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Abstract. We study relationships between dynamic programs by applying con-

jugacy methods from dynamical systems theory. When two dynamic programs are

connected by an order isomorphism, we show that optimality properties transmit

from one formulation to the other. We apply these results to Epstein–Zin pref-

erences with time preference shocks, obtaining a sharp characterization of when

optimality holds. We also show that multiplicative Kreps–Porteus preferences and

risk-sensitive preferences are isomorphic, so that well-known results for the latter

carry over to the former. Finally, we demonstrate how isomorphic transformations

can improve the numerical accuracy of value function approximations, with gains

of two orders of magnitude in a multisector real business cycle model.

1. Introduction

Dynamic programming is a major field of optimization with applications across

a wide spectrum of scientific domains, including economics and finance (see, e.g.,

Bellman (1957), Stokey and Lucas (1989), Puterman (2005), Hernández-Lerma and

Lasserre (2012), Bäuerle and Rieder (2011), Bertsekas (2012)). In recent years, varia-

tions of the standard model have flourished. This is particularly true in economics and

finance, as applied researchers extend dynamic models to get closer to the data. Some

of these variations add features to the standard framework, including Epstein–Zin

preferences, risk-sensitive preferences, adversarial agents, ambiguity, and hyperbolic

discounting.1 Other variations take an existing model and rearrange the structure and

timing. These variations include the Q-factor and exponential risk-sensitive Q-factor
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formulations from Q-learning, and the expected value function models and integrated

value function models from structural estimation.2

Given this proliferation of variations and modifications, one significant issue is that

each new formulation typically requires its own bespoke analysis to establish desir-

able optimality properties (e.g., existence of optimal policies, Bellman’s principle of

optimality, or convergence of Howard policy iteration). In this paper, we address this

issue from a new direction, by borrowing ideas from the field of dynamical systems.

Since each policy operator defines a discrete-time dynamical system, tools from that

field become directly applicable. In particular, we draw on notions of conjugacy. In

dynamical systems and chaos theory, topological conjugacy is used to identify fami-

lies of dynamical systems that have “equivalent” or related dynamics (see, e.g., Smale

(1967) or Arnold (2012)). These ideas have proved enormously useful for categoriz-

ing different types of systems and allowing researchers to make deductions about a

particular system from their knowledge of other related systems.3

We transfer these ideas to dynamic programming by studying order-theoretic con-

jugacy relationships between the policy operators that define a dynamic program. We

call two dynamic programs linked in this way isomorphic. Under an order-reversing

link, we call them anti-isomorphic. Our main result shows that verifying this single

relationship is enough to transfer an entire package of optimality properties from one

program to the other: existence and uniqueness of the value function, Bellman’s prin-

ciple of optimality, existence of optimal policies, and convergence of Howard policy

iteration. Solving one program therefore delivers a complete solution to the other,

including recovery of the value function and optimal policies.

The benefits of this approach are both theoretical and numerical. On the theoretical

side, dynamic programs that are not easily analyzed can often be connected, via an

isomorphism, to a program whose optimality properties are already established or

more readily verified; the isomorphism then allows those properties to carry over

to the original problem. We illustrate this in two settings that are not covered by

standard contraction-based methods. First, for a dynamic program with Epstein–

Zin utility and time preference shocks, we obtain an exact characterization of when

2See, for example, Kochenderfer et al. (2022), Rust (1994), Fei et al. (2021), or Kristensen et al.

(2021).
3For example, Kennedy and Stockman (2008), Gardini et al. (2009), and Raines and Stockman

(2012) characterize chaotic dynamical systems in economic models utilizing the shift homeomor-

phism. In a similar vein, Flynn and Sastry (2022) establish topological conjugacy between equilib-

rium economic dynamics and dynamical systems with known chaotic behaviors. Also see Battaglini

(2021) and Deng et al. (2022).
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optimality holds. Second, we show that multiplicative Kreps–Porteus preferences

are isomorphic to risk-sensitive preferences, so that the well-developed contraction

theory for the latter yields optimality results for the former. On the numerical side,

within an isomorphism class one is free to work with whichever representative is best

suited to computation. Exploiting this flexibility in the multisector real business

cycle model of Long and Plosser (1983), we obtain solutions that are, on average, two

orders of magnitude more accurate than solving the original problem, by choosing a

representative within the isomorphism class whose value function has lower curvature.

This paper builds on the abstract dynamic programming framework of Sargent

and Stachurski (2025). In that paper, individual dynamic programs are represented

as families of policy operators acting on a partially ordered set. When dynamic

programs are viewed in this way, studying conjugacy relationships between related

families of policy operators becomes a natural idea, since each policy operator iden-

tifies a discrete time dynamical system.4 Whereas Sargent and Stachurski (2025)

study a single dynamic program in isolation, we introduce order isomorphisms and

anti-isomorphisms between distinct dynamic programs and show that they preserve

optimality properties. To apply these results to continuous-state, continuous-action

models, we also relax their assumption that every candidate value function admits a

maximizing policy in the Bellman equation.

This paper contributes to a large and growing literature that studies the optimality

properties of dynamic programs with nonstandard features, such as recursive utility

(Marinacci and Montrucchio, 2010; Bloise et al., 2024; Rincón-Zapatero, 2024), risk

sensitive preferences (Bäuerle and Jaśkiewicz, 2018), hyperbolic discounting (Bäuerle

et al., 2021; Balbus et al., 2022), and Q-factors (Ma et al., 2022). For example,

our work relates to the literature on existence and uniqueness in dynamic programs

with recursive preferences, such as Bloise and Vailakis (2018), Ren and Stachurski

(2021), Stachurski and Zhang (2021), and Bloise et al. (2024). Our approach com-

plements this literature in two ways. First, rather than focusing on specific models,

we propose a general framework that, under appropriate transformations, can sim-

plify the analysis of such dynamic programs. Second, we provide exact necessary

and sufficient conditions for optimality in a continuous-state dynamic program with

Epstein–Zin preferences and state-dependent discounting, whereas existing dynamic

programming results for recursive preferences establish only sufficient conditions in

similar settings.

4The main deviation from traditional dynamical systems methodology is that we use order-

theoretic conjugacy relationships, rather than topological ones, since the key objects in optimization

are order-theoretic and preserved by this relation.
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Our order-theoretic approach also connects to the Bellman existence and uniqueness

results of Kamihigashi (2014) and Bloise et al. (2024). Kamihigashi (2014) establishes

existence and uniqueness of Bellman solutions and convergence of value iteration

under purely order-theoretic conditions, while Bloise et al. (2024) use Tarski’s fixed

point theorem to establish Bellman solutions for stochastic recursive programs. In our

framework, such fixed point results can be applied to a conjugate program where their

hypotheses are easier to verify, as we illustrate in our continuous-state Epstein–Zin

application using the existence result of Bloise et al. (2024).

While not the primary focus of this paper, our work also connects to the liter-

ature on computational methods for solving dynamic economic models. These in-

clude traditional methods such as projection and perturbation (Foerster et al., 2016;

Bayer and Luetticke, 2020), endogenous grid method (Carroll, 2006; Barillas and

Fernández-Villaverde, 2007), adaptive sparse grids (Brumm and Scheidegger, 2017),

and deep learning (Azinovic et al., 2022; Maliar et al., 2021). A notable feature of

our framework is that it can complement existing computation methods: any suit-

able method can be applied to an isomorphic dynamic program to improve numerical

performance compared to solving the original problem. Relatedly, Ma and Stachurski

(2021) study transformations of Bellman equations that preserve optimality and can

improve computational efficiency. Their approach refactors the Bellman equation,

while ours relates entire dynamic programs through order conjugacy relationships.

The structure of the paper is as follows. Section 2 introduces order conjugacy and

discusses its properties. Sections 3–4 present definitions and optimality results for

“abstract” dynamic programs, which are well-suited to our dynamical systems per-

spective. Section 5 introduces isomorphisms between abstract dynamic programs and

shows how isomorphisms preserve optimality properties. Section 6 provides applica-

tions and Section 7 concludes.

2. Preliminaries

This section introduces the key order-theoretic concepts needed for our analysis of

abstract dynamic programs. Additional definitions of posets, dynamical systems, and

related background are given in Appendix A. Throughout, if 𝐴 and 𝐵 are sets, then

the symbol 𝐵𝐴 indicates the set of all maps from 𝐴 to 𝐵.

A partially ordered set (poset) is a pair 𝑉 = (𝑉,⪯) where ⪯ is reflexive, antisym-

metric, and transitive. Given posets (𝑉,⪯) and (𝑊, ⊳), a function 𝐹 : 𝑉 →𝑊 is called

order-preserving if 𝑣 ⪯ 𝑤 implies 𝐹𝑣⊳ 𝐹𝑤, and order-reversing if 𝑣 ⪯ 𝑤 implies 𝐹𝑤⊳ 𝐹𝑣.
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Figure 1. Order stable maps 𝑆 on [0, 1]

A bijection 𝐹 : 𝑉 → 𝑉 is an order isomorphism if both 𝐹 and 𝐹−1 are order-preserving,

and an order anti-isomorphism if both 𝐹 and 𝐹−1 are order-reversing.

Let (𝑉, 𝑆) be a dynamical system (a set 𝑉 with a self-map 𝑆) where 𝑉 is a poset

and 𝑆 has a unique fixed point 𝑣. Following Sargent and Stachurski (2025), (𝑉, 𝑆) is

called upward stable if 𝑣 ⪯ 𝑆 𝑣 implies 𝑣 ⪯ 𝑣, downward stable if 𝑆 𝑣 ⪯ 𝑣 implies 𝑣 ⪯ 𝑣,

and order stable if both hold.

Figure 1 gives two examples of order stable maps 𝑆 on 𝑉 = [0, 1]. All points mapped

up by 𝑆 lie below its unique fixed point, while all points mapped down by 𝑆 lie above

its fixed point. The map in panel (b) is non-monotone, illustrating that order stability

does not require monotonicity.

Intuitively, order stability says that the fixed point 𝑣 of 𝑆 separates 𝑉 into two

regions: elements that 𝑆 maps upward all lie below 𝑣, and elements that 𝑆 maps

downward all lie above 𝑣. This is an order-theoretic analogue of global stability. (A

dynamical system (𝑉, 𝑆) on a metric space is called globally stable if 𝑆 has a unique

fixed point 𝑣 and 𝑆𝑘𝑣 → 𝑣 for all 𝑣 ∈ 𝑉.) Whereas global stability requires a topology

and ensures convergence of trajectories, order stability requires only a partial order.

Moreover, order stability is implied by global stability when 𝑆 is order-preserving and

the space 𝑉 has both a topology and a partial order:

Example 2.1. Let (𝑉,⪯, 𝜌) be a partially ordered space (i.e., a metric space (𝑉, 𝜌)
where ⪯ is closed under limits). If (𝑉, 𝑆) is globally stable and 𝑆 is order-preserving,

then (𝑉, 𝑆) is order stable. To see this, let 𝑣 be the unique fixed point of 𝑆 in 𝑉.

Upward stability holds because if 𝑣 ∈ 𝑉 and 𝑣 ⪯ 𝑆 𝑣, then, iterating on this inequality

and using the fact that 𝑆 is order-preserving, we have 𝑣 ⪯ 𝑆𝑘 𝑣 for all 𝑘 ∈ N. Applying
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global stability and taking the limit gives 𝑣 ⪯ 𝑣. Hence upward stability holds. The

proof of downward stability is similar.

Two dynamical systems (𝑉, 𝑆) and (𝑉, 𝑆) on posets are called order conjugate under

𝐹 when they are conjugate (i.e., 𝐹 ◦ 𝑆 = 𝑆 ◦ 𝐹 for some bijection 𝐹) and 𝐹 is an

order isomorphism. Order conjugacy is an equivalence relation that preserves order

stability: if (𝑉, 𝑆) and (𝑉, 𝑆) are order conjugate, then one is order stable if and only

if the other is (Lemma A.4 in Appendix A.4).

3. Abstract Dynamic Programs

We follow the abstract dynamic programming framework of Sargent and Stachurski

(2025), which was partly inspired by Bertsekas (2022). For us, the benefit of the

framework in Sargent and Stachurski (2025) is that dynamic programs are represented

as families of policy operators. This abstract representation allows us to apply the

notion of order conjugacy to study relationships between dynamic programs.

3.1. Definition and Examples. Sargent and Stachurski (2025) define an abstract

dynamic program (ADP) to be a pair 𝒜 = (𝑉, {𝑇𝜎}𝜎∈Σ), where

(i) 𝑉 = (𝑉,⪯) is a partially ordered set and

(ii) {𝑇𝜎}𝜎∈Σ is a family of order-preserving self-maps on 𝑉, indexed by 𝜎 ∈ Σ.

Elements of the index set Σ are referred to as policies and elements of {𝑇𝜎}𝜎∈Σ are

called policy operators. When Σ is understood, we often write {𝑇𝜎}𝜎∈Σ as {𝑇𝜎}. Thus,

each 𝜎 ∈ Σ defines a dynamical system (𝑉, 𝑇𝜎), whereas (𝑉, {𝑇𝜎}) denotes the entire

ADP. In all applications, the significance of each policy operator 𝑇𝜎 is that its fixed

point, denoted below by 𝑣𝜎, represents the lifetime value (or cost) of following policy

𝜎.

Example 3.1 (MDPs). Consider a Markov decision process (MDP; see, e.g., Put-

erman (2005)) where the aim is to maximize E
∑
𝑡⩾0 𝛽

𝑡𝑟(𝑋𝑡, 𝐴𝑡) when 𝑋𝑡 takes values

in finite set X (the state space), 𝐴𝑡 takes values in finite set A (the action space), Γ

is a nonempty correspondence from X to A, the set G ≔ {(𝑥, 𝑎) ∈ X × A : 𝑎 ∈ Γ(𝑥)}
denotes feasible state-action pairs, 𝑟 is a reward function defined on G, 𝛽 ∈ (0, 1) is a

discount factor, and 𝑃 : G×X → [0, 1] provides transition probabilities. The Bellman

equation for this problem is

𝑣(𝑥) = max
𝑎∈Γ(𝑥)

{
𝑟(𝑥, 𝑎) + 𝛽

∑︁
𝑥′
𝑣(𝑥′)𝑃(𝑥, 𝑎, 𝑥′)

}
(𝑥 ∈ X). (1)
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The set of feasible policies is Σ := {𝜎 ∈ AX : 𝜎(𝑥) ∈ Γ(𝑥) for all 𝑥 ∈ X}. We combine

R
X (the set of all real-valued functions on X) with the pointwise partial order ⩽ and,

for 𝜎 ∈ Σ and 𝑣 ∈ RX, define the MDP policy operator

(𝑇𝜎 𝑣) (𝑥) = 𝑟(𝑥, 𝜎(𝑥)) + 𝛽
∑︁
𝑥′
𝑣(𝑥′)𝑃(𝑥, 𝜎(𝑥), 𝑥′) (𝑥 ∈ X). (2)

The pair (RX, {𝑇𝜎}) is an ADP.

