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A B S T R A C T

We characterize global stability of monotone Markov processes, showing that any such process
has a unique, globally stable stationary distribution if and only if it is asymptotically contractive
and has a tight trajectory. The characterization follows from a new fixed point theorem for order-
preserving maps on preordered metric spaces, and covers compact and noncompact state spaces
and both discrete and continuous time. We illustrate our results with applications to Bayesian
learning and income dynamics.

1. Introduction
Stochastically monotone Markov processes—processes for which higher current states induce stochastically higher

future states—are a classical object of study in probability theory [1–4]. A central question is when such a process
admits a unique and globally stable stationary distribution. Monotonicity is valuable here because it opens the door
to order-based arguments, often involving coupling [5–9]. Early results established global stability under relatively
strong assumptions that induce a uniform rate of contraction to the stationary distribution [10, 11]. A more recent
literature weakens the mixing requirements, replaces compactness with tightness-type conditions, and accommodates
non-irreducible and partially monotone chains (see, e.g., [12–20]). The conditions obtained in this way are sufficient
but not necessary.

This paper provides simple necessary and sufficient conditions for global stability of monotone Markov processes
on compact or noncompact state spaces. The conditions rest on a new fixed point theorem for order-preserving maps
on preordered metric spaces. The theorem states that, on a complete preordered metric space whose metric satisfies
a diagonal property, an order-preserving map has a unique fixed point—necessarily globally stable—if and only if it
is asymptotically contractive and generates at least one order-bounded trajectory. We also provide an analogous result
for asymptotically contractive and order-preserving semigroups that can be used to handle continuous time.

In the Markov setting, asymptotic contractivity holds under weak mixing conditions that generalize conditions
of [10, 11]. This asymptotic-contractivity route to stability parallels the asymptotic-coupling approach to ergodicity
without irreducibility, developed for general Markov processes [21] and for order-preserving semigroups [22].
Moreover, we show that when distributions are ordered by stochastic dominance, existence of an order-bounded
trajectory is equivalent to existence of a tight trajectory—a weak form of boundedness in probability, which is a
standard stability condition in the theory of Markov processes (see, e.g., [23–25]), and one considerably weaker than
compactness of the state space. The result is a sharp characterization: a monotone Markov semigroup is globally stable
if and only if it is asymptotically contractive and has a tight trajectory.

These results are established in an abstract semigroup setting that treats continuous and discrete time on an equal
footing, extending the classical theory to continuous-time models. The framework also accommodates nonlinear
Markov operators, as arise in distribution dynamics with aggregate feedback (see, e.g., [19]).

On a theoretical level, the closest antecedents are [13, 17], which establish global stability from a combination of
(a) order-theoretic mixing conditions and (b) side conditions that imply existence of a stationary distribution. Under
matching assumptions on the underlying state space, both results are special cases of the abstract stability theorem
obtained here (Theorem 2.1), which shows that asymptotic contractivity together with a single order-bounded trajectory
is enough for global stability. The present theorem goes further: it admits operators on arbitrary preordered spaces,
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supplies necessary as well as sufficient conditions, and covers continuous time alongside discrete time. The discrete-
time results of [17] are complementary, allowing for weaker conditions on the state space and contributing valuable
sufficient conditions for order boundedness and asymptotic contractivity.

Our fixed point theorem belongs to a broad literature on fixed points of order-preserving maps on spaces with
metric or topological structure. A seminal contribution is [26], an analogue of Banach’s fixed point theorem for order-
preserving maps in which the contraction condition need hold only on comparable elements; this line has since been
developed in many directions (see, e.g., [27–30]). Our approach differs from this literature in two respects: we use
no algebraic structure, and we impose asymptotic contractivity directly rather than one- or multi-step contraction
conditions. Although asymptotic contractivity is less primitive than a one-step contraction, it is well suited to the
Markov setting, where it follows naturally from coupling arguments: under weak monotone mixing conditions, two
trajectories started from different initial conditions are drawn together in the Bhattacharya metric.

Two applications illustrate the scope of the theory. The first is a model of Bayesian learning subject to belief shocks,
as arise under countercyclical uncertainty and forecast bias [31, 32]. The second treats income dynamics generated by
piecewise deterministic Markov processes—combining deterministic drift with random jumps—which produce Pareto
tails in the stationary distribution, complementing earlier work in the same direction [33–36]. We also show that, under
the stronger classical assumptions of a compact state space with least and greatest elements, the framework yields a
uniform exponential rate of convergence and ergodicity, recovering and sharpening the monotone mixing result of [11].

The remainder of the paper is organized as follows. Section 2 develops the abstract fixed point theory for order-
preserving semigroups. Section 3 specializes to probability spaces, introducing the Bhattacharya metric and connecting
tightness to order boundedness. Section 4 covers stochastic kernels and transition probability functions. Section 5
establishes verifiable conditions for global stability of monotone Markov processes in discrete and continuous time,
and, under stronger assumptions on the state space, uniform exponential convergence and ergodicity. Section 6
develops a stability result for piecewise deterministic Markov processes. Section 7 contains two applications: Bayesian
learning with belief shocks and income dynamics with deterministic drift. Section 8 concludes. Proofs are collected in
Appendix A.

2. Stability of Order-Preserving Semigroups
This section provides our high-level results on stability of semigroups, while also providing, as a corollary, a

new fixed point result for order-preserving maps on preordered metric spaces. The section begins with background
on preordered metric spaces and the diagonal property. We then introduce semigroups and the notions of asymptotic
contractivity and global stability. At the end we state our main results.

