) ={R € (B, R) : S(R,y;wa(R)) = Ko(R)}.

Assumption 4.1 holds for every «, and the five-state matrix satisfies Assumption 4.2.
Hence Theorem 4.1 makes these sets nonempty and compact.
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Proposition O.C.2 (Equilibrium reversal). For the five-state economy and each

Y€ {71772}7
sup |R—7(y;wo)| — 0 (ad0). (0.38)

ReRa(7)
For every sufficiently small positive

1 <minRu(71) <maxRy(71) < Ry < min R, (72). (0.39)
Thus both extremal equilibrium returns increase between the two parameters.

Proof. Step 1. Bound the two zero-saving thresholds. At wy, the first four component
thresholds satisfy

d; d, 512
> =——>
BM;(y) — Bdi 483
Equations (0.24) and (0.28) imply
5 8 1 2
v - 2—20 M. i 2—20 =
117 = 161 < M@ <5527 < 55
Since ds/f = 2/39, the fifth component threshold lies in (1,6/5). At wy, equations

(0.31)—(0.32) show that 7(v1; wg) < Ry < 7(72;wp). Consequently,
6 _
1 < 7(y3wo) < Ry < 7(725wo) < 5 < R. (0.40)

For any w > 0, we have M; < u/(wz;) and d; > u'(wzs). Hence

T(y;w) > u'(wzs) /(Bu'(wz)) = (1/8)\/21/25 = 32/39 =: r. > R.

At equilibrium, capital demand is positive, so (0.35) implies R > 7(v; wo(R)) > 7.

On [r,, R], the denominator R — R is bounded away from zero, and log((Ry—R)/(R—
R)) is bounded. Since a/(1 — a) — 0, (0.37) therefore yields, as a | 0,

Wo(R) — wo, K,(R) — 0 uniformly on [r,, R]. (0.41)
Finally, for fixed 7, comparing the zero-saving fixed points at wages w and w gives
le(w) — e(@)]|oe < V25 VW — Vil /(1 = B).

Thus e(w) is continuous. The formulas for d; and M; then imply that both are
continuous and positive for w > 0. Their ratios, and hence 7(v; w) = min;{d;/(5M;)},

are therefore continuous.

Step 2. Identify every equilibrium limit. Fix v € {71,72} and a sequence a,, | 0
with R, € Ra, (7). Passing to a subsequence, let R, — R* € [r.,R], and set
wy, = Wy, (R,) and K, := K, (R,). By (0.41), w, — wy and K, — 0. To

justify the limit in the saving policies, fix a compact wage interval [w_, W] C (0, c0)
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and set k(a) := /1 +a+3Wz. For R € [r,,R], w € [w_,W], and s € [0,a], we
have u(a — s) < k(a) and k(Rs +wz;) < V1+ Ra+4Wz < VR k(a). Since VR =
V/3/2 < 1, the weighted contraction and verification arguments of Theorem B.1 apply

uniformly on this parameter set, including R = R. Bellman iteration from zero
preserves joint continuity and concavity in wealth and converges locally uniformly
to the value function. Strict concavity of the Bellman objective and the maximum
theorem therefore give continuity of the unique saving policy. Since the wage interval
was arbitrary, for each z € Z, (a, R,w) — sg.(a,z;w) is continuous on [0, 00) x
[r., R] x (0, 00).

Write s, (a, 2) := sg, (a, z) and let p, be the corresponding stationary distribution.
Stationarity implies a > w,z, u,-almost surely, and the productivity marginal is 7.

Since saving is increasing in wealth by Theorem B.1(3), market clearing gives
0< Zﬂ-isn(wnziazi) < /Sn d,U/n =K, —0.

Joint policy continuity and m; > 0 therefore imply sp-(v;, 2i;wo) = 0 for every i.
The income-node Bellman equations reduce to (O.2), so the node values equal e;.
The feasible saving deviation used in the proof of Lemma O.A.1 has right derivative
—d;+BR*M;(~) at zero. Optimality of zero saving therefore implies —d;+5R* M;(~y) <
0 for every 4, and R* < 7(v;wy). Since (0.40) gives 7(v;wy) < R, we obtain R* < R.
If R* < 7(v;wp), continuity of the threshold gives R, < 7(7y;w,) for all large n.
Equation (0.35) would then imply S(R,,~;w,) = 0, contradicting market clearing
and K, > 0. Hence R* = 7(v;wp). Since the equilibrium sequence was arbitrary and

all returns lie in the common compact interval [r., R], this proves (0.38). Combining
it with (0.40) gives (0.39). O
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