Example 3.2 (Risk-sensitive MDPs). Risk-sensitive MDPs (Howard and Matheson,

1972) modify the MDP model in Example 3.1 so that the policy operators take the

form

(𝑇𝜃𝜎 𝑣) (𝑥) = 𝑟(𝑥, 𝜎(𝑥)) + 𝛽

𝜃
ln

[∑︁
𝑥′

exp(𝜃𝑣(𝑥′))𝑃(𝑥, 𝜎(𝑥), 𝑥′)
]

where 𝜃 is some fixed value in Θ :=R \ {0}. The pair (RX, {𝑇𝜃𝜎 }) is an ADP.

Further examples of ADPs, including 𝑄-factor and risk-sensitive 𝑄-factor formula-

tions from the reinforcement learning literature, are given in Appendix B.

3.2. Lifetime Values. The objective of dynamic programming is to maximize or

minimize lifetime value. Following Sargent and Stachurski (2025), we identify the

lifetime value of any given policy 𝜎 as the unique fixed point of 𝑇𝜎, whenever it exists.

When it does exist, we denote this fixed point by 𝑣𝜎 and call it the 𝜎-value function.

Example 3.3. Consider the MDP setting of Example 3.1. Let 𝑟𝜎 and 𝑃𝜎 be defined

by

𝑟𝜎(𝑥) := 𝑟(𝑥, 𝜎(𝑥)) and (𝑃𝜎𝑣) (𝑥) :=
∑︁
𝑥′
𝑣(𝑥′)𝑃(𝑥, 𝜎(𝑥), 𝑥′). (3)

The standard MDP definition of the lifetime value of policy 𝜎 given 𝑋0 = 𝑥 is 𝑣𝜎(𝑥) =
E

∑
𝑡⩾0 𝛽

𝑡𝑟(𝑋𝑡, 𝜎(𝑋𝑡)), where (𝑋𝑡)𝑡⩾0 is a Markov chain generated by 𝑃𝜎 with initial

condition 𝑋0 = 𝑥 ∈ X. Pointwise on X, we can express 𝑣𝜎 as

𝑣𝜎 =
∑︁
𝑡⩾0

(𝛽𝑃𝜎)𝑡𝑟𝜎 = (𝐼 − 𝛽𝑃𝜎)−1𝑟𝜎 (4)

(see, e.g., Puterman (2005), Theorem 6.1.1, or Kochenderfer et al. (2022), Section 7.2).

Equivalently, 𝑣𝜎 is the unique solution to the equation 𝑣 = 𝑟𝜎 + 𝛽𝑃𝜎 𝑣. Inspecting the

definition of 𝑇𝜎 in (2), we see this is also equivalent to the statement that 𝑣𝜎 is the

unique fixed point of 𝑇𝜎.

Similarly, for the risk-sensitive MDP of Example 3.2, the operator 𝑇𝜃𝜎 is a con-

traction on RX and its unique fixed point represents the lifetime value of following

𝜎.
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3.3. Greedy Policies. The core idea behind the theory of dynamic programming is

that an optimal policy can be obtained by choosing actions that solve a two-period

problem involving a Bellman equation (Bellman, 1957). The optimal actions in the

two-period problem produce what are typically called “greedy policies.” For example,

in the context of Example 3.1, a policy 𝜎 satisfying

𝜎(𝑥) ∈ arg max

{
𝑟(𝑥, 𝑎) + 𝛽

∑︁
𝑥′
𝑣(𝑥′)𝑃(𝑥, 𝑎, 𝑥′)

}
for all 𝑥 ∈ X. (5)

is called a “greedy policy with respect to 𝑣.” See, for example, Kochenderfer et al.

(2022), Section 7.3.

Following Sargent and Stachurski (2025), we generalize this idea to the abstract

setting. In particular, given an ADP (𝑉, {𝑇𝜎}) and an element 𝑣 ∈ 𝑉, a policy 𝜎 in Σ

is called

• 𝑣-min-greedy if 𝑇𝜎 𝑣 ⪯ 𝑇𝜏 𝑣 for all 𝜏 ∈ Σ, and

• 𝑣-max-greedy if 𝑇𝜏 𝑣 ⪯ 𝑇𝜎 𝑣 for all 𝜏 ∈ Σ.

For example, in the context of Example 3.1, with ⩽ as the pointwise partial order, a

policy 𝜎 obeying (5) satisfies 𝑇𝜏 𝑣 ⩽ 𝑇𝜎 𝑣 for all 𝜏 ∈ Σ, and hence is 𝑣-max-greedy. A

𝑣-min-greedy policy can be constructed by replacing arg max in (5) with arg min.

3.4. Bellman Operators. For a generic ADP (𝑉, {𝑇𝜎}), we respectively define the

Bellman min-operator and the Bellman max-operator via

𝑇▽ 𝑣 :=
∧
𝜎

𝑇𝜎 𝑣 and 𝑇△ 𝑣 :=
∨
𝜎

𝑇𝜎 𝑣 (6)

whenever the infimum (resp., supremum) exists. We say that 𝑣 ∈ 𝑉 satisfies the

Bellman max-equation (resp., the Bellman min-equation) if it is a fixed point of 𝑇△
(resp., 𝑇▽). Notice that 𝜎 ∈ Σ is

(i) 𝑣-max-greedy if and only if 𝑇𝜎 𝑣 = 𝑇△ 𝑣, and

(ii) 𝑣-min-greedy if and only if 𝑇𝜎 𝑣 = 𝑇▽ 𝑣.

To illustrate, consider the MDP setting of Example 3.1. Traditionally, the Bellman

operator for this model is given by

(𝑇𝑣) (𝑥) = max
𝑎∈Γ(𝑥)

{
𝑟(𝑥, 𝑎) + 𝛽

∑︁
𝑥′
𝑣(𝑥′)𝑃(𝑥, 𝑎, 𝑥′)

}
(𝑥 ∈ X). (7)
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(See, e.g., Puterman (2005).) For the ADP (RX, {𝑇𝜎}) generated by this MDP, this

Bellman operator exactly coincides with the Bellman max-operator 𝑇△ in (6). Re-

placing max with min in (7) produces the Bellman min-operator from (6).

3.5. Properties of ADPs. To obtain optimality results, we need to place structure

on ADPs. Here and below, we call an ADP 𝒜 = (𝑉, {𝑇𝜎})

• well-posed if 𝑇𝜎 has a unique fixed point 𝑣𝜎 in 𝑉 for each 𝜎 ∈ Σ,

• order stable if (𝑉, 𝑇𝜎) is order stable for each 𝜎 ∈ Σ.

In addition, we let

𝑉𝐺△ := {𝑣 ∈ 𝑉 : 𝑣 has at least one 𝑣-max-greedy policy}

and define 𝑉𝐺▽ analogously, with min-greedy in place of max-greedy. Note that 𝑇△ 𝑣 is

well-defined whenever 𝑣 ∈ 𝑉𝐺△ , since the supremum in (6) is then attained. We call 𝒜

max-regular if 𝑉𝐺△ = 𝑉 and min-regular if 𝑉𝐺▽ = 𝑉.

Our optimality results require the following combination of conditions. We call 𝒜

• max-stable if 𝒜 is order stable and 𝑇△ has a fixed point in 𝑉𝐺△ , and

• min-stable if 𝒜 is order stable and 𝑇▽ has a fixed point in 𝑉𝐺▽ .

Well-posedness is a minimum regularity condition for ADPs. Without it, we cannot

be sure that policies have well-defined lifetime values. Well-defined lifetime values are

essential because maximizing (or minimizing) lifetime value over the set of all policies

is the objective of dynamic programming.

Order stability is a natural regularity assumption for ADPs. To understand this,

suppose 𝒜 is well-posed and consider upward stability for an arbitrary policy operator

𝑇𝜎 with fixed point 𝑣𝜎. If 𝑣 ⪯ 𝑇𝜎 𝑣, then following policy 𝜎 for one period offers an

improvement in value. Since the problem is stationary, this suggests that following

the policy forever will also be an improvement. Thus, we expect 𝑣 ⪯ 𝑣𝜎, in which case

upward stability holds. Intuition for downward stability is similar.

Example 3.4. The ADP (RX, {𝑇𝜎}) from the MDP setting of Example 3.1 is well-

posed, order stable and max-regular. Well-posedness was shown in Section 3.2, where

we saw that each policy operator 𝑇𝜎 has unique fixed point 𝑣𝜎 := (𝐼 − 𝛽𝑃𝜎)−1𝑟𝜎.
Regarding order stability, fix 𝜎 ∈ Σ. If 𝑇𝜎 𝑣 ⩾ 𝑣, then 𝑟𝜎 + 𝛽𝑃𝜎 𝑣 ⩾ 𝑣 and hence

(𝐼 − 𝛽𝑃𝜎)𝑣 ⩽ 𝑟𝜎. Since (𝐼 − 𝛽𝑃𝜎)−1 is positive, we get 𝑣 ⩽ 𝑣𝜎. Hence (𝑉, 𝑇𝜎) is upward

stable. A similar proof shows that (𝑉, 𝑇𝜎) is downward stable, and therefore order

stable. Finally, since X and each Γ(𝑥) are finite, the maximum in (5) is attained at



10 JOHN STACHURSKI AND JUNNAN ZHANG

each 𝑥 ∈ X for every 𝑣 ∈ RX. Hence every 𝑣 ∈ RX has a 𝑣-max-greedy policy, and the

ADP is max-regular.

Example 3.5. The ADP (RX, {𝑇𝜃𝜎 }) generated by the risk-sensitive MDP from Exam-

ple 3.2 is well-posed, order stable and max-regular. Evidently 𝑇𝜃𝜎 is order-preserving

on 𝑉 = RX. Moreover, (𝑉, 𝑇𝜃𝜎 ) is globally stable (see, e.g., Bäuerle and Jaśkiewicz

(2018)). In particular, 𝑇𝜃𝜎 has a unique fixed point in 𝑉, so the ADP is well-posed.

Global stability also implies that (𝑉, 𝑇𝜃𝜎 ) is order stable, by Example 2.1. Given 𝑣 ∈ 𝑉,

we can construct a 𝑣-max-greedy policy 𝜎 by setting

𝜎(𝑥) ∈ arg max

{
𝑟(𝑥, 𝑎) + 𝛽

𝜃
ln

[∑︁
𝑥′

exp(𝜃𝑣(𝑥′))𝑃(𝑥, 𝑎, 𝑥′)
]}

for all 𝑥 ∈ X. Hence (𝑉, {𝑇𝜃𝜎 }) is max-regular.

In Section 4.3 we show that the ADPs in Examples 3.4 and 3.5 are also max-stable.

4. Optimality

In this section we state conditions for optimality in our abstract setting. These

conditions are closely related to those in Sargent and Stachurski (2025). Later, in

Section 5, we will study how optimality properties are preserved under transforma-

tions.

4.1. Max-Optimality. Let 𝒜 be a well-posed ADP. We let 𝑉Σ := {𝑣𝜎}𝜎∈Σ denote the

set of 𝜎-value functions. If 𝑉Σ has a greatest element, then we denote it by 𝑣△ and

call it the max-value function. A policy 𝜎 ∈ Σ is called max-optimal for 𝒜 if 𝑣𝜎 is a

greatest element of 𝑉Σ; that is, if 𝑣△ exists and 𝑣𝜎 = 𝑣△.

In the following result, we take 𝒜 to be an ADP with Bellman operator 𝑇△.

Theorem 4.1 (Max-optimality). If 𝒜 is max-stable, then

(i) the max-value function 𝑣△ exists and lies in 𝑉𝐺△ ,

(ii) 𝑣△ is the unique solution to the Bellman max-equation in 𝑉𝐺△ ,

(iii) a policy is max-optimal if and only if it is 𝑣△-max-greedy, and

(iv) at least one max-optimal policy exists.

The proof of Theorem 4.1 is given in the appendix (page 28).

Theorem 4.1 mildly extends Theorem 5.1 of Sargent and Stachurski (2025) by

replacing max-regularity with the weaker requirement that 𝑇△ have a fixed point in
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𝑉𝐺△ . This weaker condition allows the isomorphism results of Section 5 to be applied

to continuous-state models, where max-regularity typically fails. If 𝒜 is max-regular,

then 𝑉𝐺△ = 𝑉, and part (ii) states that 𝑣△ is the unique solution to the Bellman

max-equation in 𝑉.

4.2. Min-Optimality. Analogous results hold for minimization. Let 𝒜 be a well-

posed ADP. We call a policy 𝜎 ∈ Σ min-optimal for 𝒜 if 𝑣𝜎 is a least element of 𝑉Σ.

When 𝑉Σ has a least element we denote it by 𝑣▽ and call it the min-value function.

In the following result, we take 𝒜 to be an ADP with Bellman operator 𝑇▽.

Theorem 4.2 (Min-optimality). If 𝒜 is min-stable, then

(i) the min-value function 𝑣▽ exists and lies in 𝑉𝐺▽ ,

(ii) 𝑣▽ is the unique solution to the Bellman min-equation in 𝑉𝐺▽ ,

(iii) a policy is min-optimal if and only if it is 𝑣▽-min-greedy, and

(iv) at least one min-optimal policy exists.

Theorem 4.2 follows from Theorem 4.1 by order duality. The proof is given in

Appendix C.2.

4.3. Sufficient Conditions. Theorems 4.1 and 4.2 are high-level results that as-

sume the Bellman operator has a fixed point in 𝑉𝐺△ or 𝑉𝐺▽ . Since order stability is

often straightforward to check, as Examples 3.4 and 3.5 show, verifying max- or min-

stability in applications mainly requires establishing this fixed point condition. Below

we discuss two familiar settings in which max- or min-stability can be verified using

general results, followed by cases that require more specific metric or order-theoretic

arguments.

4.3.1. Contractions. A common strategy is to find a subset 𝑉0 ⊆ 𝑉𝐺△ on which 𝑇△ has

a fixed point. By Theorem 4.1(ii), 𝑣△ then lies in 𝑉0. This is useful because policy

evaluation and Bellman optimization often call for different regularity, as illustrated

below.

