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ABSTRACT. This paper provides systematic analysis of a solution method for se-
quential decision problems originally due to Jovanovic (1982). We show that the
operator employed by this method is semiconjugate to the Bellman operator as-
sociated with the corresponding dynamic program and has essentially equivalent
dynamic properties. At the same time, for a broad class of sequential problems,
the effective state space for this operator is strictly smaller. We characterize the

difference in terms of model primitives and provide a range of examples.
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1. INTRODUCTION

Many decision making problems involve choosing when to act in the face of risk
and uncertainty. Examples include deciding if or when to accept a job offer, exit
or enter a market, default on a loan, bring a new product to market, exploit some
new technology, or exercise an option (see, e.g., McCall (1970), Jovanovic (1982),
Hopenhayn (1992), Dixit and Pindyck (1994), Ericson and Pakes (1995), Arellano
(2008), Perla and Tonetti (2014), Fajgelbaum et al. (2017), and Schaal (2017)).
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Such problems can be solved using conventional dynamic programming methods
based around the Bellman equation. There is, however, an alternative approach—
introduced by Jovanovic (1982) in the context of industry dynamics—that focuses
on continuation values. The idea involves calculating the continuation value di-
rectly, using an operator referred to below as the Jovanovic operator. This tech-
nique is now well-known to economists and routinely employed in a large va-
riety of applications (see, e.g., Gomes et al. (2001), Ljungqvist and Sargent (2008),
Lise (2013), Moscarini and Postel-Vinay (2013), Fajgelbaum et al. (2017), and Schaal
(2017)).

Despite the existence of these two parallel and commonly used methods, their
theoretical connections and relative efficiency have hitherto received no general
investigation. One cost of this status quo is that studies using continuation value
methods have been compelled to provide their own optimality analysis piecemeal
in individual applications (see, e.g., Jovanovic (1982), Moscarini and Postel-Vinay
(2013), or Fajgelbaum et al. (2017)). A second cost is that the most effective choice
of method vis-a-vis a given application is often unknown ex-ante, and revealed

only by experimentation in particular settings.

Here we begin a systematic analysis of the relationship between these two methods
in a generic optimal stopping setting. As a first step, we show that the Bellman op-
erator and the Jovanovic operator are semiconjugate, implying that any fixed point
of one of the operators is a direct translation of a fixed point of the other. Iterative
sequences generated by the operators are also simple translations. Second, we add
topological structure to the generic setting and show that the Bellman operator
and Jovanovic operator are both contraction mappings under identical assump-

tions, and that convergence to the respective fixed points occurs at the same rate.

The results stated above all elucidate the natural similarity between Bellman and
Jovanovic operators. Despite these similarities, there do however remain impor-
tant differences in terms of efficiency and analytical convenience. These differ-
ences concern the dimensionality of the effective state spaces associated with each
operator. In particular, for an important class of problems, referred to below as

continuation decomposable problems, the effective state space of the continuation
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value function is strictly lower than that of the value function. We characterize this
class in terms of the structure of reward and state transition functions and provide

a range of examples.

Lower dimensionality simplifies both theory and computation. As one illustra-
tion we study the time complexity of iteration with the Jovanovic and Bellman
operators and quantify the difference analytically. We find large efficiency gains—
typically measured in orders of magnitude—for the Jovanovic operator in the pres-
ence of continuation decomposability. These gains arise because in such settings
continuation value based methods mitigate the curse of dimensionality, one of the

primary stumbling blocks for dynamic programming (Rust (1997)).

To ensure sufficient generality for economic applications, we embed our optimal-
ity and symmetry arguments in (a) a space of potentially unbounded functions
endowed with the weighted supremum norm distance, and (b) a space of inte-
grable functions with divergence measured by L, norm. In particular, unbounded
rewards are permitted provided that they do not cause continuation values to di-
verge. In doing so we draw on and extend work on dynamic programming with
unbounded rewards found in several economic studies, including Boyd (1990),
Rincén-Zapatero and Rodriguez-Palmero (2003), Martins-da Rocha and Vailakis
(2010), Kamihigashi (2014) and Bduerle and Jaskiewicz (2018).

The paper is structured as follows. Section 2 outlines the problem. Section 3 ex-
plores the symmetric theoretical properties of the Bellman and Jovanovic operators
in terms of fixed points and convergence. Section 4 discusses the asymmetries of
their relative efficiency. Section 5 provides applications. Longer proofs are de-

ferred to the appendix.

2. SET UP

This section presents a generic optimal stopping problem and the key operators
and optimality concepts. As a first step, we introduce some mathematical tech-

niques and notation used in this paper.
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2.1. Preliminaries. Let N be the set of natural numbers and Ny := {0} UN. For
a,b € R, letaVvb := max{a,b}. If f and g are functions, then (f V g)(x) =
f(x) V g(x). Given a Polish space Z and Borel sets %, let m% be all #-measurable
functions from Z to R.> Given x: Z — (0, 00), the x-weighted supremum norm of
f:Z—=Ris

Il = sup L2

z€Z K(Z) .

If || f|lx < oo, we say that f is k-bounded. The symbol bZ denotes all #-measurable

functions from Z to R that are x-bounded.

Given a probability measure 77 on (Z, #) and a constant p > 1, let

Al = ([ 1) .

Let L, (77) be all (equivalence classes of ) functions f € m% for which || f||, < co.
Both (bxZ, || - ||x) and (L,(7), | - ||p) form Banach spaces.

A stochastic kernel P on Z is a map P: Z x # — [0,1] such that z — P(z,B) is
Z-measurable for each B € % and B — P(z, B) is a probability measure for each
z € Z. Forallt € N, P!(z,B) := [P(z/,B)P""!(z,dZ) is the probability of a
state transition from z to B € % in t steps, where P!(z, B) := P(z,B). A Z-valued
stochastic process {Z;} on some probability space (Q},.%,P) is called P-Markov if

P{Zt—l—l €B | ﬁt} = ]P{Zt—i—l €B ’ Zt} = P(Zt, B)

P-almost surely for all t € Ny and all B € A. Here {.%#;} is the natural filtration
induced by {Z;}. In what follows, IP; evaluates probabilities conditional on Zy = z

and E , is the corresponding expectations operator.

2A topological space Z is called Polish if it is separable and completely metrizable (such as any
G; subset of R"). We use the Polish assumption below mainly to avoid measurability concerns in
arguments that condition on measure zero sets. All applied problems of which we are aware have

Polish state spaces.
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2.2. Optimal Stopping. Let Z be a Polish space with Borel sets 4. For the pur-
poses of this paper, an optimal stopping problem is a tuple (B, ¢, P,r) where

e 5 € (0,1) is discount factor,
o ¢ € m4#A is a flow continuation reward function,
e P is a stochastic kernel on (Z, %), and

o v € mA is a terminal reward function.