2.1. Background
Let 𝖷 be a nonempty set. If 𝐴 is any subset of 𝖷, then 𝐴𝑐 refers to its complement in 𝖷. Given a preorder ⪯ on 𝖷

(reflexive, transitive), each subset 𝐼 of 𝖷 having the form

𝐼 ≔ [𝑎, 𝑏] ≔ {𝑥 ∈ 𝖷 ∶ 𝑎 ⪯ 𝑥 ⪯ 𝑏} (𝑎, 𝑏 ∈ 𝖷, 𝑎 ⪯ 𝑏)

is called an order interval in 𝖷. A set𝐵 ⊂ 𝖷 is called order-bounded if there exists an order interval 𝐼 in 𝖷 with𝐵 ⊂ 𝐼 .
A sequence (𝑥𝑛) ≔ (𝑥𝑛)𝑛∈ℕ ⊂ 𝖷 is called increasing if 𝑥𝑛 ⪯ 𝑥𝑛+1 for all 𝑛 and decreasing if 𝑥𝑛+1 ⪯ 𝑥𝑛 for all 𝑛. A
self-map 𝑇 ∶ 𝖷 → 𝖷 is called order-preserving if 𝑥 ⪯ 𝑦 implies 𝑇𝑥 ⪯ 𝑇 𝑦.

A preordered metric space is a triple (𝖷, 𝑑,⪯) where (𝖷, 𝑑) is a metric space and ⪯ is a preorder on 𝖷. For such
a space, the preorder ⪯ is called closed if (𝑥𝑖) ⊂ 𝖷, (𝑦𝑖) ⊂ 𝖷, 𝑥𝑖 ⪯ 𝑦𝑖 for all 𝑖, 𝑥𝑖 → 𝑥 ∈ 𝖷 and 𝑦𝑖 → 𝑦 ∈ 𝖷 implies
𝑥 ⪯ 𝑦. We say that 𝑑 has the diagonal property with respect to ⪯ if, for all 𝑎, 𝑏 in 𝖷,

𝑑(𝑥, 𝑦) ≤ 𝑑(𝑎, 𝑏) whenever 𝑥, 𝑦 ∈ [𝑎, 𝑏]. (2.1)

Example 2.1. Let 𝖷 be a Banach lattice with norm ‖ ⋅ ‖, partial order ≤, and absolute value function | ⋅ |. Fix 𝑎, 𝑏 in
𝖷 and 𝑥, 𝑦 ∈ [𝑎, 𝑏]. Since −𝑥 ≤ −𝑎 and 𝑦 ≤ 𝑏, we have 𝑦− 𝑥 ≤ 𝑏− 𝑎. A similar argument gives 𝑥− 𝑦 ≤ 𝑏− 𝑎. Hence
|𝑥 − 𝑦| ≤ 𝑏 − 𝑎 = |𝑏 − 𝑎|. Norms on Banach lattices preserve absolute order, so ‖𝑥 − 𝑦‖ ≤ ‖𝑎 − 𝑏‖.

Example 2.2. Let 𝐴 be any set, let 𝖷 be a set of real-valued functions on 𝐴, and let ⪯ be the pointwise order on 𝖷.
If 𝑑 has the form 𝑑(𝑥, 𝑦) = 𝑒(|𝑥 − 𝑦|) for some non-decreasing function 𝑒 mapping into ℝ+ ≔ [0,∞), then 𝑑 satisfies
the diagonal property. Indeed, if we fix 𝑥, 𝑦, 𝑎, 𝑏 ∈ 𝖷 with 𝑥, 𝑦 ∈ [𝑎, 𝑏], then 𝑎 − 𝑏 ⪯ 𝑥 − 𝑦 ⪯ 𝑏 − 𝑎 and hence
|𝑥 − 𝑦| ⪯ |𝑏 − 𝑎|. Since 𝑒 is non-decreasing on 𝖷, this yields 𝑑(𝑥, 𝑦) = 𝑒(|𝑥 − 𝑦|) ≤ 𝑒(|𝑏 − 𝑎|) = 𝑒(|𝑎 − 𝑏|) = 𝑑(𝑎, 𝑏).
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Figure 1: Diagonal property: if 𝑥, 𝑦 ∈ [𝑎, 𝑏], then 𝑑(𝑥, 𝑦) ≤ 𝑑(𝑎, 𝑏)

Examples 2.1 and 2.2 show that the diagonal property also holds in most of the classical spaces and any of their
subsets (endowed with the same metric and preorder). Obvious special cases include 𝖷 = ℝ𝑛, where 𝑑 is Euclidean
distance and ⪯ is the usual pointwise partial order; 𝖷 = all bounded, real-valued functions on a given set 𝑀 , where 𝑑
is the supremum distance and ⪯ is the pointwise partial order; and 𝖷 is an 𝐿𝑝 space, 𝑑 is the 𝐿𝑝 distance, and ⪯ is the
almost everywhere pointwise partial order (see, e.g., [37]). Figure 1 helps illustrate the diagonal property in the first
two cases.