The next result implements this strategy when the policy operators are contrac-

tions. It requires the metric 𝜌 to be sup-nonexpansive, a condition defined in Ap-

pendix C.3 and satisfied, for example, by the supremum norm on bounded functions

with the pointwise order.
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Proposition 4.3. Let (𝑉,⪯, 𝜌) be a partially ordered space with 𝜌 complete and sup-

nonexpansive, and let 𝑉0 be a closed subset of 𝑉 such that 𝑉0 ⊆ 𝑉𝐺△ and 𝑇△𝑉0 ⊆ 𝑉0. If

each 𝑇𝜎 is a contraction of modulus 𝛽 ∈ [0, 1) on 𝑉, then 𝒜 is max-stable and 𝑣△ ∈ 𝑉0.

Proposition 4.3 is a variation on a result in Peng et al. (2026) and is proved in

Appendix C.3. Applying it to the dual ADP 𝒜
𝜕 (Appendix C.2) yields a min version

whenever 𝜌 satisfies the analogous condition for infima.

To illustrate, consider a continuous-state version of the MDP in Example 3.1 with

compact metric state and action spaces and bounded rewards. Let 𝑉 be the bounded

Borel measurable functions under the supremum norm and 𝑉0 be the subset of con-

tinuous functions. Each policy operator is a contraction on 𝑉 but need not preserve

continuity. Under standard regularity conditions on the model primitives and ad-

missible policies, however, 𝑇△ maps 𝑉0 into itself and every 𝑣 ∈ 𝑉0 has a measurable

greedy policy (see Peng et al. (2026)). Proposition 4.3 then implies that the ADP

is max-stable and 𝑣△ ∈ 𝑉0, even though all measurable policies, including those with

discontinuous value functions, are compared.

4.3.2. Finite Policy Sets. Here is another useful condition, which covers the case

where state and action spaces are finite.

Proposition 4.4. Let 𝒜 be order stable and suppose the set of policies is finite. In

this setting,

(i) if 𝒜 is max-regular, then 𝒜 is max-stable, and

(ii) if 𝒜 is min-regular, then 𝒜 is min-stable.

Proposition 4.4 follows from Theorem 5.4 of Sargent and Stachurski (2025); for

completeness, a proof is given in Appendix C.3.

For example, the ADPs in Examples 3.4 and 3.5 are order stable and max-regular,

and their policy sets are finite, since X and the choice sets are all finite. Hence, by

Proposition 4.4, both ADPs are max-stable.

4.3.3. Direct Verification. Some important models fit neither of the settings above.

In such cases, max- or min-stability can be verified directly using fixed point theorems

suited to the operators at hand, often after passing to a conjugate representation (Sec-

tion 5). Although an order isomorphism preserves purely order-theoretic properties

such as chain completeness and order continuity, a nonlinear transformation can in-

duce properties that combine the partial order with vector-space or metric structure,
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such as concavity, convexity, or contractiveness. For example, in the continuous-state

Epstein–Zin model of Section 6.1, the operators need not be contractions, but a con-

jugate representation makes them concave or convex, allowing us to apply the fixed

point theorems of Stachurski et al. (2025). Other fixed point results that can be used

to establish Bellman fixed points include the order-theoretic results of Kamihigashi

(2014) for additive programs and those of Bloise et al. (2024) for recursive programs.

5. Isomorphic ADPs

In this section we introduce isomorphic relationships between ADPs and explore

their implications for optimality. True to their name, isomorphic relationships are

symmetric, transitive and reflexive. We show that isomorphic ADPs have identical

optimality properties.

5.1. Definition and Properties. Let 𝒜 = (𝑉, {𝑇𝜎}) and 𝒜 = (𝑉, {𝑇𝜎}) be two ADPs.

We call 𝒜 and 𝒜 isomorphic under 𝐹 if these two ADPs have the same policy set Σ

and 𝐹 is an order isomorphism from 𝑉 to 𝑉 such that

𝐹 ◦ 𝑇𝜎 = 𝑇𝜎 ◦ 𝐹 on 𝑉 for all 𝜎 ∈ Σ. (8)

In other words, (𝑉, 𝑇𝜎) and (𝑉, 𝑇𝜎) are order conjugate under 𝐹 for all 𝜎 ∈ Σ.5

An illustration of isomorphic ADPs built from 𝑄-factor formulations is given in

Appendix B. We also provide a further illustration involving risk-sensitive and Kreps–

Porteus preferences in Section 6.2.

Remark 5.1. For ADPs 𝒜,𝒜, let 𝒜 ∼ 𝒜 indicate that 𝒜 and 𝒜 are isomorphic.

It is elementary to show that the relation ∼ is reflexive, symmetric and transitive.

Hence ∼ is an equivalence relation on the set of all ADPs.

5.2. Isomorphisms and Optimality. We seek a connection between value func-

tions and optimality properties of isomorphic ADPs. The theory below provides this

relationship. For all of this section, we take 𝒜 = (𝑉, {𝑇𝜎}) and 𝒜 = (𝑉, {𝑇𝜎}) to be

two ADPs with the same policy set. When they exist, we let

• 𝑣𝜎 (resp., 𝑣𝜎) be the unique fixed point of 𝑇𝜎 (resp., 𝑇𝜎)

• 𝑇△ (resp., 𝑇△) be the Bellman max-operator of 𝒜 (resp., 𝒜)

5While the definition requires that the two ADPs have the same policy set Σ, it suffices that

the policy sets can be put in one-to-one correspondence with each other. Indeed, given a bijection

ℎ : Σ → Σ̂, we can index the second family of policy operators by Σ, writing 𝑇𝜎 := 𝑇ℎ(𝜎) .
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• 𝑇▽ (resp., 𝑇▽) be the Bellman min-operator of 𝒜 (resp., 𝒜)

• 𝑣△ (resp., 𝑣△) be the max-value function of 𝒜 (resp., 𝒜)

• 𝑣▽ (resp., 𝑣▽) be the min-value function of 𝒜 (resp., 𝒜)

Isomorphic ADPs share the same regularity properties:

Theorem 5.1. If 𝒜 and 𝒜 are isomorphic under 𝐹, then

(i) 𝒜 is well-posed if and only if 𝒜 is well-posed.

(ii) 𝒜 is order stable if and only if 𝒜 is order stable.

(iii) 𝒜 is max-stable if and only if 𝒜 is max-stable. In this case,

𝐹 ◦ 𝑇△ = 𝑇△ ◦ 𝐹 on 𝑉𝐺△ and 𝑣△ = 𝐹 𝑣△ . (9)

Moreover, 𝒜 and 𝒜 have the same max-optimal policies.

(iv) 𝒜 is min-stable if and only if 𝒜 is min-stable. In this case,

𝐹 ◦ 𝑇▽ = 𝑇▽ ◦ 𝐹 on 𝑉𝐺▽ and 𝑣▽ = 𝐹 𝑣▽ . (10)

Moreover, 𝒜 and 𝒜 have the same min-optimal policies.

The proof (page 31) uses condition (8) to show that 𝐹 maps 𝑉𝐺△ onto 𝑉𝐺△ and

commutes with the Bellman operators on 𝑉𝐺△ (and similarly for the min case), and

then combines Theorem 4.1 with properties of order conjugate systems.

Remark 5.2 (Monotone comparative statics). Theorem 5.1 also allows monotone

comparative statics established in one representation to carry over to another.6 Let

𝜃 range over a poset Θ, and suppose that 𝒜𝜃 and 𝒜𝜃 are max-stable and isomor-

phic under 𝐹𝜃 for each 𝜃 ∈ Θ, with a common partially ordered policy set Σ. By

Theorem 5.1(iii), 𝒜𝜃 and 𝒜𝜃 have the same max-optimal policies at every 𝜃, so any

monotonicity of the optimal-policy correspondence in 𝜃 established for one family

holds immediately for the other, even when 𝐹𝜃 depends on 𝜃. On the other hand,

comparing max-value functions across parameters requires more structure: if 𝐹𝜃 = 𝐹 is

independent of 𝜃, then 𝑣△ = 𝐹 𝑣△ implies that the max-value function is increasing in

𝜃 in one representation if and only if it is in the other, whereas a parameter-dependent

𝐹𝜃 requires additional conditions on how 𝐹𝜃 varies with 𝜃.

In applications, monotonicity of optimal policies is often established by verifying

lattice-programming conditions on the Bellman objective. Ordinal conditions such as

quasisupermodularity and single crossing (Milgrom and Shannon, 1994) are preserved

whenever the objective at each state undergoes a strictly increasing transformation,

6We thank an anonymous referee for pointing out this connection.
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so they hold in one representation if and only if they hold in the other. Cardinal

conditions such as supermodularity and increasing differences, by contrast, are not

invariant under nonlinear transformations. As with concavity or contractiveness in

Section 6, this allows a suitable transformation 𝐹𝜃 to induce supermodularity or in-

creasing differences in 𝒜𝜃 when they fail in 𝒜𝜃, although identifying general conditions

that guarantee these properties in the transformed problem is nontrivial.

5.3. Anti-Isomorphic ADPs. Let 𝒜 = (𝑉, {𝑇𝜎}) and 𝒜 = (𝑉, {𝑇𝜎}) be two ADPs.

We call 𝒜 and 𝒜 anti-isomorphic under 𝐹 if they have the same policy set Σ and, in

addition, there exists an order anti-isomorphism 𝐹 from 𝑉 to 𝑉 such that (8) holds

(see Example B.3).

If 𝒜
𝑎∼ 𝒜 indicates that 𝒜 and 𝒜 are anti-isomorphic, then

𝑎∼ is symmetric but, in

general, neither reflexive nor transitive.

Here is an optimality result for anti-isomorphic ADPs that parallels Theorem 5.1.

Theorem 5.2. If 𝒜 and 𝒜 are anti-isomorphic under 𝐹, then

(i) 𝒜 is well-posed if and only if 𝒜 is well-posed.

(ii) 𝒜 is order stable if and only if 𝒜 is order stable.

(iii) 𝒜 is max-stable if and only if 𝒜 is min-stable. In this case,

𝐹 ◦ 𝑇△ = 𝑇▽ ◦ 𝐹 on 𝑉𝐺△ and 𝑣▽ = 𝐹 𝑣△ . (11)

Moreover, 𝜎 ∈ Σ is max-optimal for 𝒜 if and only if 𝜎 is min-optimal for 𝒜.

The proof of Theorem 5.2 is given in the appendix (page 32).

5.4. Algorithms. Next we consider three standard dynamic programming algorithms:

value function iteration (VFI), optimistic policy iteration (OPI) and Howard policy

iteration (HPI). We show that isomorphic ADPs generate conjugate sequences under

each of these algorithms, so that convergence in one representation is equivalent to

convergence in the other.

Let 𝒜 = (𝑉, {𝑇𝜎}) be a max-stable ADP and fix 𝑣 ∈ 𝑉𝐺△ and 𝑚 ∈ N.

• A VFI sequence from 𝑣 is a sequence (𝑣𝑛)𝑛⩾0 in 𝑉𝐺△ with 𝑣0 = 𝑣 and 𝑣𝑛+1 = 𝑇△ 𝑣𝑛
for all 𝑛.

• An OPI sequence with step size 𝑚 from 𝑣 is a pair of sequences (𝑣𝑛)𝑛⩾0 in 𝑉𝐺△
and (𝜎𝑛)𝑛⩾0 in Σ such that 𝑣0 = 𝑣, each 𝜎𝑛 is 𝑣𝑛-max-greedy and 𝑣𝑛+1 = 𝑇𝑚𝜎𝑛 𝑣𝑛

for all 𝑛.
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• An HPI sequence from 𝑣 is a pair of sequences (𝑣𝑛)𝑛⩾0 in 𝑉𝐺△ and (𝜎𝑛)𝑛⩾0 in Σ

such that 𝑣0 = 𝑣, each 𝜎𝑛 is 𝑣𝑛-max-greedy and 𝑣𝑛+1 = 𝑣𝜎𝑛 for all 𝑛.7

Following Peng et al. (2026), we use an order-theoretic notion of convergence, writing

𝑣𝑛 ↑ 𝑣△ if (𝑣𝑛) is increasing and
∨

𝑛 𝑣𝑛 = 𝑣△ (see Appendix A.1).8 An HPI sequence

converges in finitely many steps if 𝑣𝑛 = 𝑣△ for some 𝑛. When 𝒜 is order stable and

max-regular and Σ is finite, every HPI sequence converges in finitely many steps (see

Proposition 4.4, Theorem 5.4 of Sargent and Stachurski (2025), and Appendix C.3).

Proposition 5.3. Let 𝒜 and 𝒜 be isomorphic under 𝐹, and let 𝒜 be max-stable.

For all 𝑣 ∈ 𝑉𝐺△ and 𝑚 ∈ N,

(i) (𝑣𝑛) is a VFI sequence for 𝒜 from 𝑣 if and only if (𝐹𝑣𝑛) is a VFI sequence

for 𝒜 from 𝐹𝑣,

(ii) ((𝑣𝑛), (𝜎𝑛)) is an OPI sequence with step size 𝑚 for 𝒜 from 𝑣 if and only if

((𝐹𝑣𝑛), (𝜎𝑛)) is an OPI sequence with step size 𝑚 for 𝒜 from 𝐹𝑣, and

(iii) ((𝑣𝑛), (𝜎𝑛)) is an HPI sequence for 𝒜 from 𝑣 if and only if ((𝐹𝑣𝑛), (𝜎𝑛)) is an
HPI sequence for 𝒜 from 𝐹𝑣.

In each case, 𝑣𝑛 ↑ 𝑣△ if and only if 𝐹𝑣𝑛 ↑ 𝑣△, and an HPI sequence for 𝒜 converges

in finitely many steps if and only if the corresponding HPI sequence for 𝒜 does.

Thus, isomorphic ADPs run the same algorithms in lockstep. In particular, OPI

and HPI select the same sequence of policies in both representations. No continuity

assumption on 𝐹 is required. An analogous result for anti-isomorphic ADPs is given

with the proofs in Appendix C.4.

6. Applications

In this section we show how isomorphic relationships can simplify or illuminate

dynamic programming problems.