The interpretation is as follows: At time t an agent observes Z;, the current re-
alization of a Z-valued P-Markov process {Z;};>0, and chooses between stopping
and continuing. Stopping generates terminal reward r(Z;) while continuing yields
flow continuation reward c¢(Z;). If the agent continues, the time ¢ + 1 state Z;;1 is

observed and the process repeats. Future rewards are discounted at rate j.

An Ny-valued random variable 7 is called a (finite) stopping time if P{T < oo} =1
and {t <t} € F forallt > 0. Let .# denote all such stopping times. The value
function v* for (B,c, P, r) is defined at z € Z by

0" (2) —supEz{zﬁf o(21) + B2 >}. M

TeM t

A stopping time T € ./ is called optimal if it attains the supremum in (1). Assume

that the value function solves the Bellman equation®

v*(z):max{ —i—ﬁ/ zdz)} (2)
The corresponding Bellman operator is
To(z) = max{ +,3/ P(z,dz") } 3)

The continuation value function associated with this problem is defined at z € Z by
¥'(2) = c(z) + B [ 0 (2)P(z,d2) @

3A sufficient condition is that I, (supk20 ’Zﬁ‘;& Bte(Zy) + BFr(Zy) D < ooforallz € Z, as can be
shown by applying theorem 1.11 (claim 1) of Peskir and Shiryaev (2006). Below we add assump-

tions under which this condition is guaranteed.
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Using (2) and (4), we observe that ¢* satisfies

P (z) = c(z) + ,B/max {r(z),¢*(z')} P(z,d2’). (5)

Analogous to the Bellman operator, the continuation value operator or Jovanovic oper-

ator Q is constructed such that the continuation value function ¥* is a fixed point:

Qy(z) = c(z) + B | max{r(z)), p(z')}P(z,dz). ©

3. SYMMETRIES BETWEEN THE OPERATORS

In this section we show that Bellman and Jovanovic operators are semiconjugate
and discuss the implications.* The semiconjugate relationship is most easily shown
using operator-theoretic notation. To this end, let Ph(z) := [ h(z')P(z,dz’) for all
integrable h € m% and observe that the Bellman operator T can then be expressed
as T = RL where

Ry :=rVvy and Lov:=c+ pPo. (7)

(For any two operators we write the composition A o B more simply as AB.)
3.1. General Theory. Let V be a subset of m% such that v* € V and TV C V.

The set V is understood as a set of candidate value functions. (Specific classes of

functions are considered in the next section.) Let C be defined by
C:=LV={pemAB: ¢p=c+ pPv forsomev € V}. (8)
By definition, L is a surjective mapping from )V onto C. It is also true that R maps

C into V. Indeed, if ¢ € C, then there exists a v € V such that ¢ = Lv, and
Ry = RLv = Tov, which lies in V by assumption.

Lemma 3.1. On C, the operator Q satisfies Q = LR, and QC C C.

Proof. The first claim is immediate from the definitions. The second follows from
the claims just established (i.e., R maps C to V and L maps V to C). O

4Notably, the general theory developed in section 3.1 has no restriction on j values.
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The preceding discussion implies that Q and T are semiconjugate, in the sense that
LT = QLon Vand TR = RQ on C. Indeed, since T = RL and Q = LR, we have
LT = LRL = QL and TR = RLR = RQ as claimed. This leads to the next result:

Proposition 3.1. The following statements are true:

(1) If vis a fixed point of T in V, then Lv is a fixed point of Q in C.
(2) If ¢ is a fixed point of Q in C, then Ry is a fixed point of T in V.

Proof. To prove the first claim, fix v € V. By the definition of C, Lv € C. Moreover,
since v = Tv, we have QLv = LTv = Lv. Hence, Lv is a fixed point of Q in C.
Regarding the second claim, fix ¢ € C. Since R maps C into V as shown above,
Ry € V. Since p = Q¢, we have TRy = RQ¢ = Ry. Hence, Ry is a fixed point of
Tin V. [

The following result says that, at least on a theoretical level, iterating with either T

or Q is essentially equivalent.

Proposition 3.2. T'*! = RQ'L on V and Q**! = LT'R on C for all t € Ny.

Proof. That the claim holds when ¢ = 0 has already been established. Now suppose
the claim is true for arbitrary t. By the induction hypothesis we have T/ = RQ'~1L
and Q' = LT'"!R. Since Q and T are semiconjugate as shown above, we have
TH1 = TT! = TRQ!"'L = RQQ!'L = RQ'L and Q! = QQf = QLT!"IR =
LTT'"'R = LT'R. Hence, the claim holds by induction. O

The theory above is based on the primitive assumption of a candidate value func-
tion space V with properties v* € Vand TV C V. Similar results can be established
if we start with a generic candidate continuation value function space ¢ that satis-
ties ¢* € € and Q¥ C ¥¢. Appendix A gives details.

3.2. Symmetry under Weighted Supremum Norm. Next we impose a weighted
supremum norm on the domain of T and Q in order to compare contractivity, opti-
mality and related properties. The following assumption generalizes the standard

weighted supremum norm assumption of Boyd (1990).



8

Assumption 3.1. There exist a #-measurable function g: 7 — R, and constants
ne€ Noanday,---,a4,m,d € Ry such that fm < 1,and, forallz € Z,

/| "NP"(z,dZ') < a14(z) + ay, )
/|c (2')|P"(z,d2") < asg(z) + ag, (10)
and /g P(z,dz') < mg(z) +d. (11)

The interpretation is that both E ;|r(Z,)| and E ;|c(Z,)| are small relative to some
function ¢ such that E.g(Z;) does not grow too fast.” Slow growth in E ,g(Z;) is
imposed by (11), which can be understood as a geometric drift condition (see, e.g.,
Meyn and Tweedie (2009), chapter 15). Note that if both ¥ and ¢ are bounded, then
assumption 3.1 holds for n := 0, g := ||r|| V ||c||, m :== 1 and d := 0.

Assumption 3.1 reduces to that of Boyd (1990) if we set n = 0. Here we admit
consideration of future transitions to enlarge the set of possible weight functions.

The value of this generalization is illustrated in section 5.

Theorem 3.1. If assumption 3.1 holds, then there exist positive constants m’ and d’ such
that for ¢, k: Z — R defined by°

n—1 n—1
=m' (Z E:|r(Z)] + ZEz|C(Zt)|> +g(z) +d' (12)
t=1 t=0

and k(z) := £(z) + m'|r(z2)|, the following statements are true:

(1) Q is a contraction mapping on (byZ, || - ||;), with unique fixed point ¢* € b,Z.
(2) T is a contraction mapping on (biZ, || - ||x), with unique fixed point v* € b, Z.

The next result shows that the convergence rates of Q and T are the same. In stating
it, L and R are as defined in (7), while p € (0,1) is the contraction coefficient of T
derived in theorem 3.1 (see (23) in appendix B for details).

®One can show that if assumption 3.1 holds for some 7, then it must hold for all n’ > n. Hence
the values of # in (9) and (10) can be chosen independently.