2.2. Semigroups
Let (𝖷, 𝑑,⪯) be a preordered metric space and let (𝑇𝑡) ≔ (𝑇𝑡)𝑡∈𝕋 be a family of self-maps on 𝖷, where 𝕋 is either

ℝ+ or ℤ+. The case 𝕋 = ℝ+ represents continuous time, while 𝕋 = ℤ+ represents discrete time. The family (𝑇𝑡) is
called a semigroup on 𝖷 when 𝑇0 = 𝐼 and 𝑇𝑠+𝑡 = 𝑇𝑠◦𝑇𝑡 for all 𝑠, 𝑡 ∈ 𝕋 . We refer to 𝕋 as the index set. (Unlike some
studies of operator semigroups, no algebraic structure is imposed on the underlying set 𝖷, and we do not require that
𝑡 ↦ 𝑇𝑡 is continuous.)

Given 𝑥 ∈ 𝖷, the map 𝑡 ↦ 𝑇𝑡𝑥 from 𝕋 → 𝖷 is called the trajectory of 𝑥 under the semigroup (𝑇𝑡). The trajectory is
called order-bounded if its range is contained in an order interval; that is, if there exist 𝑎, 𝑏 ∈ 𝖷 such that 𝑎 ⪯ 𝑇𝑡 𝑥 ⪯ 𝑏
for all 𝑡 ∈ 𝕋 . We say that 𝑥∗ ∈ 𝖷 is a stationary point of (𝑇𝑡) if 𝑥∗ is a fixed point of 𝑇𝑡 for all 𝑡 ∈ 𝕋 . We say that
(𝑇𝑡) is asymptotically contractive on 𝖷 if 𝑑(𝑇𝑡 𝑥, 𝑇𝑡 𝑦) → 0 as 𝑡 → ∞ for all 𝑥, 𝑦 ∈ 𝖷; order-preserving if 𝑇𝑡 is order
preserving on 𝖷 for all 𝑡 ∈ 𝕋 ; and globally stable if (𝑇𝑡) has a unique stationary point 𝑥∗ ∈ 𝖷 and 𝑑(𝑇𝑡 𝑥, 𝑥∗) → 0 as
𝑡 → ∞ for all 𝑥 ∈ 𝖷. To simplify terminology, in the case where 𝕋 = ℤ+ and 𝑇𝑡 is the 𝑡-th composition of 𝑇 ≔ 𝑇1
for all 𝑡, we assign properties listed above directly to 𝑇 . For example, we say that 𝑇 is globally stable if the semigroup
(𝑇𝑡)𝑡∈ℤ+

= (𝑇 𝑡)𝑡∈ℤ+
is globally stable.

2.3. Results
We can now state our main results in preordered metric space. Throughout, we take (𝖷, 𝑑,⪯) to be such a space.

We use the following assumptions.

Assumption 2.1. The metric 𝑑 is complete and satisfies the diagonal property.

Assumption 2.2. The preorder ⪯ is closed with respect to 𝑑.

In this setting we have the following theorem, which is proved in Appendix A.1.

Theorem 2.1. Let (𝑇𝑡) be an order-preserving semigroup on 𝖷. If Assumptions 2.1 and 2.2 hold, then the following
statements are equivalent:

(i) (𝑇𝑡) is asymptotically contractive and has at least one order-bounded trajectory.

(ii) (𝑇𝑡) is globally stable.

Remark 2.1. Global stability does not imply that every trajectory is order-bounded. For example, let 𝖷 = ℝ with the
Euclidean metric and the trivial order (𝑥 ⪯ 𝑦 if and only if 𝑥 = 𝑦), and let 𝑇𝑡𝑥 = 𝑥𝑒−𝑡. Then Assumptions 2.1 and 2.2
hold and (𝑇𝑡) is globally stable, but the trajectory of 𝑥 is order-bounded only when 𝑥 = 0.
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Switching to discrete time, we have the following corollary. The corollary is obvious given Theorem 2.1, but
nonetheless worth stating due to its independent value as a fixed point theorem.

Corollary 2.1. Let 𝑇 be an order-preserving self-map on 𝖷. If Assumptions 2.1 and 2.2 hold, then the following
statements are equivalent:

(i) 𝑇 is asymptotically contractive and has at least one order-bounded trajectory.

(ii) 𝑇 is globally stable.

Theorem 2.1 assumes that the preorder ⪯ is closed. The next result shows that this assumption can be dropped
when (𝑇𝑡) satisfies additional conditions. The proof is in Appendix A.2.

Theorem 2.2. If Assumption 2.1 holds and 𝑥 ↦ 𝑇𝑡𝑥 is continuous on 𝖷 for all 𝑡 ∈ 𝕋 , then the equivalence of (i) and
(ii) in Theorem 2.1 is also valid.

3. Stability on Probability Spaces
Now we shift to a setting where 𝖷 is a family of probability measures on a given set 𝑆. (In other words, we consider

distribution dynamics under various laws of motion.) We retain this setting for the remainder of the paper. Doing so
will allow us to specialize and sharpen our results. One non-trivial change will be reinterpreting order-boundedness of
trajectories in terms of tightness.

After developing the necessary background—the Bhattacharya metric on P(𝑆) and the equivalence between
tightness and order boundedness (Proposition 3.1)—we specialize the stability results of Section 2 to semigroups
acting on distributions.