7If 𝒜 is max-regular, then VFI sequences always exist, while OPI and HPI sequences exist for

every choice of greedy policies. Without regularity, the iterates can leave 𝑉𝐺△ , in which case no such

sequence exists from 𝑣.
8When 𝑣 ⪯ 𝑇△𝑣, the sequence (𝑣𝑛) is increasing under each algorithm whenever it exists.
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6.1. Modified Epstein–Zin Equations. Consider an Epstein–Zin version of the

MDP in Example 3.1 (see, e.g., Epstein and Zin (1989) or Weil (1990)) with X and

A compact metric spaces. The Bellman max-equation takes the form

𝑣(𝑥) = max
𝑎∈Γ(𝑥)

{
𝑟(𝑥, 𝑎)𝛼 + 𝛽(𝑥)

(∫
X
𝑣(𝑥′)𝛾𝑃(𝑥, 𝑎, d𝑥′)

)𝛼/𝛾}1/𝛼

,

where 𝛾 and 𝛼 are nonzero parameters. Following much of the recent literature,

we have allowed the rate of time preference 𝛽 to depend on the state (see, e.g.,

Albuquerque et al. (2016), Schorfheide et al. (2018), de Groot et al. (2018), Gomez-

Cram and Yaron (2020)). Let Γ be continuous with nonempty compact values, and let

𝑟 : G → (0,∞) and 𝛽 : X → (0,∞) be continuous. Let Σ consist of all Borel measurable

selections from Γ. With 𝑟𝜎 as in (3) and 𝑃𝜎 defined by

(𝑃𝜎𝑣) (𝑥) :=

∫
X
𝑣(𝑥′)𝑃(𝑥, 𝜎(𝑥), d𝑥′),

the policy operator 𝑇𝜎 can be written as

𝑇𝜎 𝑣 =
{
𝑟𝛼𝜎 + 𝛽 (𝑃𝜎 𝑣𝛾)𝛼/𝛾

}1/𝛼
, (12)

where powers are taken pointwise.

Let 𝐵𝑏(X) and 𝐶(X) denote the bounded Borel measurable and continuous real-

valued functions on X, respectively. We assume that the transition kernel 𝑃 is weakly

continuous: for every 𝑓 ∈ 𝐶(X), the map

(𝑥, 𝑎) ↦→
∫
X
𝑓 (𝑥′)𝑃(𝑥, 𝑎, d𝑥′)

is continuous on G. Set

𝑉 := {𝑣 ∈ 𝐵𝑏(X) : inf
𝑥∈X

𝑣(𝑥) > 0}, (13)

paired with the pointwise order. Under these assumptions, 𝑇𝜎 is an order-preserving

self-map on (𝑉,⩽), and 𝒜 := (𝑉, {𝑇𝜎}) is an ADP.

Now set

𝜃 :=
𝛾

𝛼
and 𝑇𝜎 𝑣 :=

{
𝑟𝛼𝜎 + 𝛽 (𝑃𝜎𝑣)1/𝜃

}𝜃
. (14)

The pair 𝒜 = (𝑉, {𝑇𝜎}) is also an ADP.

Lemma 6.1. The following relationships hold:

(i) If 𝛾 > 0, then 𝒜 and 𝒜 are isomorphic.

(ii) If 𝛾 < 0, then 𝒜 and 𝒜 are anti-isomorphic.
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Proof. Let 𝐹 : 𝑉 → 𝑉 be the bijective map 𝐹𝑣 = 𝑣𝛾 (since powers preserve Borel

measurability, boundedness, and a positive infimum). Fixing 𝜎 and applying (12)

yields

𝐹 𝑇𝜎 𝑣 = (𝑇𝜎 𝑣)𝛾 =
{
𝑟𝛼𝜎 + 𝛽 (𝑃𝜎 𝑣𝛾)𝛼/𝛾

}𝛾/𝛼
=

{
𝑟𝛼𝜎 + 𝛽 (𝑃𝜎 𝑣𝛾)1/𝜃

}𝜃
.

Inspection of (14) shows that 𝑇𝜎 𝐹𝑣 = 𝑇𝜎 𝑣
𝛾 is identical to the last expression in the

display above. Hence 𝐹 ◦ 𝑇𝜎 = 𝑇𝜎 ◦ 𝐹 on 𝑉. If 𝛾 > 0, then 𝐹 is order-preserving,

so 𝒜 and 𝒜 are isomorphic. If 𝛾 < 0, then 𝐹 is order-reversing, so 𝒜 and 𝒜 are

anti-isomorphic. □

Lemma 6.1 gives us a way to solve for max-optimal policies of 𝒜 by studying 𝒜

(and applying either Theorem 5.1 or Theorem 5.2). This is convenient because 𝒜 is

easier to analyze. The next section illustrates.

6.1.1. Characterizing Optimality. Suppose that 𝛽 depends on 𝑥 through a purely

exogenous state component (as in, say, de Groot et al. (2018) and Schorfheide et al.

(2018)). Specifically, X = Y × Z and 𝑥 = (𝑦, 𝑧), where

𝑃(𝑥, 𝑎,Y × 𝐸) = 𝑄(𝑧, 𝐸) and 𝛽(𝑥) = 𝛽(𝑧) (15)

for every (𝑥, 𝑎) ∈ G and Borel 𝐸 ⊆ Z. Here 𝑄 is a Markov kernel on Z, which is weakly

continuous by the assumptions on 𝑃 and Γ. For each 𝑧 ∈ Z, let (𝑍𝑡 (𝑧)) 𝑡⩾0 be a Markov

chain on Z generated by 𝑄 and starting at 𝑧. Define

Λ := lim
𝑛→∞

sup
𝑧∈Z

{
E

𝑛−1∏
𝑡=0

𝛽(𝑍𝑡 (𝑧))𝜃
}1/𝜃

1/𝑛

. (16)

Set 𝑉0 := 𝑉 ∩ 𝐶(X). We can now state the following exact result.

Theorem 6.2. Under the preceding assumptions, the following are equivalent:

(i) Λ < 1;

(ii) 𝒜 is well-posed;

(iii) 𝒜 is max-stable.

Hence, under Λ < 1, 𝑣△ ∈ 𝑉0 and all of the optimality results in Theorem 4.1 apply.

Conversely, if Λ ≥ 1, no 𝑇𝜎 has a fixed point in 𝑉.

Theorem 6.2 shows that Λ < 1 is both necessary and sufficient for well-posedness

and optimality across all nonzero 𝛼 and 𝛾. With time-preference shocks, Λ < 1

restricts (𝛼, 𝛾) jointly with the shock process through 𝜃 = 𝛾/𝛼: by the power-mean
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inequality, Λ is increasing in 𝜃, as a larger 𝜃 places more weight on states with high

𝛽(𝑧). Here 1 − 𝛾 is relative risk aversion (RRA) and (1 − 𝛼)−1 is the elasticity of

intertemporal substitution (EIS). In calibrations with RRA and the EIS both above

one (Albuquerque et al., 2016; Schorfheide et al., 2018), we have 𝛼 > 0 > 𝛾 and 𝜃 < 0,

so a higher EIS or lower RRA increases 𝜃 and tightens Λ < 1.

Existing dynamic programming results for recursive preferences establish sufficient

conditions for optimality under constant discounting (Bloise and Vailakis, 2018; Mari-

nacci and Montrucchio, 2019; Ren and Stachurski, 2021) or state-dependent discount-

ing (Stachurski and Zhang, 2021; Bloise et al., 2024).9 By contrast, Theorem 6.2 also

establishes necessity, which is new. Its proof isolates the linear continuation operator

𝛽𝜃𝑃𝜎 inside the conjugate ADP 𝒜, which leads to the necessity of Λ < 1. For suffi-

ciency, we establish order stability and existence of a Bellman fixed point using the

concave and convex fixed point theorems of Stachurski et al. (2025); we also provide

an alternative proof of the Bellman fixed point step using the order-theoretic results

of Bloise et al. (2024) (Appendix C.5).

6.1.2. Finite Irreducible Shocks. When Z is finite and 𝑄 is irreducible, the condition

has a simpler spectral form. Define the matrix 𝐾 by 𝐾 (𝑧, 𝑧′) := 𝛽(𝑧)𝜃𝑄(𝑧, 𝑧′), and let

𝜌(𝐾) denote its spectral radius.

Corollary 6.3. Under the assumptions of Theorem 6.2, if Z is finite and 𝑄 is irre-

ducible, then Λ = 𝜌(𝐾)1/𝜃. Hence 𝒜 is max-stable if and only if

𝜌(𝐾)1/𝜃 < 1. (17)

Without irreducibility, the identity Λ = 𝜌(𝐾)1/𝜃 can fail when 𝜃 < 0. The proof of

the corollary is also in Appendix C.5.

6.2. Kreps–Porteus vs Risk Sensitive Preferences. As a further application,

we show that the risk-sensitive preferences and a multiplicative variation of Kreps–

Porteus preferences, are connected by an isomorphism. This allows optimality results

from the well-studied risk-sensitive framework to be transferred to the multiplicative

Kreps–Porteus model.

Consider first the finite MDP framework of Example 3.1, using 𝑟𝜎 and 𝑃𝜎 as in (3).

Recall the risk-sensitive MDP in Example 3.2, where the policy operators take the

9For existence and uniqueness of recursive utility under an exogenous consumption process,

Borovička and Stachurski (2020) and Stachurski et al. (2025) obtain necessary and sufficient spectral

conditions under irreducibility and compactness assumptions.
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form

(𝑇𝜃𝜎 𝑣) (𝑥) = 𝑟𝜎(𝑥) +
𝛽

𝜃
ln

[∑︁
𝑥′

exp(𝜃𝑣(𝑥′))𝑃(𝑥, 𝜎(𝑥), 𝑥′)
]

(18)

for 𝑣 ∈ RX and 𝜃 ∈ R \ {0}. We show in Example 3.5 and Section 4.3 that the ADP

(RX, {𝑇𝜃𝜎 }) is max-stable and hence all of the optimality results in Theorem 4.1 apply.

An alternative formulation is to replace the entropic certainty equivalent with

Kreps–Porteus expectations, leading to the policy operator

(𝐾𝜎 𝑣) (𝑥) = 𝑟𝜎(𝑥) + 𝛽 {(𝑃𝜎 𝑣𝜈) (𝑥)}1/𝜈 (19)

for 𝑣 ∈ (0,∞)X and 𝜈 ∈ R \ {0}, where 𝑟 is strictly positive. The Kreps–Porteus ADP

((0,∞)X, {𝐾𝜎}) is harder to analyze directly because 𝐾𝜎 is not generally a contraction.

There is, however, a multiplicative variation on the Kreps–Porteus ADP that is simple

to analyze. The model is obtained by setting

(𝑀𝜎 𝑣) (𝑥) = 𝑟𝜎(𝑥) · {(𝑃𝜎 𝑣𝜈) (𝑥)}𝛽/𝜈 (20)

where 𝑣 ∈ (0,∞)X, 𝑟 is strictly positive, and 𝛽 ∈ [0, 1). We call 𝒜 := ((0,∞)X, {𝑀𝜎})
the multiplicative Kreps–Porteus (MKP) ADP.

It turns out that the MKP ADP and the risk-sensitive ADP are isomorphic. To

see this, we take logs of the Bellman max-equation associated with the MKP ADP,

obtaining

ln 𝑣(𝑥) = max
𝑎∈Γ(𝑥)

{
ln 𝑟(𝑥, 𝑎) + 𝛽

𝜈
ln

[∑︁
𝑥′
𝑣(𝑥′)𝜈𝑃(𝑥, 𝑎, 𝑥′)

]}
.

Setting 𝑣 = ln 𝑣 and 𝑟̂ = ln 𝑟 yields

𝑣(𝑥) = max
𝑎∈Γ(𝑥)

{
𝑟̂(𝑥, 𝑎) + 𝛽

𝜈
ln

[∑︁
𝑥′

exp(𝜈 𝑣(𝑥′))𝑃(𝑥, 𝑎, 𝑥′)
]}

.

This is the Bellman max-equation for the risk-sensitive MDP in (18), with 𝑟̂ in place

of 𝑟 and 𝜈 in place of 𝜃.

We can formalize this observation. The MKP ADP is 𝒜 = ((0,∞)X, {𝑀𝜎}). Let

𝐹 : (0,∞)X → R
X be the pointwise logarithm, 𝐹𝑣 = ln 𝑣, which is an order isomorphism

with inverse 𝐹−1 = exp. Consider the risk-sensitive ADP 𝒜 := (RX, {𝑇𝜈𝜎 }) with reward

𝑟̂ = ln 𝑟 and risk-sensitivity parameter 𝜃 = 𝜈.
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It remains to verify condition (8), i.e., that 𝑀𝜎 = 𝐹−1 ◦ 𝑇𝜈𝜎 ◦ 𝐹 on (0,∞)X. Setting

𝑣 = 𝐹𝑣 = ln 𝑣 for 𝑣 ∈ (0,∞)X, we have

(𝐹−1 ◦ 𝑇𝜈𝜎 ◦ 𝐹) (𝑣) (𝑥) = exp

[
ln 𝑟𝜎(𝑥) +

𝛽

𝜈
ln

[∑︁
𝑥′

exp(𝜈 𝑣(𝑥′))𝑃(𝑥, 𝜎(𝑥), 𝑥′)
] ]

= 𝑟𝜎(𝑥) ·
{∑︁

𝑥′
exp(𝜈 ln 𝑣(𝑥′))𝑃(𝑥, 𝜎(𝑥), 𝑥′)

}𝛽/𝜈

= 𝑟𝜎(𝑥) · {(𝑃𝜎 𝑣𝜈) (𝑥)}𝛽/𝜈 = (𝑀𝜎 𝑣) (𝑥).

Since 𝐹 is an order isomorphism and 𝒜 is max-stable, Theorem 5.1(iii) implies that

the MKP ADP 𝒜 is also max-stable for every 𝜈 ≠ 0, the value functions are related

by 𝑣△ = 𝐹𝑣△, and the two ADPs have the same max-optimal policies.

This result provides a practical benefit. Since the risk-sensitive MDP is an additive

model with well-developed theory (Bäuerle and Jaśkiewicz, 2018), the isomorphism

allows us to immediately establish optimality results for the multiplicative Kreps–

Porteus model without the need for separate analysis. The same isomorphism extends

naturally to continuous-state settings, where sums are replaced by expectations and

(0,∞)X by the exponential image of the value space used in Bäuerle and Jaśkiewicz

(2018).

6.3. Curvature and Approximation. Implementing dynamic programs with con-

tinuous state spaces on computers requires approximation of value functions, policy

functions, or both. The need for high quality approximations of these functions is

amplified by the fact that, in dynamic programming, most computational algorithms

use some form of iteration (such as value or Howard policy iteration), and approx-

imation errors tend to compound across iterations, potentially leading to poor final

approximations or failures of convergence (see, e.g., Farahmand et al. (2010)).