6If assumption 3.1 holds for n = 0, then £(z) = g(z) +d’ and (z) = n'|r(z)| + g(z) +d’. To
guarantee that ¢ and « are real-valued, here and below, we assume that E ;|7(Z;)|, E;|c(Z;)| < o0

fort =1,---,n — 1, which holds trivially in most applications of interest.
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Proposition 3.3. If assumption 3.1 holds, then R(byZ) C byZ, L(bxZ) C byZ, and for all

t € No, the following statements are true:

1) || Q" —¢*||, < p || TRy —v*||, forall € b,Z.
2) ||T"o —v*|| < ||Q'Lo —¢*||, forallv € bZ.

Proposition 3.3 extends proposition 3.2, and their connections can be seen by let-
ting V := bZ. Notably, claim (1) implies that Q converges as fast as T, even when

its convergence is with respect to a larger norm (since ¢ < x).
The two operators are also symmetric in terms of continuity of fixed points:

Assumption 3.2. (1) The stochastic kernel P is Feller; that is, z — [ h(z")P(z,dz’)
is continuous and bounded on Z whenever his. (2) ¢, 1, £, z — [ |r(')|P(z,d2’),

and z + [ £(z')P(z,dz’) are continuous.”

Proposition 3.4. If assumptions 3.1-3.2 hold, then ¥* and v* are continuous.

3.3. Symmetry in L,. The results of the preceding section for the most part carry

over if we switch the underlying space to L,. This section provides details.

Assumption 3.3. The state process {Z; } admits a stationary distribution 7 and the

reward functions r, ¢ are in Ly(77) for some q > 1.
Theorem 3.2. If assumption 3.3 holds, then for all 1 < p < g, we have®

(1) Q is a contraction mapping on (Ly(7), || - ||p) of modulus B, and the unique fixed
point of Q in L,(7r) is ¢*.

(2) T is a contraction mapping on (L,(7), || - ||p) of modulus B, and the unique fixed
point of T in L, (7r) is v*.

The following result implies that Q and T have the same rate of convergence in

terms of Ly-norm distance.

7A sufficient condition for assumption 3.2-(2) is: ¢ and z — E ;¢(Z;) are continuous, and z
E.|r(Z:)|,Ez|c(Z:)| are continuous for t = 0, ..., n (with n as defined in assumption 3.1).
Bwe typically omit phrases such as “with probability one” or “almost surely” in what follows.

Uniqueness of fixed points is up to a 7t-null set.



10

Proposition 3.5. If assumption 3.3 holds, then for all 1 < p < g, both R and L map
L, (7r) into itself. Moreover, for all 1 < p < qand t € No, the following statements hold:

(1) || Q" 1y — lP*Hp <B HTthp—v*Hp forall p € Ly(m).
2) ||Tt+1v—v*Hp < HQtLv—gb*Hp forallv € Ly(m).

Proposition 3.5 is an extension of proposition 3.2 in an L, space, and their connec-

tions can be seen by letting V := L, (7).

4. ASYMMETRIES BETWEEN THE OPERATORS

The preceding results show that T and Q exhibit dynamics that are essentially
symmetric. Nevertheless, for a large class of economic models, the effective state
space for Q is lower dimensional than that of T. This section provides definitions

and analysis, with examples deferred to section 5. Throughout, we write
Z=XxY and Zy = (Xt,Yt)

where X is a Borel subset of R and Y is a Borel subset of R”".

4.1. Continuation Decomposability. We call an optimal stopping problem (B, ¢, P, 1)

continuation decomposable if ¢ and P are such that

(@) (X¢4+1,Yi11) and X; are independent given Y; and

(b) cis a function of Y; but not X;.

Condition (a) implies that P(z,dz") can be represented by the conditional distribu-
tion of (x/,y’) given y, denoted below by F,(x’,’). On an intuitive level, continua-
tion decomposable problems are those where some state variables matter only for

terminal rewards.

The significance of continuation decomposability is that, for such models, the Jo-

vanovic operator can be written as

QY(y) = c(y) + B [ max {r(x',y), ()} B, y). (13)
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Thus, Q acts on functions defined over Y alone. In contrast, assuming the original
state space is minimal in the sense that all state variables impact on the value func-
tion, T continues to act on functions defined over all of Z = X X Y. The set Y is ¢

dimensions lower than Z.

4.2. Complexity Analysis. Lower dimensionality aids both analytical convenience
and efficiency. Regarding the latter, one way to compare the efficiency of Q and
T is to consider the time complexity of continuation value function iteration (CVI)
and value function iteration (VFI). Both finite and infinite space approximations

are considered.

4.2.1. Finite Space. Let X = xlexi andY = ><]’.Z:1Y7, where X’ and Y/ are subsets of
R. BEach X' (resp., Y7) is represented by a grid of K; (resp., M) points. Integration
operations in both VFI and CVI are replaced by summations. We use P and F to
denote the transition matrices (i.e., discretized stochastic kernels) for VFI and CVI

respectively.’

LetK := HleKi and M := H;?:lM]' with K =1 for £ = 0. Let n > 0. There are KM
grid points on Z = X x Y and M grid points on Y. The matrix P is (KM) x (KM)
and F is M x (KM). VFI and CVI are implemented by the operators T and Q
defined respectively by

T5:=7Vv (c+pP%) and Qy,:=7c,+pEFVY).

Here 7 represents a column vector with i-th element equal to g(x;, y;), where (x;,y;)
is the i-th element of the list of grid points on X x Y. Let g, denote the column
vector with the j-th element equal to q(y;), where y; is the j-th element of the list of
grid points on Y. The vectors 7, 7, ¢ and 1/7 are (KM) x 1, while ¢y and J;y are M x 1.

4.2.2. Infinite Space. We use the same number of grid points as before, but now for

continuous state function approximation rather than discretization. In particular,

9See Tauchen and Hussey (1991) for a discussion of potential discretization methods.
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we replace the discrete state summation with Monte Carlo integration. Assume
that the transition function of the state process follows

11D

Xiv1 =AY Wii1),  Yir1 = o(Ye, Wep),  {Wi} ~ .

After drawing Uy, - - - , Uy & @, with N being the MC sample size, CVI and VFI

are implemented by

N
Qpty) = c(y) + By L max {r (s ), oy, ), () (o, U)}

N
and To(x,y) = max {r(x,y), ely) + By L) (Al U, oty u»)} .

Here ¢ = {y(y)}, with y in the set of grid points on Y, and v = {v(x,y)}, with
(x,y) in the set of grid points on X x Y. Moreover, (-) and g(-) are interpolating
functions for CVI and VFI respectively. For example, h(¢)(z) can be understood

as interpolating the vector ¢ to obtain a function k(i) and then evaluating at z.

4.2.3. Time Complexity. Table 1 provides the time complexity of CVI and VFI, esti-
mated by counting the number of floating point operations. Each such operation
is assumed to have complexity O(1).}° Function evaluations associated with the

model primitives are also assumed to be of order O(1).