3.1. Background
Let 𝑆 = (𝑆,≤) be a partially ordered Polish space, that is, 𝑆 is a separable and completely metrizable topological

space equipped with a closed partial order ≤. The Borel sets of 𝑆 are denoted by B. A function 𝑓 ∶ 𝑆 → ℝ is called
increasing if 𝑓 (𝑥) ≤ 𝑓 (𝑦) whenever 𝑥 ≤ 𝑦. It is called decreasing if 𝑓 (𝑦) ≤ 𝑓 (𝑥) whenever 𝑥 ≤ 𝑦. This terminology
extends to sets in B by considering their indicator functions. We let 𝑏𝑆 represent the set of bounded measurable
functions from𝑆 toℝ, 𝑐𝑏𝑆 represent the set of continuous functions in 𝑏𝑆, 𝑖𝑏𝑆 represent the set of increasing functions
in 𝑏𝑆, and P(𝑆) be the set of all probability measures on (𝑆,B). Elements of P(𝑆) are also called distributions. For
ℎ ∈ 𝑏𝑆 and 𝜙 ∈ P(𝑆), we set 𝜙(ℎ) ≔ ∫ ℎ𝑑𝜙. We recall that a set Φ ⊂ P(𝑆) is called tight if, for all 𝜖 > 0, there
exists a compact 𝐾 ⊂ 𝑆 with 𝜙(𝐾𝑐) ≤ 𝜖 for all 𝜙 ∈ Φ. For any pair 𝜙, 𝜓 ∈ P(𝑆), write

𝜙 ⪯sd 𝜓 ⟺ 𝜙(ℎ) ≤ 𝜓(ℎ) for all ℎ ∈ 𝑖𝑏𝑆.

This is the usual notion of (first order) stochastic dominance. Under our assumptions on (𝑆,≤), the relation ⪯sd is a
partial order on P(𝑆) (see, e.g., [38]). Throughout the paper, we impose the following restriction on 𝑆.

Assumption 3.1. A subset of 𝑆 is compact if and only if it is closed and order bounded.

Here is a simple alternative characterization that is helpful for the proofs.

Lemma 3.1. Assumption 3.1 holds if and only if order intervals in 𝑆 are compact and compact subsets of 𝑆 are
order-bounded.

Proof. Suppose first that Assumption 3.1 holds. Order intervals are closed (since ≤ is closed) and order-bounded,
hence compact by Assumption 3.1. If𝐾 is compact, then𝐾 is order-bounded by Assumption 3.1. Conversely, suppose
that order intervals are compact and compact sets are order-bounded. If 𝐾 is compact, then 𝐾 is closed (since 𝑆 is
Hausdorff) and order-bounded (by assumption). If 𝐾 is closed and order-bounded, then 𝐾 ⊆ [𝑎, 𝑏] for some 𝑎, 𝑏 ∈ 𝑆.
Since [𝑎, 𝑏] is compact and 𝐾 is a closed subset, 𝐾 is compact.

Example 3.1. Assumption 3.1 holds when 𝑆 is a product of intervals in ℝ𝑛 with the componentwise partial order and
Euclidean metric. This includes ℝ𝑛, [0,∞)𝑛, (0,∞)𝑛, (0, 1)𝑛, [0, 1]𝑛, and mixed cases such as [0, 1) × (0,∞).

The next result will be used to connect tightness with global stability. Its proof is given in Appendix A.3.
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Proposition 3.1. Λ ⊂ P(𝑆) is tight if and only if Λ is order bounded in (P(𝑆),⪯sd).

In this paper, when considering stability of maps over distribution space, we always work with the Bhattacharya
metric 𝛽 on P(𝑆), which is defined by

𝛽(𝜙, 𝜓) = sup
ℎ∈𝑖𝑏𝑆, |ℎ|≤1

|𝜙(ℎ) − 𝜓(ℎ)|. (3.1)

Under Assumption 3.1, the metric 𝛽 is complete on P(𝑆) [16, Theorem 4.1].

Remark 3.1. Since 𝑖𝑏𝑆 ⊂ 𝑏𝑆, we have 𝛽(𝜙,𝜓) ≤ ‖𝜙 − 𝜓‖𝑇𝑉 ≔ supℎ∈𝑏𝑆, |ℎ|≤1 |𝜙(ℎ) − 𝜓(ℎ)|, so convergence in
total variation implies convergence in 𝛽. When 𝑆 = ℝ with the usual order, convergence in 𝛽 is equivalent to uniform
convergence of distribution functions, which is strictly weaker than convergence in total variation and strictly stronger
than weak convergence. See [16] for further discussion.

Lemma 3.2. The metric 𝛽 satisfies the diagonal property on P(𝑆).

Proof. Fix 𝜙, 𝜓,𝓁 and 𝑢 in P(𝑆) with 𝜙, 𝜓 ∈ [𝓁, 𝑢]. Given ℎ ∈ 𝑖𝑏𝑆 with |ℎ| ≤ 1, we have 𝜙(ℎ)−𝜓(ℎ) ≤ 𝑢(ℎ)−𝓁(ℎ)
and 𝜓(ℎ) − 𝜙(ℎ) ≤ 𝑢(ℎ) − 𝓁(ℎ). It follows that |𝜙(ℎ) − 𝜓(ℎ)| ≤ 𝑢(ℎ) − 𝓁(ℎ) = |𝑢(ℎ) − 𝓁(ℎ)| ≤ 𝛽(𝓁, 𝑢). The diagonal
property is obtained by taking the sup over ℎ ∈ 𝑖𝑏𝑆 with |ℎ| ≤ 1.

Another useful observation is as follows.

Lemma 3.3. The partial order ⪯sd on P(𝑆) is closed with respect to 𝛽.