In general, functions are harder to approximate when they involve high degrees

of curvature. Intuitively, isomorphic relationships can improve accuracy of approxi-

mations and stabilize iteration by transforming dynamic programs in order to reduce

curvature or other complexities in target functions. We explore this idea in the current

section, using the multisector real business cycle model of Long and Plosser (1983)

as a test case.

In their model, the Bellman max-equation has the form

𝑣(𝑦) = max
𝑐,𝑋

{
𝑢(𝑐) + 𝛽

∫
𝑣( 𝑓 (𝜆, 𝑋))𝜑(d𝜆)

}
, (21)



22 JOHN STACHURSKI AND JUNNAN ZHANG

subject to

0 ⩽ 𝑐𝑖, 𝑋𝑖 𝑗, 𝑦𝑖 and 𝑐 𝑗 +
𝑛∑︁
𝑖=1

𝑋𝑖 𝑗 = 𝑦 𝑗 for all 𝑖, 𝑗 in {1, . . . , 𝑛}. (22)

The function 𝑓 is a Borel measurable production function taking values in R𝑛
+, 𝑐 = (𝑐 𝑗)

is an 𝑛-vector of consumption quantities across 𝑛 goods, 𝑦 = (𝑦 𝑗) is an 𝑛-vector of final

outputs, 𝑋 = (𝑥𝑖 𝑗) is an 𝑛×𝑛 matrix of commodity inputs, and 𝜑 is a distribution over

R
𝑛
+. (The labor-leisure decision is missing from (21) because we adopt a special case

of the parameterization in Long and Plosser (1983) that allows us to assume inelastic

labor supply.)

Since any strictly increasing function 𝐹 : R→ R commutes with maximization, we

can equivalently solve the transformed Bellman equation

𝑤(𝑦) = max
𝑐,𝑋

𝐹

[
𝑢(𝑐) + 𝛽

∫
(𝐹−1 ◦ 𝑤) ( 𝑓 (𝜆, 𝑋))𝜑(d𝜆)

]
(23)

for 𝑤 = 𝐹𝑣 and recover the value function of the original problem via 𝑣 = 𝐹−1𝑤, with

the same maximizing choices. (We understand 𝐹 as both a strictly increasing function

on R and as the induced pointwise order isomorphism onto its image, sending 𝑣 into

𝑦 ↦→ 𝐹(𝑣(𝑦)).) This is advantageous because, for suitably chosen 𝐹, solving (23)

significantly improves numerical accuracy.

To illustrate this point, we follow Long and Plosser (1983) in assuming that utility

obeys 𝑢(𝑐) =
∑𝑛
𝑖=1 𝜃𝑖 ln 𝑐𝑖 and production has the multisector Cobb-Douglas form

𝑓𝑖(𝜆, 𝑋) = 𝜆 𝑖
∏𝑛

𝑗=1 𝑥
𝑎𝑖 𝑗
𝑖 𝑗

. Under these assumptions, an analytical solution to (21) exists,

allowing us to compare approximate numerical solutions with exact solutions. The

analytical solution has the form 𝑣0(𝑦) =
∑𝑛
𝑖=1 𝛾𝑖 ln 𝑦𝑖 + 𝐾, where 𝛾𝑖 and 𝐾 depend

on the parameters 𝑎𝑖 𝑗 and 𝜃𝑖. This function has relatively high curvature near zero,

with both slope and curvature approaching infinity as output converges to the origin.

These features make it challenging to approximate with a high degree of accuracy.

In contrast, if we consider an isomorphic transformation (23) with 𝐹 (𝑥) = 𝑒𝑚𝑥+𝑏, then

the transformed value function is given by

(𝐹𝑣0) (𝑦) = 𝑒𝑚𝐾+𝑏
𝑛∏
𝑖=1

𝑦
𝑚𝛾𝑖
𝑖

. (24)

This function has lower curvature near zero, which facilitates approximation and leads

to improved accuracy.

To demonstrate, we solve (21) and (23) for the two-sector case under several param-

eterizations using value function iteration where the value functions are approximated
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Table 1. Accuracy Gain from Solving the Transformed Problem

Parameterization 𝐴 = ( [0.2, 0.7], [0.6, 0.1]) 𝐴 = ( [0.1, 0.7], [0.3, 0.1])

𝜃2 = 1.0 𝜃2 = 1.0

𝜃1 = 0.5 104.6 68.8

𝜃1 = 0.6 153.6 65.3

𝜃1 = 0.7 143.6 63.1

𝜃1 = 0.8 109.7 62.6

𝜃1 = 0.9 173.3 178.9

𝜃1 = 1.0 178.7 122.3

by linear interpolation on a common grid. To ensure a fair comparison, we perform

a fixed number of iterations (𝑁 = 500) for both the original and transformed prob-

lems. The maximization operations in (21) and (23) are carried out using the Adam

optimizer (Kingma and Ba, 2014) for efficient computation. In each maximization

operation, we run the optimizer for 2000 iterations following a cosine decay learning

rate schedule with a 500-step warmup. The initial, peak, and final learning rates of

the schedule are 1 × 10−6, 1 × 10−4, and 1 × 10−7, respectively, chosen through trial

and error. We then compute the sup-norm errors for the two problems, ∥𝑣 − 𝑣0∥ and

∥𝐹−1𝑤−𝑣0∥. Table 1 shows the improvement in accuracy from solving the transformed

problem, measured by ∥𝑣 − 𝑣0∥/∥𝐹−1 ◦ 𝑤 − 𝑣0∥.10

Although the transformed value function 𝑤 is not exactly linear for the two-sector

case (see (24)), we can make it approximately linear in at least one dimension by

choosing 𝐹 appropriately (e.g., setting 𝑚 ≈ 1/𝛾1). Table 1 shows that this improved

approximation of the value function leads to solutions that are, on average, 100 times

more accurate across a wide range of parameterizations. The numerical gains come

from choosing a representation better suited to linear interpolation, while conjugacy

ensures that solving the transformed problem recovers the solution to the original

problem.

10For each parameterization, we choose the parameters of the exponential transformation 𝐹 (𝑥) =
𝑒𝑚𝑥+𝑏 so that 𝐹𝑣0 is approximately linear in at least one dimension. In particular, in the second

column, 𝑚 = [0.35, 0.3, 0.3, 0.25, 0.25, 0.25] and 𝑏 = [75, 60, 65, 60, 60, 75]; in the third column, 𝑚 =

[0.9, 0.8, 0.7, 0.7, 0.6, 0.5] and 𝑏 = [90, 85, 80, 85, 80, 75]. In all cases, the state space is [1×10−7, 20]2
with 500 grid points along each dimension. The other parameter values are listed in the table.
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7. Conclusion

We studied isomorphic and anti-isomorphic relationships between dynamic pro-

grams and showed how optimality properties transmit across these relationships. We

applied these ideas to Epstein–Zin preferences with time preference shocks, to the

connection between multiplicative Kreps–Porteus and risk-sensitive preferences, and

to improving numerical accuracy in multisector real business cycle models.

Our research focused on discrete time dynamic programs, which we paired with

discrete time concepts of topological and order conjugacy. Continuous time dynamic

programs are also important and the concept of topological conjugacy has a well-

defined analogy in continuous time dynamics. This suggests that many of our ideas

can be carried over to continuous time systems. We leave this task for future research.

Another direction is to use parameterized conjugacies to study monotone compar-

ative statics, particularly in recursive utility models (see Remark 5.2 and, e.g., Flynn

et al., 2023). This raises questions about which transformations yield the required

cardinal conditions and how parameter-dependent transformations affect comparisons

of value functions.

Appendix A. Order-Theoretic Preliminaries

This appendix collects the order-theoretic definitions, dynamical systems back-

ground, and auxiliary results that underpin the main text.

A.1. Posets. Let 𝑉 = (𝑉,⪯) be a partially ordered set, also called a poset. When

𝐴 ⊂ 𝑉, the symbol
∨
𝐴 refers to the supremum of 𝐴 in 𝑉 and

∧
𝐴 is the infimum (see,

e.g., Davey and Priestley (2002)). 𝑉 is called bounded if 𝑉 has a least and greatest

element. A sequence (𝑣𝑛) in 𝑉 = (𝑉,⪯) is called increasing if 𝑣𝑛 ⪯ 𝑣𝑛+1 for all 𝑛 ∈ N.

If (𝑣𝑛) is increasing and
∨

𝑛 𝑣𝑛 = 𝑣 for some 𝑣 ∈ 𝑉, then we write 𝑣𝑛 ↑ 𝑣. The set 𝑉

is called countably chain complete if 𝑉 is bounded and every increasing sequence in 𝑉

has a supremum in 𝑉. A self-map 𝑆 on 𝑉 is called order continuous on 𝑉 if 𝑆𝑣𝑛 ↑ 𝑆𝑣
whenever 𝑣𝑛 ↑ 𝑣.

A.2. Dynamical Systems. A dynamical system is a pair (𝑉, 𝑆) where 𝑉 is a set and

𝑆 is a self-map on 𝑉. Given 𝑣 ∈ 𝑉, the sequence (𝑆𝑛𝑣)𝑛⩾1 is called the trajectory of

𝑣 under 𝑆. When 𝑉 has a topology, we can study the convergence of trajectories. In

particular, in this setting, a system (𝑉, 𝑆) is called globally stable when 𝑆 has a unique

fixed point 𝑣 in 𝑉 and lim𝑘→∞ 𝑆𝑘𝑣 = 𝑣 for all 𝑣 ∈ 𝑉.
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Two dynamical systems (𝑉, 𝑆) and (𝑉, 𝑆) are called conjugate under 𝐹 if there exists

a bijection 𝐹 from 𝑉 to 𝑉 such that 𝐹 ◦ 𝑆 = 𝑆 ◦ 𝐹 on 𝑉. In this setting, if 𝑣 is a fixed

point of 𝑆, then 𝑆𝐹𝑣 = 𝐹𝑆𝑣 = 𝐹𝑣, so 𝐹𝑣 is a fixed point of 𝑆. With slightly more effort,

one can show the following.

Lemma A.1. If (𝑉, 𝑆) and (𝑉, 𝑆) are conjugate under 𝐹 and 𝑆 has a unique fixed

point 𝑣 ∈ 𝑉, then 𝐹𝑣 is the unique fixed point of 𝑆 in 𝑉.

For more details see, for example, Sternberg (2014) or Layek (2015).

Dynamical systems (𝑉, 𝑆) and (𝑉, 𝑆) are called topologically conjugate under 𝐹 if

both 𝑉 and 𝑉 have topologies, the pairs (𝑉, 𝑆) and (𝑉, 𝑆) are conjugate under 𝐹 and,

in addition, 𝐹 is a homeomorphism (i.e., continuous bijection with continuous inverse)

from 𝑉 to 𝑉. In this setting we can extend Lemma A.1 as follows.

Lemma A.2. If (𝑉, 𝑆) and (𝑉, 𝑆) are topologically conjugate under 𝐹, then (𝑉, 𝑆) is

globally stable if and only if (𝑉, 𝑆) is globally stable.

Lemma A.2 is standard and routinely used in dynamical systems theory. (There

are similar results concerning local stability for topologically conjugate systems, as

well as additional results concerning other kinds of asymptotic behavior. See, for

example, Sternberg (2014) or Layek (2015).)

A.3. Order Stability. Let (𝑉, 𝑆) be a dynamical system where 𝑉 is partially ordered

by ⪯ and 𝑆 has a unique fixed point 𝑣 in 𝑉. In this environment, Sargent and

Stachurski (2025) call (𝑉, 𝑆)

(i) upward stable if 𝑣 ∈ 𝑉 and 𝑣 ⪯ 𝑆 𝑣 implies 𝑣 ⪯ 𝑣,

(ii) downward stable if 𝑣 ∈ 𝑉 and 𝑆 𝑣 ⪯ 𝑣 implies 𝑣 ⪯ 𝑣, and

(iii) order stable if upward and downward stability both hold.

In this paper, we discuss both maximization and minimization. To link these ideas

in a poset environment, we use the notion of order duals. In particular, given poset

𝑉 = (𝑉,⪯), let (𝑉,⪯𝜕) be the order dual, so that, for 𝑢, 𝑣 ∈ 𝑉, we have 𝑢 ⪯𝜕 𝑣 if and

only if 𝑣 ⪯ 𝑢. For convenience, we sometimes denote (𝑉,⪯𝜕) by 𝑉𝜕.

Lemma A.3. (𝑉, 𝑆) is order stable if and only if (𝑉𝜕, 𝑆) is order stable.

Proof of Lemma A.3. Let (𝑉, 𝑆) be order stable. By definition, 𝑆 has a unique fixed

point 𝑣 ∈ 𝑉. We claim that (𝑉𝜕, 𝑆) is upward and downward stable. Regarding upward

stability, suppose 𝑣 ∈ 𝑉 and 𝑣 ⪯𝜕 𝑆𝑣. Then 𝑆𝑣 ⪯ 𝑣 and hence 𝑣 ⪯ 𝑣, by downward
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stability of (𝑉, 𝑆). But then 𝑣 ⪯𝜕 𝑣, so (𝑉𝜕, 𝑆) is upward stable. The proof of downward

stability is similar. Hence order stability of (𝑉, 𝑆) is sufficient for order stability of

(𝑉𝜕, 𝑆). Necessity follows from sufficiency, since the dual of (𝑉𝜕, 𝑆) is (𝑉, 𝑆). □

A.4. Order Conjugacy. Our next step is to replace the concept of topological con-

jugacy from Section A.2 with a parallel notion for dynamical systems on posets. To

this end, we recall that a bijective map 𝐹 : 𝑉 → 𝑉 is called an order isomorphism if

both 𝐹 and its inverse 𝐹−1 are order preserving. (We call 𝐹 : 𝑉 → 𝑉 an order anti-

isomorphism if both 𝐹 and 𝐹−1 are order reversing.) Let (𝑉, 𝑆) and (𝑉, 𝑆) be two

dynamical systems where 𝑉 and 𝑉 are partially ordered. We call (𝑉, 𝑆) and (𝑉, 𝑆) or-
der conjugate under 𝐹 when (𝑉, 𝑆) and (𝑉, 𝑆) are conjugate under 𝐹 and, in addition,

𝐹 is an order isomorphism. It is easy to verify that order conjugacy is an equivalence

relation on the set of dynamical systems over partially ordered sets.