TABLE 1. Time complexity: VFI v.s CVI

Cmplx. VEI: 1-loop CVI: 1-loop VEI: n-loop CVI: n-loop

FS O(K*M?) O(KM?) O(nK>M?) O(nKM?)

IS O(NKMlog(KM)) | O(NMlog(M)) | O(nNKMlog(KM)) | O(nNMlog(M))

Note: For IS approximation, binary search is used when we evaluate the interpolating function at a given point.
The results hold for linear, quadratic, cubic, and k-nearest neighbors interpolations.

For both finite space (FS) and infinite space (IS) approximations, CVI provides bet-
ter performance than VFI. For FS, CVI is more efficient than VFI by order O(K),
while for IS, CVI is more efficient than VFI by order O (Klog(KM)/ log(M)). For

1OFloa’dng point operations are any elementary actions (e.g., +, X, V, A) on or assighments with
floating point numbers. If f and g are scalar functions on R”, we write f(x) = O(g(x)) whenever
there exist C, M > 0 such that ||x|| > M implies | f(x)| < C|g(x)|, where || - || is the sup norm.



13

example, if we have 250 grid points in each dimension, then in the FS case, evalu-
ating a given number of loops will take around 250" times longer via CVI than via

VFI, after adjusting for order approximations.

See appendix C for a proof of the results in table 1.

5. APPLICATIONS

We consider six applications. For the first two we discuss both optimality and

continuation decomposability. For the remaining cases we discuss only the latter.

5.1. Job Search. Consider a worker who receives current wage offer w; and chooses
to either accept and work permanently at that wage, or reject the offer, receive un-
employment compensation ¢y and reconsider next period (see, e.g., McCall (1970)

or Pissarides (2000)). The wage process {w; };>¢ is assumed to be
wt =N+ 0:Gt, where In6 =pln6;_ 1 +1Ing (14)

and {:}, {¢:} and {n:} are positive IID innovations that are mutually independent.
We interpret 0; as the persistent component of labor income and allow it to be
nonstationary. When 7; is constant it can be interpreted as social security.!! Viewed

as an optimal stopping problem,

e the state is z = (w, ), with stochastic kernel P defined by (14),
e the terminal reward is r(w) = u(w)/(1 — B), where u is a utility function,

e and the flow continuation reward c is the constant u(cp).

The model is continuation decomposable, as can be seen by letting X; := w; and
Y; := 6;. In particular, ¢ does not depend on w; and (w;1,6;+1) is independent of

w; given 6;. Hence the effective state space for Q is one-dimensional while that of

Hsimilar dynamics appear in many labor market, search-theoretic and real options studies (see
e.g., Gomes et al. (2001), Low et al. (2010), Chatterjee and Eyigungor (2012), Bagger et al. (2014),
Kellogg (2014)).
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T is two-dimensional. Letting Fy(w’, 8”) be the distribution of (w;.1,6;11) given 6,

the Bellman operator satisfies

To(w,0) = max { ;1(20/)3, u(co) + ,B/v(w/’ o) ng(w’,()/)} ,

while the Jovanovic operator is

u(w')

Q) = u(eo) + B [ max { 14, 9(6") | dra, ).

Whether or not assumptions 3.1-3.3 hold depends on the primitives. Suppose for

example that

with u(w) =lnw wheny=1. (15)

We focus here on the case ¥ = 1 and 0 < p < 1, although other cases such as y > 1
and —1 < p < 0 can be treated with similar arguments.'?> We take &; ~ LN(0, 02).
Regarding assumptions 3.1-3.2, we assume that {7;}, {7, '} and {&} have finite

first moments.

The reward function for this dynamic program is unbounded above and below,
and the state space is likewise unbounded. Nevertheless, we can establish the
key optimality results from section 3 as follows. First, choose n € Ny such that
Bexp(p*"o?) < 1, and let

g(z) = g(w,0) = 6"

To verify (9), we make use of the following technical lemma, which is obtained
from the law of motion (14), and provides a bound on expected time n wages in

terms of initial condition 6y = 6. The proof is in appendix B.

Lemma 5.1. For all n € Ny, (a) there exist a pair An, B € R such that E g |Inw,| <
A, 0°" + B, and (b) 0 — Eg|Inw,| is continuous.

120ne can also treat the nonstationary case p = +1 under some further parametric assumptions
using the weighted supremum norm techniques developed above. Details are available from the

authors on request.
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Now (9) can be established, since, conditioning on 6y = 0,

Condition (10) is trivial because c is constant. To see that condition (11) holds, note

that p € [0,1), so, conditioning on 6 = 6 once more,
Egg(wy,01) = E (8°)" = 0" exp(p?'02/2) < (8°" + 1) exp(0?"0?).

Hence (11) holds with m = d = exp(p*"¢?). Assumption 3.1 has now been es-
tablished. By theorem 3.1 and proposition 3.3, Q and T are contraction mappings
with the same rate of convergence. The above analysis also implies that assump-
tion 3.2 holds (see footnote 7), so proposition 3.4 implies that both v* and * are

continuous.

We can also embed this problem in L, (7). To verify assumption 3.3, we assume
that the distributions of #; and ¢; are represented respectively by densities y and

v, and that i1, ;! and ¢ have finite g-th moments.

Since p € [0,1), the state process {(wy, 0;) } has stationary density
m(w,0) = f(6) p(wl6),
where f*(0) = LN(0,0?/(1—p?)) and [, p(w|0) dw = [, gzc 4y #()v (&) d(1, ).

Then the next lemma (proved in appendix B) implies that assumption 3.3 holds.

Lemma 5.2. The reward functions r and c are in Ly(7r).

By theorem 3.2 and proposition 3.5, Q and T are both contraction mappings with

the same rate of convergence (in L, norm distances, forall 1 < p < g).

5.2. Search with Learning. Consider a job search problem with learning (see, e.g.,
McCall (1970), Pries and Rogerson (2005), Nagypal (2007), or Ljungqvist and Sar-
gent (2012)). The setup is as in section 5.1, except that {w; };>( follows

11D

Inw; =& +¢€, where {e}i>0 ~ N(0,d).

Here ¢ is an unobservable mean over which the worker has prior { ~ N(,J).

The worker’s current estimate of the next period wage distribution is f(w'|y,d) =
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LN(u,6 + o). If the current offer is turned down, the worker updates his belief
after observing w’. By Bayes’ rule, the posterior satisfies ¢|w’ ~ N(y',¢’), where
0 =v(6):=1/(1/6+1/6) and p' = ¢p(u,d,w") := &' (u/6 +1Inw'/é,). Viewed

as an optimal stopping problem,

e thestateisz = (w, u, ¢), and for each map 4, the stochastic kernel P satisfies

/ h(z)P(z,dz') = / h (@, p(,6,0),v(8)) f(w'|, 6) du!

e the reward functions are r(w) = u(w) /(1 — B) and ¢ = u(co).