Proof. Suppose (𝜙𝑛), (𝜓𝑛) ⊂ P(𝑆) with 𝜙𝑛 ⪯sd 𝜓𝑛 for all 𝑛, 𝛽(𝜙𝑛, 𝜙) → 0, and 𝛽(𝜓𝑛, 𝜓) → 0. Fix ℎ ∈ 𝑖𝑏𝑆 with
|ℎ| ≤ 1. From convergence in the Bhattacharya metric, we obtain 𝜙𝑛(ℎ) → 𝜙(ℎ) and 𝜓𝑛(ℎ) → 𝜓(ℎ) as 𝑛 → ∞. We
also have 𝜙𝑛(ℎ) ≤ 𝜓𝑛(ℎ) for all 𝑛. Hence, taking limits, 𝜙(ℎ) ≤ 𝜓(ℎ). This holds for all ℎ ∈ 𝑖𝑏𝑆 with |ℎ| ≤ 1 and, by
scaling, extends to all ℎ ∈ 𝑖𝑏𝑆. Therefore 𝜙 ⪯sd 𝜓 .

3.2. Semigroups over Distributions
Let us now consider a semigroup (𝑇𝑡)𝑡∈𝕋 on P(𝑆). The semigroup represents a model that shifts distributions

forward in time via 𝑡 ↦ 𝑇𝑡𝜙, where 𝜙 is some initial distribution. In all of what follows, P(𝑆) is endowed with
the stochastic dominance partial order ⪯sd and the Bhattacharya metric 𝛽. Moreover, 𝑆 = (𝑆,≤) is itself a partially
ordered Polish space satisfying Assumption 3.1. In this setting, we can state the following result, which is proved in
Appendix A.3.

Theorem 3.1. Let (𝑇𝑡) be an order-preserving semigroup on P(𝑆). The following statements are equivalent:
(i) (𝑇𝑡) is asymptotically contractive and has an order-bounded trajectory in P(𝑆).

(ii) (𝑇𝑡) is asymptotically contractive and has a tight trajectory in P(𝑆).

(iii) (𝑇𝑡) is globally stable on P(𝑆).

The statement that (𝑇𝑡) has a tight trajectory means that there exists at least one 𝜙 ∈ P(𝑆) such that (𝑇𝑡𝜙)𝑡∈𝕋 is
tight in P(𝑆).

Often the operators that we consider will be Markov operators generated from transition probability functions.
Such operators have other useful properties, such as linearity with respect to distributions. We discuss this case in
Section 4. We also note, however, that Theorem 3.1 can be used to study nonlinear maps over distributions, which
occur frequently in economic dynamics (see, e.g., [19]).

4. Markov Semigroups
In this section we connect the abstract theory to concrete Markov dynamics. The order-preserving semigroups to

which Theorem 3.1 applies are, in our applications, generated by stochastic kernels and transition probability functions;
here we develop that correspondence and record the properties of the resulting Markov operators.
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4.1. Stochastic Kernels
A stochastic kernel on 𝑆 is a map 𝑃 from 𝑆 × B to [0, 1] such that 𝐵 ↦ 𝑃 (𝑥, 𝐵) is in P(𝑆) for each 𝑥 ∈ 𝑆 and

𝑥 ↦ 𝑃 (𝑥, 𝐵) is measurable for each 𝐵 ∈ B. Each stochastic kernel 𝑃 on 𝑆 generates two operators. The first is the
left Markov operator, defined via

𝜙 ↦ 𝜙𝑃 , (𝜙𝑃 )(𝐵) ≔ ∫ 𝑃 (𝑥, 𝐵)𝜙(d𝑥) (𝐵 ∈ B). (4.1)

The second is the right Markov operator, defined by

ℎ ↦ 𝑃ℎ, (𝑃ℎ)(𝑥) ≔ ∫ ℎ(𝑦)𝑃 (𝑥, d𝑦) (ℎ ∈ 𝑏𝑆, 𝑥 ∈ 𝑆). (4.2)

In line with much of the literature (see, e.g., [23]), the same symbol 𝑃 is used for both operators, as well as for the
stochastic kernel. In addition, we will drop the terms “left” and “right” when the meaning is clear from context. The
map𝜙 ↦ 𝜙𝑃 is understood as updating distribution𝜙 to the next period, while (𝑃ℎ)(𝑥) is interpreted as the conditional
expectation of ℎ(𝑋) when 𝑋 is the next period state and 𝑥 is the current state. For the two operators in (4.1) and (4.2),
Fubini’s theorem yields the well-known “duality” relation

(𝜙𝑃 )(ℎ) = 𝜙(𝑃ℎ) for any 𝜙 ∈ P(𝑆) and any ℎ ∈ 𝑏𝑆. (4.3)

The kernel 𝑃 is called increasing if 𝑥 ≤ 𝑥′ implies 𝑃 (𝑥, ⋅) ⪯sd 𝑃 (𝑥′, ⋅). This is equivalent to 𝑃ℎ ∈ 𝑖𝑏𝑆 whenever
ℎ ∈ 𝑖𝑏𝑆, and to 𝜙𝑃 ⪯sd 𝜓𝑃 whenever 𝜙 ⪯sd 𝜓 . The following result parallels the well-known fact that total variation
distance between distributions is not increased after passing them through a Markov kernel.

Lemma 4.1. If 𝑃 is an increasing kernel, then 𝛽(𝜙𝑃 , 𝜓𝑃 ) ≤ 𝛽(𝜙, 𝜓) for all 𝜙, 𝜓 ∈ P(𝑆).