Lemma A.4. If (𝑉, 𝑆) and (𝑉, 𝑆) are order conjugate under 𝐹, then (𝑉, 𝑆) is order

stable if and only if (𝑉, 𝑆) is order stable.

Proof of Lemma A.4. Let (𝑉, 𝑆) and (𝑉, 𝑆) be order conjugate under 𝐹, and suppose

that (𝑉, 𝑆) is order stable. By Lemma A.1, the map 𝑆 has a unique fixed point in

𝑉. Let 𝑤̂ be an element of 𝑉 satisfying 𝑆𝑤̂ ⪯ 𝑤̂. Let 𝑣 and 𝑣 := 𝐹𝑣 be the fixed

points of 𝑆 and 𝑆, respectively. Then 𝐹−1𝑆𝑤̂ ⪯ 𝐹−1𝑤̂ and hence 𝑆𝐹−1𝑤̂ ⪯ 𝐹−1𝑤̂. But

then 𝑣 ⪯ 𝐹−1𝑤̂, by downward stability of (𝑉, 𝑆). Applying 𝐹 gives 𝑣 ⪯ 𝑤̂. Hence

(𝑉, 𝑆) is downward stable. Similarly, if 𝑤̂ is an element of 𝑉 satisfying 𝑤̂ ⪯ 𝑆𝑤̂, then

𝐹−1𝑤̂ ⪯ 𝐹−1𝑆𝑤̂ = 𝑆𝐹−1𝑤̂. By upward stability of (𝑉, 𝑆), we have 𝐹−1𝑤̂ ⪯ 𝑣. Applying

𝐹 gives 𝑤̂ ⪯ 𝑣, so (𝑉, 𝑆) is upward stable. Together, these results show that (𝑉, 𝑆) is

order stable. The converse implication follows from symmetry. □

Appendix B. Additional Examples

The following examples extend the ADP framework of Section 3 to 𝑄-factor for-

mulations from the reinforcement learning literature. All primitives are as in Exam-

ple 3.1.

Example B.1 (𝑄-factors). The 𝑄-learning literature studies the 𝑄-factor Bellman

equation (see, e.g., Kochenderfer et al. (2022), Section 17.2), which is given by

𝑓 (𝑥, 𝑎) = 𝑟(𝑥, 𝑎) + 𝛽
∑︁
𝑥′

max
𝑎′∈Γ(𝑥′)

𝑓 (𝑥′, 𝑎′)𝑃(𝑥, 𝑎, 𝑥′) ((𝑥, 𝑎) ∈ G). (25)



ISOMORPHIC DYNAMIC PROGRAMS 27

Here 𝑓 ∈ RG is called the 𝑄-factor. The policy operators over 𝑄-factors take the form

(𝑄𝜎 𝑓 ) (𝑥, 𝑎) = 𝑟(𝑥, 𝑎) + 𝛽
∑︁
𝑥′

𝑓 (𝑥′, 𝜎(𝑥′))𝑃(𝑥, 𝑎, 𝑥′), (26)

where 𝑓 ∈ RG and 𝜎 ∈ Σ. If we pair RG (the set of all real-valued functions on G)

with the pointwise partial order ⩽ and 𝑄𝜎 as in (26), then (RG, {𝑄𝜎}) is an ADP.

Example B.2 (Risk-sensitive 𝑄-factors). It has become popular in reinforcement

learning and related fields to extend the 𝑄-factor approach from Example B.1 to risk-

sensitive decision processes (see, e.g., Fei et al. (2021)). The corresponding 𝑄-factor

Bellman equation is given by

𝑓 (𝑥, 𝑎) = 𝑟(𝑥, 𝑎) + 𝛽

𝜃
ln

{∑︁
𝑥′

exp

[
𝜃 max
𝑎′∈Γ(𝑥′)

𝑓 (𝑥′, 𝑎′)
]
𝑃(𝑥, 𝑎, 𝑥′)

}
((𝑥, 𝑎) ∈ G). (27)

The policy operators over risk-sensitive 𝑄-factors take the form

(𝑄𝜃
𝜎 𝑓 ) (𝑥, 𝑎) = 𝑟(𝑥, 𝑎) + 𝛽

𝜃
ln

[∑︁
𝑥′

exp [𝜃 𝑓 (𝑥′, 𝜎(𝑥′))] 𝑃(𝑥, 𝑎, 𝑥′)
]

(28)

where 𝑓 ∈ RG and 𝜎 ∈ Σ. The pair (RG, {𝑄𝜃
𝜎}) is an ADP.

Example B.3 (Exponential risk-sensitive 𝑄-factors). Fei et al. (2021) work with

an “exponential” risk-sensitive 𝑄-factor Bellman equation where the corresponding

policy operators have the form

(𝑀𝜎 ℎ) (𝑥, 𝑎) = exp

{
𝜃𝑟(𝑥, 𝑎) + 𝛽 ln

[∑︁
𝑥′
ℎ(𝑥′, 𝜎(𝑥′))𝑃(𝑥, 𝑎, 𝑥′)

]}
Here ℎ ∈ (0,∞)G and 𝑀𝜎 maps (0,∞)G into itself. All primitives are as in the

risk-sensitive 𝑄-factor ADP 𝒜 := (RG, {𝑄𝜎}) in Example B.2. Since each 𝑀𝜎 is

order preserving (under the usual pointwise order), the pair 𝒜 := ((0,∞)G, {𝑀𝜎})
is also an ADP. If we take 𝐹 to be the bijection from R

G to (0,∞)G defined by

(𝐹ℎ) (𝑥, 𝑎) = exp(𝜃ℎ(𝑥, 𝑎)), then, for 𝑄𝜎 defined in (28), ℎ ∈ RG and (𝑥, 𝑎) ∈ G,

(𝐹𝑄𝜎 ℎ) (𝑥, 𝑎) = exp

{
𝜃𝑟(𝑥, 𝑎) + 𝛽 ln

[∑︁
𝑥′

exp [𝜃ℎ(𝑥′, 𝜎(𝑥′))] 𝑃(𝑥, 𝑎, 𝑥′)
]}

.

This is equal to (𝑀𝜎𝐹ℎ) (𝑥, 𝑎), which shows that 𝐹 ◦ 𝑄𝜎 = 𝑀𝜎 ◦ 𝐹 on R
G. As a

consequence, 𝒜 and 𝒜 are isomorphic when 𝜃 > 0 and anti-isomorphic when 𝜃 < 0.



28 JOHN STACHURSKI AND JUNNAN ZHANG

Appendix C. Remaining Proofs

C.1. Proof of Optimality Results.

Proof of Theorem 4.1. Since 𝒜 is max-stable, 𝑇△ has a fixed point 𝑣 ∈ 𝑉𝐺△ . Since

𝑣 ∈ 𝑉𝐺△ , we can find a 𝑣-max-greedy policy 𝜎, so that 𝑇𝜎 𝑣 = 𝑇△ 𝑣 = 𝑣. But 𝑇𝜎 has

a unique fixed point in 𝑉, equal to 𝑣𝜎, so 𝑣 = 𝑣𝜎. Moreover, if 𝜏 is any policy, then

𝑇𝜏 𝑣 ⪯ 𝑇△ 𝑣 = 𝑣 and hence, by downward stability, 𝑣𝜏 ⪯ 𝑣. These facts imply that 𝑣 is

the greatest element of 𝑉Σ. Hence 𝑣△ exists and 𝑣△ = 𝑣 ∈ 𝑉𝐺△ , which proves (i). The

same argument applies to any fixed point of 𝑇△ in 𝑉𝐺△ , so every such fixed point is

equal to 𝑣△. This proves (ii).

For (iii), parts (i)–(ii) give 𝑣△ ∈ 𝑉𝐺△ and 𝑇△ 𝑣△ = 𝑣△. Now recall that 𝜎 is max-optimal

if and only if 𝑣𝜎 = 𝑣△. Since 𝑣𝜎 is the unique fixed point of 𝑇𝜎, this is equivalent to

𝑇𝜎 𝑣△ = 𝑣△. Since 𝑇△ 𝑣△ = 𝑣△, the last statement is equivalent to 𝑇𝜎 𝑣△ = 𝑇△𝑣△, which

is, in turn, equivalent to the statement that 𝜎 is 𝑣△-max-greedy.

Part (iv) follows from part (iii) and existence of a 𝑣△-max-greedy policy, which

holds because 𝑣△ ∈ 𝑉𝐺△ . □

C.2. Min-Optimality. In the abstract setting of Section 4, minimization results are

readily recovered from maximization results by order duality. Min-optimal policies

and the min-value function 𝑣▽ are defined in Section 4.2.

Below, if 𝒜 := (𝑉, {𝑇𝜎}) is an ADP then its dual 𝒜𝜕 is the ADP (𝑉𝜕, {𝑇𝜎}) where

the partial order ⪯ on 𝑉 is replaced with its dual ⪯𝜕. In this setting, we let 𝑇𝜕△ be the

Bellman max-operator for 𝒜
𝜕, 𝑣𝜕△ be the max-value function for 𝒜

𝜕, 𝑉𝐺,𝜕△ be the set

of 𝑣 ∈ 𝑉 that have a 𝑣-max-greedy policy for 𝒜
𝜕, and so on. Since 𝒜 and 𝒜

𝜕 have

the same policy operators, 𝒜 is well-posed if and only if 𝒜𝜕 is well-posed, and the

two ADPs have the same set of 𝜎-value functions 𝑉Σ.

Lemma C.1. Let 𝒜 be an ADP. Then

(i) 𝒜 is order stable if and only if 𝒜𝜕 is order stable,

(ii) for 𝑣 ∈ 𝑉, a policy 𝜎 is 𝑣-min-greedy for 𝒜 if and only if 𝜎 is 𝑣-max-greedy

for 𝒜
𝜕,

(iii) 𝑉𝐺▽ = 𝑉
𝐺,𝜕
△ and 𝑇▽ = 𝑇𝜕△ on 𝑉𝐺▽ ,

(iv) if 𝒜 is well-posed, then a policy 𝜎 is min-optimal for 𝒜 if and only if 𝜎 is max-

optimal for 𝒜
𝜕, and 𝑣▽ exists if and only if 𝑣𝜕△ exists, in which case 𝑣▽ = 𝑣𝜕△,

and
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(v) 𝒜 is min-stable if and only if 𝒜𝜕 is max-stable.

Proof. Part (i) follows from Lemma A.3, applied to each 𝑇𝜎. For (ii), fix 𝑣 ∈ 𝑉 and

note that 𝜎 is 𝑣-min-greedy for 𝒜 if and only if 𝑇𝜎 𝑣 ⪯ 𝑇𝜏 𝑣 for all 𝜏 ∈ Σ, which is

equivalent to 𝑇𝜏 𝑣 ⪯𝜕 𝑇𝜎 𝑣 for all 𝜏 ∈ Σ; that is, to 𝜎 being 𝑣-max-greedy for 𝒜
𝜕. Part

(iii) follows from (ii) and the fact that, for any such 𝜎, we have 𝑇▽ 𝑣 = 𝑇𝜎 𝑣 = 𝑇𝜕△𝑣.

Part (iv) holds because a least element of 𝑉Σ under ⪯ is a greatest element of 𝑉Σ under

⪯𝜕, and vice versa. Part (v) follows from (i) and (iii), since (iii) implies that the fixed

points of 𝑇▽ in 𝑉𝐺▽ are exactly the fixed points of 𝑇𝜕△ in 𝑉
𝐺,𝜕
△ . Each of these statements

remains true when the roles of 𝒜 and 𝒜
𝜕 are reversed, since (𝒜𝜕)𝜕 =𝒜. □

Proof of Theorem 4.2. Let 𝒜 be min-stable. By Lemma C.1, the dual 𝒜𝜕 is max-

stable, 𝑉𝐺,𝜕△ = 𝑉𝐺▽ , and 𝑇𝜕△ = 𝑇▽ on 𝑉𝐺▽ . In particular, the fixed points of 𝑇𝜕△ in 𝑉
𝐺,𝜕
△

coincide with those of 𝑇▽ in 𝑉𝐺▽ . Applying Theorem 4.1 to 𝒜
𝜕, we see that 𝑣𝜕△ exists,

lies in 𝑉𝐺▽ , and is the unique fixed point of 𝑇▽ in 𝑉𝐺▽ . By Lemma C.1, 𝑣▽ exists and

equals 𝑣𝜕△, which proves (i)–(ii). Theorem 4.1 also tells us that a policy is max-optimal

for 𝒜
𝜕 if and only if it is 𝑣𝜕△-max-greedy for 𝒜

𝜕, and that at least one such policy

exists. Since 𝑣▽ = 𝑣𝜕△, parts (ii) and (iv) of Lemma C.1 translate these statements

into (iii)–(iv). □

C.3. Sufficient Conditions. Recall from Example 2.1 that a partially ordered space

is a triple (𝑉,⪯, 𝜌), where (𝑉, 𝜌) is a metric space and ⪯ is closed under limits. We

call 𝜌 sup-nonexpansive if, for any index set 𝐴 and any families (𝑣𝛼)𝛼∈𝐴 and (𝑤𝛼)𝛼∈𝐴
in 𝑉,

𝜌

(∨
𝛼

𝑣𝛼,
∨
𝛼

𝑤𝛼

)
⩽ sup

𝛼
𝜌(𝑣𝛼, 𝑤𝛼)

whenever both suprema on the left-hand side exist and are attained (i.e.,
∨

𝛼 𝑣𝛼 = 𝑣𝛼′

and
∨

𝛼𝑤𝛼 = 𝑤𝛼′′ for some 𝛼′, 𝛼′′ ∈ 𝐴). This is weaker than the notion of sup-

nonexpansiveness in Peng et al. (2026), which requires the inequality whenever both

suprema exist. For example, if 𝑉 is a set of bounded real-valued functions with the

pointwise order and the supremum norm, then 𝜌 is sup-nonexpansive, since attained

suprema are pointwise maxima.

Proof of Proposition 4.3. By Banach’s fixed point theorem, each (𝑉, 𝑇𝜎) is globally

stable. Since each 𝑇𝜎 is order-preserving, 𝒜 is order stable, by Example 2.1. Now

fix 𝑣, 𝑤 ∈ 𝑉0. Since 𝑉0 ⊆ 𝑉𝐺△ , the suprema defining 𝑇△ 𝑣 and 𝑇△ 𝑤 exist and are
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attained (by 𝑇𝜎 𝑣 and 𝑇𝜏𝑤, where 𝜎 is 𝑣-max-greedy and 𝜏 is 𝑤-max-greedy), so

sup-nonexpansiveness gives

𝜌(𝑇△ 𝑣, 𝑇△ 𝑤) ⩽ sup
𝜎
𝜌(𝑇𝜎 𝑣, 𝑇𝜎𝑤) ⩽ 𝛽 𝜌(𝑣, 𝑤).