The model is continuation decomposable with X; := w; and Y; := (y4, d¢), since r
does not depend on (i, 6¢) and the next period state (w;1, f141,6:+1) is indepen-
dent of w; once y; and J; are known. Letting F, s(w’, p’, ) be the distribution of
(Wit1, He+1,01+1) given (py, d¢), the Bellman and Jovanovic operators are, respec-
tively,

u(w)
1-p

To(w, i, §) = max { u(co) + ﬁ/y(w’, W, 6" dF, s (w', y/,(sl)}

and Qp(,d) = u(eo) + p [ max {3 yi3t,6) | dBs(a, 0,0,

Again, the domain of the candidate function space is one dimension lower for Q
than T.

Regarding optimality, suppose, for example, that the CRRA parameter -y is greater

than 1. (The case v = 1 can be treated along similar lines.) Let n = 1 and let

g(w, u,6) = el=VHtI-7)%/2,

Condition (9) holds, since, conditioning on (pg, ) = (i, 9),

E,swy | -7/
By lr(w)| = = —5— =~ 5 8@ w).

Condition (10) is trivial since c is constant. Condition (11) holds, since, condition-

ing on (yo,60) = (1, 6), the expressions of y’ and ¢’ imply that

2 _ - .
Ey,ég(wlr ,1/‘1/51) _ e(l ¥)%61/2+(1 7)(51;4/518%5 wgl ¥)61/0 _ g(w, y,é).
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Hence assumption 3.1 holds. Theorem 3.1 and proposition 3.3 imply that Q and T
are contraction mappings with the same rate of convergence. The analysis above
also implies that assumption 3.2 holds (see footnote 7), so v* and * are continuous

by proposition 3.4.

5.3. Firm Entry. Consider a condensed version of the firm entry problem in Fajgel-
baum et al. (2017). At the start of period ¢, a firm observes a fixed cost f; and then
decides whether to incur this cost and enter a market, earning stochastic payoff
714, or wait and reconsider next period. The sequence { f} is 11D, while the current
payoff 71; is unknown prior to entry. The firm has prior belief ¢(7; 6;), where ¢ is a
distribution over payoffs that is parameterized by a vector 6;. If the firm does not

enter then 6; is updated via Bayesian learning. In an optimal stopping format,

e the state is z = (f, 0), with stochastic kernel P defined by the distribution
of {f;} and the Bayesian updating mechanism of {6;},
e the terminal reward is the entry payoff r(f,0) = [ n¢(drm;0) — f,

e and the flow continuation reward ¢ = 0.

This model is continuation decomposable, as can be seen by letting X; := f; and
Y; := 6;. In particular, since {f;} is 1ID, (fi41,60:+1) is independent of f; given 6.
Let Fy(f’,0") be the distribution of (f;11,60;+1) given 6;. The Bellman operator is

To(f,6) = max{ [ mpldmio) ~ 1, [ o(f',6)dF(r"0) |

while the Jovanovic operator is
Q) = p [ max{ [ oo - £, p(e) } drol ).

5.4. Research and Development. Firm’s R&D decisions are often modeled as a se-
quential search process for better technologies (see, e.g., Jovanovic and Rob (1989),
Bental and Peled (1996), Perla and Tonetti (2014)). Each period, an idea of value s;
is observed, and the firm decides whether to put this idea into productive use, or
develop it further by investing in R&D. The former choice yields a payoff r(s;, k:),

where k; is the amount of capital input. The latter incurs a fixed cost cp > 0
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(that renders k; 11 = k; — cp) and creates a new technology s;;1 next period. Let

{si} ~ . Viewed as an optimal stopping problem,

e the state is z = (s, k), and for given map h, the stochastic kernel P satisfies

/ W(Z)P(z,d7') = / I (s, k — co) p(ds’),

e the terminal reward is 7(s, k) and the flow continuation reward is ¢ = —c.

This model is also continuation decomposable, as can be seen by letting X; := s;
and Y; := k¢. Let F(s, k') be the distribution of (s;11,k;11) given k;. The Bellman

and Jovanovic operators are respectively
To(s, k) = max {r(s, k), —co+ B / o(s’, k') dF(s, k’)}
and  Qu(s) = —co + B / max {r(s',K'), p(s')} dE.(s', k).

5.5. Real Options. Consider a general financial/real option framework (see, e.g.,
Dixit and Pindyck (1994), Alvarez and Dixit (2014), and Kellogg (2014)). Let p; be
the current price of a certain financial /real asset and A; another state variable. The
process {A;} is @-Markov and affects {p;} via p; = f(As, €), where {&:} ~ # and
is independent of {A;}. Let K be the strike price of the asset. Each period, the agent
decides whether to exercise the option now (i.e., purchase the asset at price K), or

wait and reconsider next period. In an optimal stopping format,

e the state is z = (p, A), and for given map h, the stochastic kernel P satisfies

/ h(z')P(z,dz') = / I (FN,€), ') u(de’) D(A, dAT),

e the terminal reward (exercise the option now) is r(p) = (p — K) ™,

e and the flow continuation reward is ¢ = 0.

The model is continuation decomposable, with X; := p;and Y; := A;. Let Fy (p/, )
be the distribution of (p;;1,As+1) conditional on A;. The Bellman and Jovanovic

operators are, respectively,

Tolp,A) = max{ (p = K)*, B [ o', ") dRa (1, 1)}
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and Qu(A /max{ p'—K)", (A} AE (P, ).

5.6. Transplants. In health economics, a well-known problem concerns the deci-
sion of a surgeon to accept/reject a transplantable organ for the patient (see, e.g.,
Alagoz et al., 2004). The surgeon aims to maximize the reward of the patient. Each
period, she receives an organ offer of quality g;, where {g;:} ~ G. The patient’s
health h; evolves according to a H-Markov process if the surgeon rejects the organ.
If she accepts this organ for transplant, the operation succeeds with probability
p(qt, ht), and confers benefit B(h;) to the patient, while a failed operation results in
death. The patient’s single period utility when alive is u(h;). Viewed as an optimal

stopping problem,
e thestateisz = (g, 1), and for a given map f, the stochastic kernel P satisfies

[ F&)P(zd2) = [ £(g1)G(dg)H(h,dk),

e the terminal reward (accept the offer) is r(g,h) = u(h) + p(q,h)B(h),

e and the flow continuation reward is c¢(h) = u(h).

This model is continuation decomposable by letting X; := q; and Y; := h;. Let
F,(q', 1) be the distribution of (g;4+1,h;+1) given h;. The Bellman and Jovanovic

operators are respectively

To(g,h) = max {u(h) + pq, WE(H), u(h) + B [ o(q' 1) dEi(, ') |
and - Q) = u(h) + [ max {u(k') + p(d 1)), 9l )} dE(q ).