Proof. Observe that, for probability measures 𝜙, 𝜓 ∈ P(𝑆), we have

𝛽(𝜙𝑃 , 𝜓𝑃 ) = sup
ℎ

|(𝜙𝑃 )(ℎ) − (𝜓𝑃 )(ℎ)| = sup
ℎ

|𝜙(𝑃ℎ) − 𝜓(𝑃ℎ)| ,

where the supremum is over ℎ ∈ 𝑖𝑏𝑆 with |ℎ| ≤ 1 and the second equality is by the duality relationship in (4.3).
Since 𝑃 is increasing and ℎ is increasing, 𝑃ℎ is increasing. Since |ℎ| ≤ 1, we have |𝑃ℎ| ≤ 1, so the last expression is
dominated by 𝛽(𝜙, 𝜓).

4.2. Transition Probability Functions
Following standard terminology, a transition probability function is a family of stochastic kernels (𝑃𝑡)𝑡∈𝕋 such that

𝑃0(𝑥, ⋅) = 𝛿𝑥 for all 𝑥 ∈ 𝑆 and the Chapman–Kolmogorov equation holds:

𝑃𝑠+𝑡(𝑥, 𝐵) = ∫ 𝑃𝑡(𝑦, 𝐵)𝑃𝑠(𝑥, d𝑦) (𝑠, 𝑡 ∈ 𝕋 , 𝑥 ∈ 𝑆, 𝐵 ∈ B). (4.4)

When (𝑃𝑡)𝑡∈𝕋 is a transition probability function, the family of maps 𝜙 ↦ 𝜙𝑃𝑡,

(𝜙𝑃𝑡)(𝐵) ≔ ∫ 𝑃𝑡(𝑥, 𝐵)𝜙(d𝑥) (𝐵 ∈ B, 𝑡 ∈ 𝕋 ) (4.5)

forms a semigroup on P(𝑆), with the semigroup property 𝑃𝑠+𝑡 = 𝑃𝑠◦𝑃𝑡 following from the Chapman–Kolmogorov
relations. In this setting, we say that (𝑃𝑡)𝑡∈𝕋 is a Markov semigroup on 𝑆. We use the same symbol (𝑃𝑡)𝑡∈𝕋 to represent
the Markov semigroup and the transition probability function, since both represent the same object.1

Remark 4.1. Each transition probability function (𝑃𝑡)𝑡∈𝕋 also defines a family of operators ℎ ↦ 𝑃𝑡ℎ, indexed by 𝑡 ∈ 𝕋 ,
each 𝑃𝑡 mapping 𝑏𝑆 to 𝑏𝑆, through the right Markov operator relation in (4.2). Some authors have this in mind when
they refer to the semigroup generated by the transition probability function, rather than the family of maps 𝜙 ↦ 𝜙𝑃𝑡
sending P(𝑆) to P(𝑆). This is just a matter of convention. Our terminology is similar to [39] and [40].

1The transition probability function defines the Markov semigroup on 𝑆 via (4.5). The semigroup defines the transition probability function via
𝑃𝑡(𝑥, 𝐵) ≔ (𝛿𝑥𝑃𝑡)(𝐵) for all 𝑥 ∈ 𝑆, 𝑡 ∈ 𝕋 and 𝐵 ∈ B.
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Example 4.1. In the discrete time case, where we work with a fixed stochastic kernel 𝑃 on 𝑆, we set 𝑃0 ≔ 𝐼 and
𝑃𝑡 ≔ 𝑃 𝑡 for all 𝑡 ∈ ℕ. The family (𝑃𝑡)𝑡∈ℤ+

is a transition probability function.

Example 4.2. Let 𝑆 = ℝ and 𝑃 (𝑡, 𝑥, d𝑦) = 𝑝(𝑡, 𝑥, 𝑦) d𝑦, where

𝑝(𝑡, 𝑥, 𝑦) ≔
√

𝜃
𝜋𝜎2(1 − 𝑒−2𝜃𝑡)

exp
(

−
𝜃(𝑦 − 𝑥𝑒−𝜃𝑡)2

𝜎2(1 − 𝑒−2𝜃𝑡)

)

.

This is the transition density function for the Ornstein–Uhlenbeck process

𝑑𝑋𝑡 = −𝜃𝑋𝑡 𝑑𝑡 + 𝜎 𝑑𝑊𝑡, 𝑋0 = 𝑥, (4.6)

where 𝜃 > 0 is the mean-reversion rate, 𝜎 > 0 is the volatility parameter, and (𝑊𝑡)𝑡≥0 is Brownian motion. The family
of maps (𝑃𝑡)𝑡≥0 defined by𝜙↦ 𝜙𝑃𝑡 with (𝜙𝑃𝑡)(𝐵) ≔ ∫ ∫𝐵 𝑝(𝑡, 𝑥, 𝑦) d𝑦𝜙(d𝑥) is the Markov semigroup on ℝ generated
by the Ornstein–Uhlenbeck transition probability function. For (4.6), the solution can be expressed as

𝑋𝑡 = 𝑒−𝜃𝑡𝑥 + 𝜎𝑡𝑍𝑡, where 𝜎𝑡 ≔ 𝜎
√

1 − 𝑒−2𝜃𝑡
2𝜃

(4.7)

and 𝑍𝑡 is a standard normal random variable for each 𝑡. Hence, for the right Markov operators, we have

(𝑃𝑡ℎ)(𝑥) = 𝔼[ℎ(𝑒−𝜃𝑡𝑥 + 𝜎𝑡𝑍)] (𝑥 ∈ 𝑆, ℎ ∈ 𝑏𝑆), (4.8)

where 𝑍 is standard normal.