Hence 𝑇△ is a contraction on 𝑉0. Since 𝑉0 is a closed subset of the complete space 𝑉,

the operator 𝑇△ has a fixed point in 𝑉0 ⊆ 𝑉𝐺△ . Thus 𝒜 is max-stable, and 𝑣△ ∈ 𝑉0 by

Theorem 4.1(ii). □

To prove Proposition 4.4, we use policy iteration. Let 𝒜 = (𝑉, {𝑇𝜎}) be an order

stable ADP that is max-regular. We define a map 𝐻△ from 𝑉 to 𝑉Σ via 𝐻△ 𝑣 = 𝑣𝜎 where

𝜎 is 𝑣-max-greedy. Iterating with 𝐻△ is an abstraction of Howard policy iteration.11

We call 𝐻△ the Howard max-operator generated by the ADP. As above, we denote

the greatest element of 𝑉Σ by 𝑣△ whenever it exists.

Lemma C.2. If 𝒜 is order stable and max-regular, then the following statements are

true:

(i) 𝐻△ obeys 𝑣𝜎 ⪯ 𝐻△ 𝑣𝜎 for all 𝜎 ∈ Σ.

(ii) If 𝜎 ∈ Σ and 𝑇△ 𝑣𝜎 = 𝑣𝜎, then 𝑣△ exists in 𝑉 and 𝑣𝜎 = 𝑣△.

(iii) If 𝑣 ∈ 𝑉 and 𝐻△ 𝑣 = 𝑣, then 𝑣 = 𝑣△ and 𝑇△ 𝑣△ = 𝑣△.

(iv) If 𝑣 ∈ 𝑉 and Σ is finite, then 𝑣△ exists, 𝐻△ 𝑣△ = 𝑣△ and (𝐻𝑘
△𝑣)𝑘⩾0 converges to

𝑣△ in finitely many steps.

Proof. As for (i), fix 𝜎 ∈ Σ and let 𝜏 be such that 𝐻△𝑣𝜎 = 𝑣𝜏. Since 𝜏 is 𝑣𝜎-greedy, we

have 𝑣𝜎 = 𝑇𝜎 𝑣𝜎 ⪯ 𝑇△ 𝑣𝜎 = 𝑇𝜏 𝑣𝜎. Upward stability of 𝑇𝜏 gives 𝑣𝜎 ⪯ 𝑣𝜏 = 𝐻△𝑣𝜎.

As for (ii), suppose 𝜎 ∈ Σ and 𝑇△ 𝑣𝜎 = 𝑣𝜎. Fix 𝜏 ∈ Σ and note that 𝑣𝜎 = 𝑇△ 𝑣𝜎 ⪰ 𝑇𝜏 𝑣𝜎.

Downward stability of 𝑇𝜏 implies 𝑣𝜎 ⪰ 𝑣𝜏. Since 𝜏 ∈ Σ was arbitrary, 𝑣𝜎 = 𝑣△.

As for (iii), fix 𝑣 ∈ 𝑉 with 𝐻△ 𝑣 = 𝑣 and let 𝜎 be such that 𝐻△ 𝑣 = 𝑣𝜎. Then 𝑣𝜎 = 𝑣,

and, since 𝜎 is 𝑣-max-greedy, 𝑇𝜎 𝑣 = 𝑇△ 𝑣. But then 𝑇𝜎 𝑣𝜎 = 𝑇△ 𝑣𝜎, and, since 𝑣𝜎 = 𝑇𝜎 𝑣𝜎,

we have 𝑣𝜎 = 𝑇△ 𝑣𝜎. Part (ii) now implies 𝑣 = 𝑣𝜎 = 𝑣△. This proves the first claim.

Regarding the second, substituting 𝑣𝜎 = 𝑣△ into 𝑣𝜎 = 𝑇△ 𝑣𝜎 yields 𝑣△ = 𝑇△ 𝑣△.

For (iv), it suffices to show that 𝐻△ 𝑣△ = 𝑣△ and there exists a 𝐾 ∈ N such that

𝐻𝐾
△𝑣 = 𝑣△. To this end, let 𝑣𝑘 = 𝐻𝑘

△𝑣 and note that 𝑣𝑘 ∈ 𝑉Σ for all 𝑘 ⩾ 1. Part (i)

11For 𝐻△ to be well-defined, we must always select the same 𝑣-greedy policy when the operator

is applied to 𝑣. We can use the axiom of choice to assign to each 𝑣 a designated 𝑣-greedy policy,

although, in applications, a simple rule usually suffices. For example, if Σ is finite, we can enumerate

the policy set Σ and choose the first 𝑣-greedy policy.
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implies that 𝑣𝑘+1 ⪰ 𝑣𝑘 for all 𝑘 ∈ N. Since the sequence (𝑣𝑘) is contained in the finite

set 𝑉Σ, it must be that 𝑣𝐾+1 = 𝑣𝐾 for some 𝐾 ∈ N (since otherwise 𝑉Σ contains an

infinite sequence of distinct points). But then 𝐻△ 𝑣𝐾 = 𝑣𝐾+1 = 𝑣𝐾, so 𝑣𝐾 is a fixed

point of 𝐻△. Part (iii) now implies that 𝑣𝐾 = 𝑣△. □

Proof of Proposition 4.4. If 𝒜 is order stable and max-regular and Σ is finite, then,

by (iii)–(iv) of Lemma C.2, the point 𝑣△ is a fixed point of 𝑇△, so 𝒜 is max-stable.

This proves (i) of Proposition 4.4. Part (ii) follows from (i) applied to the dual ADP

𝒜
𝜕 (see Lemma C.1). □

Notice also that, under the hypotheses of Proposition 4.4(i), if ((𝑣𝑘), (𝜎𝑘)) is any

HPI sequence from 𝑣 ∈ 𝑉 (Section 5.4), then 𝑣𝑘 = 𝑣𝜎𝑘−1 for 𝑘 ⩾ 1, and the argument

in part (i) of Lemma C.2 shows that 𝑣𝑘 ⪯ 𝑣𝑘+1 in the finite set 𝑉Σ for all 𝑘 ⩾ 1. Hence

𝑣𝐾 = 𝑣𝐾+1 = 𝑣𝜎𝐾 for some 𝐾 ⩾ 1. Since 𝜎𝐾 is 𝑣𝐾-max-greedy, 𝑇△ 𝑣𝐾 = 𝑇𝜎𝐾 𝑣𝐾 = 𝑣𝐾 and

part (ii) of Lemma C.2 gives 𝑣𝐾 = 𝑣△, so every HPI sequence converges in finitely

many steps.

C.4. Proofs of Isomorphism Results.

Proof of Theorem 5.1. Claims (i)–(ii) follow directly from Lemmas A.1 and A.4, re-

spectively. Regarding (iii), we first show that 𝐹 (𝑉𝐺△ ) = 𝑉𝐺△ and 𝐹 ◦ 𝑇△ = 𝑇△ ◦ 𝐹 on 𝑉𝐺△ .

To this end, fix 𝑣 ∈ 𝑉𝐺△ and let 𝜎 be 𝑣-max-greedy. Since 𝐹 is order-preserving, the

conjugacy relation (8) gives

𝑇𝜏 𝐹𝑣 = 𝐹 𝑇𝜏 𝑣 ⪯ 𝐹 𝑇𝜎 𝑣 = 𝑇𝜎 𝐹𝑣 for all 𝜏 ∈ Σ.

Hence 𝜎 is 𝐹𝑣-max-greedy for 𝒜, so 𝐹𝑣 ∈ 𝑉𝐺△ , and 𝑇△ 𝐹𝑣 = 𝑇𝜎 𝐹𝑣 = 𝐹 𝑇𝜎 𝑣 = 𝐹 𝑇△ 𝑣.

This proves 𝐹(𝑉𝐺△ ) ⊆ 𝑉𝐺△ , as well as the commutation relation. Since 𝒜 and 𝒜 are

isomorphic under 𝐹−1, the same argument gives 𝐹−1(𝑉𝐺△ ) ⊆ 𝑉𝐺△ . Hence 𝐹(𝑉𝐺△ ) = 𝑉𝐺△ .

Now suppose that 𝒜 is max-stable. By (ii), 𝒜 is order stable. Moreover, if 𝑣 ∈ 𝑉𝐺△
is a fixed point of 𝑇△, then 𝐹𝑣 ∈ 𝑉𝐺△ and 𝑇△ 𝐹𝑣 = 𝐹 𝑇△ 𝑣 = 𝐹𝑣. Hence 𝒜 is max-stable.

The reverse implication follows by symmetry, since 𝒜 and 𝒜 are isomorphic under

𝐹−1.

Finally, by (i) and Lemma A.1, we have 𝑣𝜎 = 𝐹𝑣𝜎 for all 𝜎 ∈ Σ. Since 𝐹 is an order

isomorphism, 𝑣𝜎 is a greatest element of 𝑉Σ if and only if 𝐹𝑣𝜎 is a greatest element of

𝑉Σ = 𝐹(𝑉Σ). Hence 𝑣△ = 𝐹𝑣△, and 𝒜 and 𝒜 have the same max-optimal policies. We

have now confirmed all the claims in (iii).

The proof of (iv) is identical after replacing max with min. (Alternatively, (iv) can

be derived from (iii) and duality.) □
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Proof of Theorem 5.2. Let 𝒜 and 𝒜 be anti-isomorphic, so that 𝒜 is isomorphic to

𝒜
𝜕. If 𝒜 is well-posed, then, by Theorem 5.1, 𝒜𝜕 is well-posed, so 𝑇𝜎 has a unique

fixed point in 𝑉 for all 𝜎 ∈ Σ. This implies that 𝒜 is likewise well-posed, completing

the proof of (i). Similarly, if 𝒜 is order stable, then, by Theorem 5.1, 𝒜𝜕 is order

stable, in which case 𝒜 is order stable, by Lemma A.3. This proves (ii).

Regarding (iii), since 𝒜 and 𝒜
𝜕 are isomorphic under 𝐹, Theorem 5.1 implies

that 𝒜 is max-stable if and only if 𝒜
𝜕 is max-stable. Since the dual of 𝒜

𝜕 is 𝒜,

Lemma C.1 implies that 𝒜
𝜕 is max-stable if and only if 𝒜 is min-stable. Combining

these equivalences proves the first claim in (iii).

Now suppose 𝒜 is max-stable. By Theorem 5.1 and its proof, 𝐹 maps 𝑉𝐺△ onto 𝑉𝐺,𝜕△ ,

the set of 𝑣 ∈ 𝑉 that have a 𝑣-max-greedy policy for 𝒜
𝜕, and we have 𝐹 ◦ 𝑇△ = 𝑇𝜕△ ◦ 𝐹

on 𝑉𝐺△ and 𝑣𝜕△ = 𝐹 𝑣△. By Lemma C.1, we have 𝑉𝐺,𝜕△ = 𝑉𝐺▽ , 𝑇𝜕△ = 𝑇▽ on 𝑉𝐺▽ , and 𝑣𝜕△ = 𝑣▽.

Hence 𝐹 ◦ 𝑇△ = 𝑇▽ ◦ 𝐹 on 𝑉𝐺△ and 𝑣▽ = 𝐹 𝑣△, which proves (11).

Finally, Theorem 5.1 tells us that 𝒜 and 𝒜
𝜕 have the same max-optimal policies.

Applying Lemma C.1, we see that the max-optimal policies of 𝒜 are the same as the

min-optimal policies of 𝒜. □

Proof of Proposition 5.3. Let 𝒜 and 𝒜 be isomorphic under 𝐹 and let 𝒜 be max-

stable. By Theorem 5.1 and its proof, 𝒜 is max-stable, 𝑣△ = 𝐹𝑣△, 𝐹(𝑉𝐺△ ) = 𝑉𝐺△ ,

𝐹 ◦ 𝑇△ = 𝑇△ ◦ 𝐹 on 𝑉𝐺△ , and, for 𝑣 ∈ 𝑉𝐺△ , a policy 𝜎 is 𝑣-max-greedy for 𝒜 if and only

if it is 𝐹𝑣-max-greedy for 𝒜. Moreover, 𝐹 𝑇𝑚𝜎 = 𝑇𝑚𝜎 𝐹 for all 𝜎 ∈ Σ and 𝑚 ∈ N by (8),

and 𝑣𝜎 = 𝐹𝑣𝜎 for all 𝜎 ∈ Σ by Lemma A.1. Claims (i)–(iii) follow immediately from

these identities and the fact that 𝐹 is a bijection from 𝑉𝐺△ onto 𝑉𝐺△ .

Since 𝐹 is an order isomorphism, (𝑣𝑛) is increasing if and only if (𝐹𝑣𝑛) is increasing,

and
∨

𝑛 𝑣𝑛 = 𝑣△ if and only if
∨

𝑛 𝐹𝑣𝑛 = 𝐹𝑣△ = 𝑣△. Hence 𝑣𝑛 ↑ 𝑣△ if and only if 𝐹𝑣𝑛 ↑ 𝑣△.

Similarly, 𝑣𝑛 = 𝑣△ if and only if 𝐹𝑣𝑛 = 𝑣△. □

For min-stable ADPs, min-VFI, min-OPI and min-HPI sequences from 𝑣 ∈ 𝑉𝐺▽ are

defined analogously, with 𝑇▽, 𝑉𝐺▽ and min-greedy policies in place of 𝑇△, 𝑉𝐺△ and max-

greedy policies. Given a sequence (𝑣𝑛) in 𝑉 and 𝑣 ∈ 𝑉, we write 𝑣𝑛 ↓ 𝑣 if (𝑣𝑛) is

decreasing and
∧

𝑛 𝑣𝑛 = 𝑣.

Proposition C.3. Let 𝒜 and 𝒜 be anti-isomorphic under 𝐹, and let 𝒜 be max-stable.

For all 𝑣 ∈ 𝑉𝐺△ and 𝑚 ∈ N, statements (i)–(iii) of Proposition 5.3 hold with VFI, OPI

and HPI sequences for 𝒜 replaced by min-VFI, min-OPI and min-HPI sequences.