APPENDIX A: SOME LEMMAS

To see the symmetric properties of Q and T from an alternative perspective, we start our
analysis with a generic candidate continuation value function space. Let ¢ be a subset of
m% such that * € ¢ and Q¢ C €. Let 7 be defined by

YV :=R€¢={vemPB:v=rVy forsomep € ¢}. (16)
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Then R is a surjective map from % onto 7, Q = LR on % and T = RL on ¥'. The following
result parallels the theory of section 3.1, and is helpful for deriving important convergence

properties once topological structure is added to the generic setting, as to be shown.

Lemma 5.3. The following statements are true:

(1) LY CECand TV C V.

(2) Ifvisa fixed point of T in ¥, then Lv is a fixed point of Q in €.
(3) If  is a fixed point of Q in €, then Ry is a fixed point of T in V.
(4) T = RQ'L on ¥ and Q'*1 = LT'R on ¢ for all t € N,.

Proof. The proof is similar to that of propositions 3.1-3.2 and thus omitted. O

Lemma 5.4. Under assumption 3.1, there exist by, by € R such that forall z € Z,

(1) [0*(2)] < iy B'E[Ir(Zo)] + [e(Ze)]] + brig(z) + ba.
2) [y*(2)] < XI5 BE:Ir(Ze)| + T B'E=le(Z0)] + big(2) + ba.

Proof. Without loss of generality, we assume m # 1 in assumption 3.1. By that assumption,
E.|r(Zy)| < mg(z) +az, Ezlc(Z,)| < a3g(z) +agand E,¢(Z1) < mg(z) +d forall z € Z.
For all t > 1, by the Markov property (see, e.g., Meyn and Tweedie (2009), section 3.4.3),

E:8(Zt) = E:[B: (§(Z1)|Fi-1)] = Bz (Ez_,8(Z1)) < mE.g(Zi1) +d.

Induction shows that for all t > 0,

1—mt

E.g(Z1) < m'g(z) +

. 17
T (17)
Moreover, for all t > n, applying the Markov property again yields

E:[r(Z)] = E: [E: ([((Z)| )] = Bz (E 2, [r(Z4)]) < a1 E 28(Zi—n) + a2.

By (17), for all t > n, we have
1 _ mtfn
E.|r(Z)| <m (mt_”g(z) + md> + a. (18)
Similarly, for all t > n, we have

E:lc(Z)| < a3 E.9(Zi—n) + a4 < a3 <mt_”g(z) + md> + ay. (19)
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Let S(z) := Y451 B'E; [[r(Zs)| + |c(Z:)|]. Based on (17)—(19), we can show that

n—1
a, + as (a1 +az)d +ay + ay
S(z) < "ELr(Z)] + |c(Z)]] + z) + (20)
Since |v*| < |r| 4+ |c| + S and |p*| < |c| + S, the two claims hold by letting by := ;‘1_4;’31 and
. (m+taz)d+artay

b2 = T pmyp) -

Lemma 5.5. Under assumption 3.1, the value function solves the Bellman equation
v*(z) = max{ )+ ,B/ P(z,dZ) } = max {r(z), p*(z)}. (21)

Proof of lemma 5.5. By theorem 1.11 of Peskir and Shiryaev (2006), it suffices to show that
E, (supkZO ‘Z];;é Btc(Zs) + BFr(Zy) D < oo for all z € Z. This is true since

< Y BIr(Ze)| + |e(2Z1)]] (22)

t>0

Z,BC Zt —|—,37’Zk

sup
k>0

with probability one, and by the monotone convergence theorem and lemma 5.4 (see (20)

in appendix A), the right hand side of (22) is IP,-integrable for all z € Z. O

APPENDIX B : MAIN PROOFS

Proof of theorem 3.1. Let dy := a; + a3z and dy := ap + a4. Since fm < 1 by assumption 3.1,

we can choose positive constants m’ and d’ such that
m+dim >1, p:=Bpm+dm')<1 and d > (dom’'+d)/(m+dym' —1). (23)

Regarding claim (1), we first show that Q is a contraction mapping on byZ with modulus p.
By the weighted contraction mapping theorem (see, e.g., Boyd (1990), section 3), it suffices
to verify: (a) Q is monotone, i.e., QY < Q¢ if P, ¢ € byZand p < ¢; (b) Q0 € byZ and Q¢ is
PB-measurable for all ¢ € b,Z; and (c) Q(p +a¥) < Qy +apl foralla € Ry and ¢ € b,Z.
Obviously, condition (a) holds. By (6) and (12) we have

‘(%) = 15 +/3/| P(z,dz') < (1+B)/m’ < oo

forall z € Z, so ||QO0||; < co. The measurablhty of Qy follows immediately from our
primitive assumptions. Hence, condition (b) holds. By the Markov property (see, e.g.,
Meyn and Tweedie (2009), section 3.4.3), we have

/IEZ/|r(Zt)|P(z,dz’) = E.|r(Zs;1)| and /Ez/|c(Zt)]P(z,dz’) =E.|c(Zi1)]-
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Let h(z) :== Y1 E.|r(Z)| + /=) E:|c(Z:)|, then we have
/h(z’)P(z,dz’) = Y E.r(Z)| + Y Bale(Z)]. (24)
=2 t=1

By the construction of m’ and d’, we have m + dym’ > 1and (dom’ +d+d")/(m 4+ dym’) <
d’. Assumption 3.1 and (24) then imply that

n
/K(Z) P(z,dz') =m" Y E.[|r(Z:)| + |c(Zs)] +/g P(z,dz') +d’
=1
-1
m' Y B |r(Z)] + |c(Ze)|] + (m+dym')g(z) + dom’ +d + d’
=1

< (m+dym') (

IN
- =7

/

a1 T8+ d/) < (m+dim')0(z).  (25)

Since ¢ < «, this implies that for all z € Z, we have
/K(z) (z,dz') < (m +dym')xk(z) and /E P(z,dZ") < (m+dym')e(z).  (26)
Hence, forall ¢ € byZ,a € R4 and z € Z, we have

Qg +al)(z) = c(z +ﬁ/max{r N 4 ab(2')) Plz,d2')
z)+/3./max{r(z 2)} P(z,d2") +a/s/£ P(z,d7)

< Qy(z) +ap(m+dim')l(z) = Qy(z) + apl(2).
So condition (¢) holds, and Q : b;Z — b,Z is a contraction mapping of modulus p.

Moreover, lemma 5.5 and the analysis related to (5) imply that ¢* is indeed a fixed point of
Q under assumption 3.1. Lemma 5.4 implies that ¢* € b,Z. Hence, * must coincide with

the unique fixed point of Q under b,Z, and claim (1) holds.