A transition probability function (𝑃𝑡)𝑡∈𝕋 = (𝑃𝑡) will be called increasing if 𝑃𝑡 is an increasing stochastic kernel
for all 𝑡 ∈ 𝕋 . For example, (4.8) implies that 𝑃𝑡ℎ is increasing whenever ℎ is increasing, so the Ornstein–Uhlenbeck
transition probability function is increasing. Evidently, (𝑃𝑡)𝑡∈𝕋 is an increasing transition probability function if and
only if it is order-preserving when viewed as a semigroup on (P(𝑆),⪯sd), as in (4.5).

We say that a transition probability function (𝑃𝑡) is bounded in probability when the family of distributions
(𝑃𝑡(𝑥, ⋅))𝑡∈𝕋 is tight for all 𝑥 ∈ 𝑆. For example, for the Ornstein–Uhlenbeck process, the representation (4.7) and
𝜎𝑡 ≤ 𝜎̄ ≔ 𝜎∕

√

2𝜃 for all 𝑡 give |𝑋𝑡| ≤ |𝑥| + 𝜎̄|𝑍𝑡|. Since each 𝑍𝑡 is standard normal, the family (𝑃𝑡(𝑥, ⋅))𝑡≥0 is tight.
We recall that an 𝑆-valued stochastic process (𝑋𝑡) ≔ (𝑋𝑡)𝑡∈𝕋 supported on a probability space (Ω, ,ℙ) is called

a Markov process if

ℙ{𝑋𝑡 ∈ 𝐵 |𝑠} = ℙ{𝑋𝑡 ∈ 𝐵 |𝑋𝑠} ℙ-a.s. for all 𝑠, 𝑡 ∈ 𝕋 with 𝑠 ≤ 𝑡 and all 𝐵 ∈ B,

where (𝑡)𝑡∈𝕋 is a filtration to which (𝑋𝑡) is adapted. Unless otherwise stated, (𝑡) is the natural filtration generated
by (𝑋𝑡); otherwise we say that (𝑋𝑡) is Markov with respect to (𝑡).

Given a transition probability function (𝑃𝑡)𝑡∈𝕋 , we say that a Markov process (𝑋𝑡)𝑡∈𝕋 is (𝑃𝑡)𝑡∈𝕋 -Markov when

ℙ{𝑋𝑡 ∈ 𝐵 |𝑠} = 𝑃𝑡−𝑠(𝑋𝑠, 𝐵) for all nonnegative 𝑠 ≤ 𝑡 and all 𝐵 ∈ B.

For the case of discrete time, when 𝑃𝑡 is just the 𝑡-composition 𝑃 𝑡 for some fixed stochastic kernel 𝑃 , we will simply
say that (𝑋𝑡) is 𝑃 -Markov. In other words, (𝑋𝑡)𝑡∈ℤ+

is 𝑃 -Markov when

ℙ{𝑋𝑡+1 ∈ 𝐵 |𝑡} = 𝑃 (𝑋𝑡, 𝐵) for all 𝑡 ∈ ℤ+ and all 𝐵 ∈ B.

Given 𝑥 ∈ 𝑆, we write ℙ𝑥 for the conditional probability ℙ{⋅ |𝑋0 = 𝑥} and 𝔼𝑥 for the corresponding expectation. For
a pair of processes ((𝑋𝑡), (𝑋′

𝑡 )), ℙ𝑥,𝑥′ and 𝔼𝑥,𝑥′ are defined analogously, conditioning on 𝑋0 = 𝑥 and 𝑋′
0 = 𝑥′.

5. Markov Stability
The characterization in Theorem 3.1 reduces global stability to asymptotic contractivity together with a tight

trajectory. We now develop conditions under which these hold for monotone Markov processes. Since the state space
is not required to be compact or order bounded, we need some restriction on divergence, so that probability mass
does not vanish towards the “edges” of the state space. Here this takes the form of a tightness condition, connected
to order boundedness of trajectories via Proposition 3.1. We treat discrete time in Section 5.1 and continuous time in
Section 5.2. In Section 5.3 we strengthen the assumptions on the state space to obtain a uniform exponential rate of
convergence.
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5.1. Discrete Time Theory
As before, we take (𝑆,≤) to be a partially ordered Polish space and ⪯sd to be stochastic dominance on P(𝑆). The

space (𝑆,≤) is assumed to satisfy Assumption 3.1. A distribution 𝜙 is called excessive for a stochastic kernel 𝑃 on 𝑆
if 𝜙𝑃 ⪯sd 𝜙 and deficient for 𝑃 if 𝜙 ⪯sd 𝜙𝑃 . As usual, 𝑃 is called Feller if 𝑃ℎ ∈ 𝑐𝑏𝑆 whenever ℎ ∈ 𝑐𝑏𝑆.

Let 𝑃 be a stochastic kernel on 𝑆. As in [13], we say that 𝑃 is order reversing if there exist two independent 𝑃 -
Markov processes (𝑋𝑡)𝑡∈ℤ+

and (𝑋′
𝑡 )𝑡∈ℤ+

on a common probability space such that, for every 𝑥, 𝑥′ ∈ 𝑆 with 𝑥′ ≤ 𝑥,
there exists a 𝑡 ∈ ℤ+ with ℙ𝑥,𝑥′{𝑋𝑡 ≤ 𝑋′

𝑡} > 0. Intuitively, order reversing means that no initial ordering is permanent:
regardless of how the two chains start, randomness can eventually (weakly) reverse their positions. We can now state
our main discrete time result.