Moreover, 𝑣𝑛 ↑ 𝑣△ if and only if 𝐹𝑣𝑛 ↓ 𝑣▽, and an HPI sequence for 𝒜 converges in

finitely many steps if and only if the corresponding min-HPI sequence for 𝒜 does.
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Proof of Proposition C.3. Since 𝒜 and 𝒜
𝜕 are isomorphic under 𝐹, the result follows

by applying Proposition 5.3 to 𝒜 and 𝒜
𝜕 and using Lemma C.1, together with the

fact that a sequence is increasing in 𝑉𝜕 with supremum 𝑤̂ if and only if it is decreasing

in 𝑉 with infimum 𝑤̂. □

C.5. Proofs of Epstein–Zin Optimality Results.

Proof of Theorem 6.2. By Lemma 6.1, 𝐹𝑣 = 𝑣𝛾 bijects 𝑉 onto itself and satisfies 𝐹𝑇𝜎 =

𝑇𝜎𝐹. It also bijects 𝑉0 onto itself (since 𝐹 and 𝐹−1 preserve continuity). We first prove

that 𝒜 is well-posed if and only if Λ < 1.

Necessity. Let 1 be the constant-one function and define the positive linear operator

𝐾 on 𝐶(Z) by

(𝐾 𝑓 ) (𝑧) = 𝛽(𝑧)𝜃
∫
Z
𝑓 (𝑧′)𝑄(𝑧, d𝑧′).

Then 𝐾𝑛1(𝑧) = E∏𝑛−1
𝑡=0 𝛽(𝑍𝑡 (𝑧))𝜃. Set 𝑐𝑛 = sup𝑧 (𝐾𝑛1(𝑧))1/𝜃. We have

𝐾𝑛1 ≤ 𝑐𝜃𝑛1 (𝜃 > 0), 𝐾𝑛1 ≥ 𝑐𝜃𝑛1 (𝜃 < 0). (29)

Applying 𝐾𝑚 and then taking the power 1/𝜃 and the supremum gives 𝑐𝑚+𝑛 ≤ 𝑐𝑚𝑐𝑛

in either case. By Fekete’s lemma, Λ = lim𝑛 𝑐
1/𝑛
𝑛 = inf𝑛≥1 𝑐

1/𝑛
𝑛 exists and lies between

min 𝛽 > 0 and max 𝛽 < ∞.

Set 𝐴𝜎 = 𝛽𝜃𝑃𝜎 on 𝐵𝑏(X). If 𝑇𝜎𝑤 = 𝑤 ∈ 𝑉, rearranging the fixed-point equation gives

𝐴𝜎𝑤

𝑤
=

(
1 − 𝑟𝛼𝜎

𝑤1/𝜃

)𝜃
.

Since 𝑤1/𝜃 = 𝑟𝛼𝜎+(𝐴𝜎𝑤)1/𝜃 with both terms positive, the ratio 𝑟𝛼𝜎/𝑤1/𝜃 is strictly below

one; it is also bounded away from zero since 𝑟𝛼𝜎 is bounded away from zero and 𝑤1/𝜃

is bounded above. Choose 𝜀 ∈ (0, 1) with 𝑟𝛼𝜎/𝑤1/𝜃 ≥ 𝜀 and set 𝜅 = (1 − 𝜀)𝜃. Then

𝜅1/𝜃 = 1 − 𝜀 < 1 and

𝐴𝜎𝑤 ≤ 𝜅𝑤 (𝜃 > 0), 𝐴𝜎𝑤 ≥ 𝜅𝑤 (𝜃 < 0).

By (15), 𝐴𝑛𝜎1(𝑦, 𝑧) = 𝐾𝑛1(𝑧). Writing 𝑚 = inf 𝑤 > 0 and 𝑀 = sup𝑤 < ∞, positivity

and linearity allow us to iterate these inequalities:

𝑚𝐾𝑛1 ≤ 𝐴𝑛𝜎𝑤 ≤ 𝑀𝜅𝑛1 (𝜃 > 0),
𝑀𝐾𝑛1 ≥ 𝐴𝑛𝜎𝑤 ≥ 𝑚𝜅𝑛1 (𝜃 < 0).

Taking the 1/𝜃 power in these bounds and then taking the supremum over 𝑧 gives

𝑐𝑛 ≤ (𝑀/𝑚)1/|𝜃|𝜅𝑛/𝜃. Taking 𝑛th roots and letting 𝑛 → ∞ yields Λ ≤ 𝜅1/𝜃 < 1. If

Λ ≥ 1, no 𝑇𝜎 has a fixed point, and 𝐹𝑇𝜎 = 𝑇𝜎𝐹 gives the same conclusion for every 𝑇𝜎.
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Sufficiency. Assume Λ < 1. The order-preserving map 𝑇𝜎 : 𝑉 → 𝑉 is concave for

𝜃 < 0 or 𝜃 ≥ 1 and convex for 0 < 𝜃 ≤ 1 (see, e.g., Proposition 3.3 of Stachurski et al.,

2025). We shall apply Theorem 2.2 and Theorem 2.4 of Stachurski et al. (2025),

which give global stability of 𝑇𝜎 in 𝑉, the interior of the positive cone of 𝐵𝑏(X).

Choose 𝑁 with 𝑐𝑁 < 1 and define

ℎ =

𝑁−1∑︁
𝑗=0

𝐾 𝑗
1.

Since 𝐾 preserves 𝐶(Z) and is positive, ℎ ∈ 𝐶(Z) and ℎ ≥ 1. Regard functions on Z

as functions on X independent of 𝑦. Set 𝑞 = (𝐾ℎ/ℎ)1/𝜃. For 𝑡 > 0,

𝑇𝜎(𝑡ℎ)
𝑡ℎ

=

{
𝑟𝛼𝜎

(𝑡ℎ)1/𝜃
+

(
𝐾ℎ

ℎ

)1/𝜃}𝜃
=

{
𝑟𝛼𝜎

(𝑡ℎ)1/𝜃
+ 𝑞

}𝜃
. (30)

Since 𝐾ℎ ≥ 𝐾1 = 𝛽𝜃 > 0, we have 𝑞 > 0. Note that 𝐾ℎ = ℎ + 𝐾𝑁1 − 1. By (29), the

choice 𝑐𝑁 < 1 gives 𝐾𝑁1 < 1 for 𝜃 > 0 and 𝐾𝑁1 > 1 for 𝜃 < 0. Hence 𝐾ℎ < ℎ in the

first case and 𝐾ℎ > ℎ in the second, so 𝑞 < 1 in both. Continuity and compactness

bound 𝑞 away from zero and one.

For 𝜃 > 0, (30) tends to infinity as 𝑡 → 0 and to 𝑞𝜃 < 1 as 𝑡 → ∞. For 𝜃 < 0,

the term instead tends to 𝑞𝜃 > 1 and zero. In either case, the right-hand side of

(30) exceeds 1 for 𝑡 sufficiently small and is less than 1 for 𝑡 sufficiently large. The

bounds on 𝑟, ℎ and 𝑞 make these limits uniform across states and policies. Fix 𝑤 ∈ 𝑉.

Choose 0 < ℓ < inf (𝑤/ℎ) sufficiently small and 𝑈 > sup(𝑤/ℎ) sufficiently large. Then

ℓℎ ≤ 𝑤 ≤ 𝑈ℎ and, for some 𝜀 > 0,

𝑇𝜎(ℓℎ) ≥ ℓℎ + 𝜀1, 𝑇𝜎(𝑈ℎ) ≤ 𝑈ℎ − 𝜀1 for all 𝜎 ∈ Σ. (31)

In the concave case, ℓℎ ∈ 𝑉 satisfies ℓℎ ≤ 𝑤 and 𝑇𝜎(ℓℎ) − ℓℎ ∈ 𝑉 by (31), verifying

condition (i) of Theorem 2.2 in Stachurski et al. (2025). Likewise, 𝑈ℎ ∈ 𝑉 satisfies

𝑤 ≤ 𝑈ℎ and 𝑇𝜎(𝑈ℎ) ≤ 𝑈ℎ, verifying condition (ii). Since 𝑤 ∈ 𝑉 was arbitrary,

Theorem 2.2 applies.

In the convex case, 1/𝜃 > 0, so the operator formula (14) extends 𝑇𝜎 to the non-

negative cone of 𝐵𝑏(X) as an order-preserving convex self-map. The extension has

𝑇𝜎0 = 𝑟
𝛾
𝜎 ∈ 𝑉, verifying condition (i) of Theorem 2.4 in Stachurski et al. (2025). For

each 𝑤 ∈ 𝑉, the chosen 𝑈ℎ ∈ 𝑉 satisfies 𝑤 ≤ 𝑈ℎ and 𝑈ℎ−𝑇𝜎(𝑈ℎ) ∈ 𝑉 by (31), verifying

condition (ii).
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Thus every policy operator has a unique globally attracting fixed point in 𝑉, and

Example 2.1 gives order stability. Parts (i)–(ii) of Theorem 5.1 or 5.2 transfer well-

posedness and order stability to 𝒜. This proves the equivalence of (i) and (ii), as well

as the final claim of the theorem.

Optimality. Assume Λ < 1. We verify max-stability of 𝒜 when 𝛾 > 0 and min-

stability when 𝛾 < 0. For 𝑤 ∈ 𝑉0, weak continuity of 𝑃 implies that (𝑥, 𝑎) ↦→ {𝑟(𝑥, 𝑎)𝛼+
𝛽(𝑥) (

∫
X
𝑤(𝑥′)𝑃(𝑥, 𝑎, d𝑥′))1/𝜃}𝜃 is continuous on G. By Berge’s maximum theorem

(Aliprantis and Border, 2006, Theorem 17.31), the Bellman operators 𝑇△ and 𝑇▽ of

𝒜 map 𝑉0 into itself. Moreover, since G is closed in X × A, this function extends

continuously to X×A by the Tietze extension theorem (Aliprantis and Border, 2006,

Theorem 2.47), and the measurable maximum theorem (Aliprantis and Border, 2006,

Theorem 18.19) implies that 𝑉0 ⊆ 𝑉𝐺△ ∩ 𝑉𝐺▽ . Both 𝑇△ and 𝑇▽ inherit the common

bounds in (31). We need a fixed point of 𝑇△ for 𝛾 > 0 and of 𝑇▽ for 𝛾 < 0. We shall

apply the same fixed-point theorems on 𝐶(X), whose positive-cone interior is 𝑉0.

Suppose first that 𝛾 ≤ 𝛼. If 𝛾 > 0, then 0 < 𝜃 ≤ 1, so 𝑇△ is convex and extends to

the nonnegative cone of 𝐶(X), with 𝑇△0 = max𝜎 𝑟
𝛾
𝜎 uniformly positive. Theorem 2.4

of Stachurski et al. (2025) and the common upper bounds give a unique fixed point

in 𝑉0. If 𝛾 < 0, then 𝜃 < 0 or 𝜃 ≥ 1, so 𝑇▽ is concave. Theorem 2.2 of Stachurski et al.

(2025) and the common lower and upper bounds give the same conclusion.

When 𝛼 < 𝛾, we instead face a maximum of concave operators or a minimum of

convex operators. Neither operation preserves the respective curvature in general.

Define 𝐻𝑤 = 𝑤𝛼/𝛾 on 𝑉 and set

𝑇𝜎𝑤 := 𝐻𝑇𝜎𝐻
−1𝑤 = 𝑟𝛼𝜎 + 𝛽(𝑃𝜎𝑤𝜃)1/𝜃. (32)

On 𝑉0, the corresponding Bellman maximum 𝑇△ is convex when 𝛼 > 0 (𝜃 > 1), and the

minimum 𝑇▽ is concave when 𝛼 < 0 (𝜃 < 1), by the power-mean inequalities. Since 𝐻

is an order isomorphism when 𝜃 > 0 and an order anti-isomorphism when 𝜃 < 0, it

conjugates the required Bellman operator to 𝑇△ (𝛼 > 0) or 𝑇▽ (𝛼 < 0). Preservation of

𝑉0, existence of greedy policies on 𝑉0, and the common strict bounds transfer under

𝐻, with the lower and upper bounds exchanged if 𝜃 < 0. The same applications of

Theorems 2.4 and 2.2 in Stachurski et al. (2025) give a unique fixed point in 𝑉0, which

Lemma A.1 transfers back under 𝐻−1.

Hence 𝒜 is max-stable when 𝛾 > 0 and min-stable when 𝛾 < 0. Theorem 5.1(iii)

or 5.2(iii) gives max-stability of 𝒜 and 𝑣△ ∈ 𝑉0, since 𝐹−1 preserves 𝑉0. Theorem 4.1

gives the optimality conclusions. Since (iii) implies (ii), this completes the proof. □
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Alternative proof of optimality in Theorem 6.2. Retain the preceding proof except for

the Bellman fixed-point step when 𝛼 < 𝛾. The common bounds (31) and order

stability show that each 𝑇𝜎 preserves [ℓℎ, 𝑈ℎ] and has its unique fixed point there.

The action objective in (14) is Borel measurable for Borel continuation values

and continuous for continuous ones. On this uniformly positive bounded interval,

dominated convergence gives convergence of the objective along monotone sequences.

Together with continuity and compactness of Γ, these properties verify the hypotheses

of Bloise et al. (2024, Propositions 1–3). For 𝛾 > 0, their result gives a fixed point of

𝑇△ in 𝑉0. For 𝛾 < 0, apply the same result to 𝑤 ↦→ −𝑇𝜎(−𝑤) on [−𝑈ℎ,−ℓℎ]; negating

the resulting continuous Bellman fixed point gives a fixed point of 𝑇▽ in 𝑉0.

Preservation of 𝑉0, existence of greedy policies on 𝑉0, and the final application of

Theorem 5.1(iii) or 5.2(iii) and Theorem 4.1 are unchanged. □

Proof of Corollary 6.3. Since 𝑄 is irreducible and 𝛽 > 0, the matrix 𝐾 is irreducible.

Perron–Frobenius theory gives a vector ℎ with ℎ(𝑧) > 0 for every 𝑧 and 𝐾ℎ = 𝜌(𝐾)ℎ.

Choose constants 𝑚, 𝑀 > 0 such that 𝑚ℎ ⩽ 1 ⩽ 𝑀ℎ. Positivity of 𝐾 yields

𝑚𝜌(𝐾)𝑛ℎ ⩽ 𝐾𝑛1 ⩽ 𝑀𝜌(𝐾)𝑛ℎ.

Taking 𝑛th roots shows that (𝐾𝑛1(𝑧))1/𝑛 converges to 𝜌(𝐾) uniformly over 𝑧. Hence

Λ = 𝜌(𝐾)1/𝜃 for either sign of 𝜃. The optimality characterization follows from Theo-

rem 6.2. □
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