The proof of claim (2) is similar. In particular, using (26) one can show that T : b,Z — b, Z

is a contraction mapping with the same modulus. We omit the details. O

Proof of proposition 3.4. Let bycZ be the set of continuous functions in b,Z. Since ¢ is con-
tinuous by assumption 3.2, bycZ is a closed subset of b,Z (see e.g., Boyd (1990), section 3).
To show the continuity of ¢*, it suffices to verify that Q(b,cZ) C bycZ (see, e.g., Stokey
et al. (1989), corollary 1 of theorem 3.2). For fixed ¢ € bycZ, let h(z) := max{r(z), ¢(z)},
then there exists G € R such that |i(z)| < |r(z)| + G£(z) =: h(z). By assumption 3.2,
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z + h(z) 4 h(z) are nonnegative and continuous. Forall z € Z and {z,,} C Z with z,, — z,

the generalized Fatou’s lemma of Feinberg et al. (2014) (theorem 1.1) implies that

/ (h(z') £h(z")) P(z,dZ’) < 11m1nf/ z') £ h(2')) P(zm,dz").

Since limy 0o [ 1(z')P(zy,dz") = [h(2z')P(z,dz’) by assumption 3.2, we have

i/h P(z,dZ') < lim inf (i/h(z’)P(zm,dz/)>,

where we have used the fact that for all sequences {a,,} and {b,,} in R with lig1 A, exists,
m—o0
we have: hm 1nf(am +by) = hm \ @y + hm 1nf by,. Hence,

limsup [ h(z')P(zy,dz") h(z')P(z,dz’) < liminf [ h(z')P(zy,dzZ), (27)
p

0o m—>00
ie, z — [h(z')P(z,dz’) is continuous. Since ¢ is continuous by assumption, Q¢ € bycZ.
Hence, Q(bycZ) C bycZ and ¢* is continuous, as was to be shown. The continuity of v*
follows from the continuity of ¢* and r and the fact that v* = r Vv ip*. O

Proof of proposition 3.3. Let ¢ := byZ and V := bcZ. Let ¥ := R%¢ and C := LV as defined
respectively in (16) and (8). Our first goal is to show that ¥ C b,Z and C C b,Z.

For all v € 7, by definition, there exists a {y € % such that v = Ry = r V. Since
¢ = byZ, we have |ip| < M/ for some constant M < co. Without loss of generality, we can
let M > 1/m’, where m' is defined as in theorem 3.1 (see (23) in the proof of theorem 3.1).
Hence, [v] < |r| + |¢| < M(m'|r| +¢) = Mk, i.e., ||v||x < co. Moreover, v is measurable

since both r and 1 are. Hence, v € b,Z. Since v is arbitrary, we have 7" C b, Z.

For all ¢ € C, by definition, there exists v € V such that y = Lv = ¢+ BPv. Since
V = bZ, we have |v] < Mk for some constant M < co. By (25) in the proof of theorem
3.1 |y| <lc|+ o]l < (1/m + ||v]|«)4, ie., ||P]ls < oo. Moreover, ¢ is measurable by our

primitive assumptions. Hence, € b,Z. Since 1 is arbitrary, we have C C b/Z.
Regarding claim (1), for all ¢ € &, based on lemma 5.3 and theorem 3.1, we have
Q19 (z) — " (2)| = |LT'Ry(2) — Lo" (2)| = B|P(T'Ry)(z) - Po* (z)].

Since we have shown in the proof of theorem 3.1 that [ x(z')P(z,dz’) < (m + m'dy)l(z)
for all z € Z (see equation (25)), by the definition of operator P, for all z € Z, we have

|P(T'R)(2) / (T'R) (') — v*(2')| P(z,dZ)

< IRy — 0*x / P(z,d2) < (m + m'dy)|| TRy — o*||x £(2).
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Recall p := B(m + m'dy) < 1 defined in (23). The above results imply that
1Q" = ¢7lle < B(m + m'dy) | T'Ry —v"|| = p || T'Ry — 0",
for all ¢ € €. Hence, claim (1) is verified.

Regarding claim (2), for all v € V, propositions 3.1-3.2 and theorem 3.1 imply that

T1(z) = v*(2)| = |(RQ'L)o(2) — Ry’ (2)] < |Q'Lo(z) - *(2)] < 1Q'Lo — 97l £(2)
for all z € Z, where the first inequality is due to the elementary fact that [a Vb —c Vv d| <
l|a—c|V |b—d|foralla,b,c,d e R. Since ¢ < x by construction, we have

[T 1o(z) — 0*(2)] - [T o(z) — v*(z)|
x(z) - £(z)
v—v*|| <|Q'Lv—¢*||, and claim (2) holds. O

< || QLo — 7],

Proof of theorem 3.2. Sincer,c € L, (7r), by the monotonicity of the L,-norm, we have r,c €
Ly(m) forall1 < p < g. Our first goal is to prove claim (1).

Step 1. We show that Qg € L, () for all € L, (7). Notice that forall z € Z,
QI <2+ @8 | [ 1n] v 92| ez
<|e@)" +@p)" [ [Ir)] v [pE))7 P, d)
<2l + 28 ([ 1) P dz) + [ o)) P d) ),

where for the first and the third inequality we have used the elementary fact that (2 +b)? <
2P(aV b)P < 2P(aP 4+ bP) for all a,b, p > 0, and the second inequality is based on Jensen’s

inequality. Then we have [|Qy||, < oo, since the above result implies that
[10v@)1 ndz) <27 [ le()'me(dz) + ) [ [ [r(@)]7 P d2')m(dz)
+@8) [ [ 1@ Pz dz)(dz)
=2 [le@I'n(dz) +@8)" [ [r@)[ n(dz) +(26)" [ [p()]! (e
= 2elly + Bl + 2B Il < o,

where the first equality follows from the Fubini theorem and the fact that 7 is a stationary
distribution. We have thus verified that Qi € L,(7).
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Step 2. We show that Q is a contraction mapping on (L,(7), || - ||,) of modulus B. For all
¢, ¢ € L,y(), we have

p

1Qp(z) —Qp()" = B | [ [r() v 9(') = (@) v 9(2)] P(z,d2)
<5p/\ —r(Z)V ¢(2)|" P(z,d7)
<p [19(z) ~ ¢ Plz,d2),

where the first inequality holds by Jensen’s inequality, and the second follows from the
elementary fact that [a Vb —cVd| < |a—c|V|b—d|foralla,b,c,d € R. Hence,

109 - Q@) n(dz) < 87 [ [ [9(=) = 9(=)|" P, dz')e(dz)
=" [ |92) - 62| m(d2),
and we have [|Qy — Q¢||,, < Bl — ¢||,. Thus, Q is a contraction on L,(7r) of modulus B.

Since (L, (), || - ||p) is a Banach space, based on the contraction mapping theorem, Q ad-
mits a unique fixed point in L,(77). In order to prove claim (1), it remains to show that
¢* € Ly(7r) and that ¢* is a fixed point of Q.

Step 3. We show that ¢*, v* € L, (7). Since |¢*(2)| V |[v*(2)]| < L2 B'E:(|r(Z:)| V [c(Ze)]],

we have

[ @Pra)| v | [0 @) < [ (gmzwzmv|c<zt>|])pn<dz>. @s)

Since 7t is stationary, the Fubini theorem implies that

/IE 7(Z0)|Pre(dz) = //|r )PP (z,d2') (dz) /|r )Pre(dz') = ||r|1.
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Similarly, we have [ E.|c(Z;)|P7t(dz) = |[|c[|}. The Minkowski and Jensen inequalities
then imply that for alln € N,

r(Z)V[e(Z)]]]| < Zﬁ 1B {[r(Z)| v le(Z)II,

p

<y |[Eadrzolv rc<zt)uﬂn<dz>]w

| o
<38 | [ Lz + 5.l ) )

1/p
; v (Il +lel
R R .
t=0

Moreover, by the monotone convergence theorem, we have

Al (Z)| v [e(Z0)] r(Zo)| v 1e(Zol] (30)

P
Together, (29)-(30) imply that ||Y 52, B'E:[|r(Z:)| Vv |C(Zt)HHp < oo. By (28), we have
l*[|p V [[0*||, < oo and thus ¢*,v* € L, (7).

p

Step 4. We show that v* is a fixed point of T and ¢* is a fixed point of Q, i.e., || Tv* — v*||, =
0and ||Qy* — ¢*||, = 0. It suffices to show that Tv* = v* and Q¢* = ¢* with probability
one (measured by 71, same below). By theorem 1.11 of Peskir and Shiryaev (2006) and the
analysis related to (5), it suffices to show that E, (supkZO ‘th‘;é Ble(Zy) + Brr(Zy) D < o0
with probability one. This obviously holds since the left-hand-side term is dominated by
Yo B'E:[|r(Z)| V |e(Z+)|], which is finite with probability one since in step 3 we have
shown that it is an object of L, (7).

Steps 1-4 imply that claim (1) holds. The proof of claim (2) is similar and thus omitted. []

Proof of proposition 3.5. Let € = V := Ly(m), and let ¥ := R% and C := LV as defined
respectively in (16) and (8). Our first goal is to show that ¥,C C L,(r).

For all v € 7, there exists a ¢ € % such that v = Ry = r V. Since ¥ = Ly(7r) and
r € Lp(7r) by assumption 3.3, we have v € L, (7). Hence, " C Ly(7r). For all ¢ € C, there
exists v € V such that ¢y = Lv = ¢+ BPv. Since V = L,(7) and 7 is stationary, Jensen’s
inequality implies that Pv € L, (7). Since ¢ € L, (7r), Minkowski’s inequality then implies
that ¢y € L, (7). Hence, C C L,(71), as claimed.
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Regarding claim (1), for all ¢ € ¢, based on lemma 5.3, theorem 3.2, Jensen’s inequality

and Fubini’s theorem, we have

Jotte—v| = [/ | v - 9| )] "

p

[ / |LT'Ry(z) — Lo* ()| n(dz)] o

r 1/
B / ‘PTtRlp(z)—Pv*(z)|p7r(dz)] '

<B | [ITRe) = o)) P, dz/)n(dz)} v

_ 1/p
=B | [ |T'Ry(z") —v*(2)|" m(d2’) =B||T'Ry —v*|| .
I p

Regarding claim (2), for all v € V, based on propositions 3.1-3.2 and theorem 3.2, we have

- p 1/p
HTt“v —ov*|| = / ‘Tt“v(z) —o* (z)‘ n(dz)}
p L
- 1/p
- / |[RQ'Lo(z) — Ry*(z)|” n(dz)]
: p r t
< / |QtLv(z) — 1/]*(z)| n(dz)] = HQ Lv— 1p*||p.
Hence, the second claim holds. This concludes the proof. O

Proof of lemma 5.1. Recall that if X ~ LN(p,02), then E X5 = e#+5°7/2 for all s € R. By
(14), the distribution of 6, given 6y = 0 follows LN (p” In6, o2 2?:_01 pZi). Hence, Eg 0, =

n 2(1_p2n
09" exp | Sy |

Since w = 57 + 6& and |Inw| < 1/w + w, we have | Inw,| < 7, + 17, + 6,&,. Hence,
Bollnw,| < B (17" +1a+0:80) = 11 + 2+ #s By = 4,07 +B,  (3)

where 111, yip and 3 are respectively the mean of 17,1, 77, and &, B := iy + pp and A, :=

Uz exp [‘7;8:2 ;;)} Claim (a) is verified.

To verify claim (b), consider a sequence §™) — 0. By the Fatou’s lemma,
Eg (17”_1 + 1 + 0nCy £ ]lnwn|) < lin}ninf E gm) (17”_1 + 1y + 0nChn £ | lnwn|> .
Since 6 — E g (17, + 11x + 0,y ) is continuous by (31), the above inequality yields

+Eg|Inw,| < liminf (£E yu | Inw,|),
m
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ie., limy, E ym|Inw,| = Eg|Inw,|. Hence, 6 — Eg|Inw,| is continuous, as claimed. O

Proof of lemma 5.2. Since w = 1+ 6¢ and |Inw| < w4+ 1/w, we have |Inw|7 < 37(y~7+
774 01¢17). By the assumption on {#;} and {{;}, taking expectation (w.r.t ) yields

E|lnw|? <31(Ey 1+Eq+EZE) < .

Since r(w) = Inw/ (1 — B), this inequality implies r € L,(7r). Moreover, c € Ly(7r) is trivial

since c is constant. OJ

APPENDIX C: PROOF OF TABLE 1 RESULTS

To prove the results of table 1, we introduce some elementary facts on time complexity:

(a) The multiplication of an m x n matrix and an n x p matrix has complexity O (mnp).
See, for example, section 2.5.4 of Skiena (2008).
(b) The binary search algorithm finds the index of an element in a given sorted array

of length n in O(log(n)) time. See, for example, section 4.9 of Skiena (2008).

For finite space (FS) approximation, time complexity of VFI (1-loop) reduces to the com-
plexity of matrix multiplication P@, which is of order O (K?>M?) based on the shape of P and
7 and fact (a) above. Similarly, time complexity of CVI (1-loop) is determined by F(7 V ¢),
which has complexity O(KM?). The n-loop complexity is scaled up by O(n).

For the infinite space (IS) case, let O(g) and O(h) denote respectively the complexity (of
single point evaluation) of the interpolating functions ¢ and /. Counting the floating point
operations associated with all grid points inside the inner loops shows that the one step
complexities of VFI and CVI are O(NKM)O(g) and O(NM)O(h), respectively. Since bi-
nary search function evaluation is adopted for the indicated function interpolation mech-
anisms (see table 1 note), and in particular, since evaluating g at a given point uses binary

search ¢ + n times, based on fact (b) above, we have
J4 n
O(g)=0 (Zlog(Ki) + Zlog(M]-)> = O(log(KM)).
i=1 j=1

Similarly, we can show that O(h) = O(log(M)). Combining these results, we see that the

claims of the IS case hold, concluding our proof of table 1 results.
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