Theorem 5.1. Let 𝑃 be an increasing stochastic kernel on 𝑆. If 𝑃 is order reversing, then 𝑃 is globally stable if and
only if 𝑃 is bounded in probability.

The key idea behind the proof of Theorem 5.1 (given in Appendix A.5) is that boundedness in probability,
combined with order reversing, provides a form of monotone mixing that leads to asymptotic contractivity. Crucially,
the asymptotic contractivity is with respect to a metric defined via monotone test functions (the Bhattacharya metric),
so a monotone form of mixing suffices—we do not need anything as strong as irreducibility. Global stability then
follows from Theorem 3.1, since boundedness in probability implies the existence of a tight trajectory.

To place Theorem 5.1 in context, it is helpful to compare it to Theorems 1 and 2 of [13], where it is shown that an
increasing and order reversing stochastic kernel 𝑃 on 𝑆 is globally stable whenever

(KS1) 𝑃 is bounded in probability and has an excessive or a deficient distribution, or

(KS2) 𝑃 is bounded in probability and Feller.
Theorem 5.1 improves both (KS1) and (KS2). In particular, it shows that boundedness in probability is enough for

global stability when 𝑃 is increasing and order reversing. We do not need to separately check for the existence of an
excessive or deficient distribution, as in (KS1), nor do we require the Feller condition, as in (KS2).

Theorem 5.1 implies an ergodicity result: If 𝑃 is increasing, order reversing, and is bounded in probability, then
𝑃 has a unique stationary distribution 𝜙∗ and, for every 𝑃 -Markov process (𝑋𝑡), lim𝑛→∞

1
𝑛
∑𝑛−1
𝑡=0 ℎ(𝑋𝑡) = 𝜙∗(ℎ) with

probability one for all ℎ ∈ 𝑖𝑏𝑆, and also for all ℎ ∈ 𝑐𝑏𝑆. This follows from Theorem 5.1 and Proposition 4.1 in [14].

5.2. Continuous Time Theory
We now turn to continuous time. The mixing conditions in this section serve to deliver the asymptotic contractivity

required by Theorem 3.1. The mechanism is as follows. If two copies of a monotone process, started at 𝑥 and 𝑥′, become
ordered at some point, then monotonicity implies that, from that point on, the conditional distribution of the first given
the history is dominated by that of the second. If ordering occurs with probability one, then applying the same argument
with the roles of 𝑥 and 𝑥′ reversed shows that the two distributions are drawn together in the Bhattacharya metric.

Theorem 5.1 relies on independence: order reversing only requires a positive probability that two independent
chains reverse their order, and independence, combined with boundedness in probability, upgrades this to ordering with
probability one [13, Lemma A.5]. In continuous time, independence is less convenient. For example, two independent
copies of the PDMPs in Section 6 jump at different times, so their deterministic flows run for different lengths of time
between jumps, which makes the ordering hard to control. It is more natural to let the copies jump at the same times. We
therefore allow the two processes to be dependent and, in exchange, require that they become ordered with probability
one.

Formally, we call a stochastic kernel 𝑃 on 𝑆 weakly order mixing if there exists an (𝑆 × 𝑆)-valued process
((𝑋𝑘), (𝑋′

𝑘))𝑘∈ℤ+
on a probability space (Ω, ,ℙ), adapted to a filtration (𝑘), such that (𝑋𝑘) and (𝑋′

𝑘) are both 𝑃 -
Markov with respect to (𝑘) and

ℙ𝑥,𝑥′{𝑋𝑘 ≤ 𝑋′
𝑘 for some 𝑘 ∈ ℤ+} = 1 for all 𝑥, 𝑥′ ∈ 𝑆.

We extend this notion to a transition probability function (𝑃𝑡) on 𝑆 by calling (𝑃𝑡) weakly order mixing if 𝑃𝑢 is weakly
order mixing for some 𝑢 > 0.

In continuous time, weak order mixing can typically be verified as follows. Since the definition only observes
the processes at times 𝑘𝑢, it is convenient to ensure that, once ordered, the two copies stay ordered. Two copies of the
process are run until they first become ordered, sharing some sources of randomness (such as jump times) but not others
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(such as the sizes of the jumps). Both copies are then “restarted” from their current states, now sharing all sources of
randomness, which preserves the ordering when the dynamics are monotone for each realization of the randomness,
as in Assumption 6.1. The proof of Lemma A.8 follows this pattern.

We can now state our main continuous time result for a transition probability function (𝑃𝑡) on 𝑆.

Theorem 5.2. Let (𝑃𝑡) be increasing. If (𝑃𝑡) is weakly order mixing, then (𝑃𝑡) is globally stable if and only if (𝑃𝑡) has
at least one tight trajectory.

Compared with Theorem 5.1, boundedness in probability is replaced by the existence of a single tight trajectory.
This is possible because weak order mixing already requires ordering with probability one, so no additional argument
is needed to obtain it. The proof is given in Appendix A.5. We apply this result to piecewise deterministic Markov
processes in Section 6 below.

5.3. Uniform Exponential Convergence
The characterizations obtained so far establish global stability but provide no rate of convergence to the stationary

distribution. By strengthening the assumptions on the state space, we can say more. In this subsection we suppose that
the state space is compact with least and greatest elements—the classical monotone mixing setting—and show that,
under a monotone mixing condition, the process converges to its stationary distribution at a uniform exponential rate.

This recovers and sharpens the classical monotone mixing result for monotone Markov chains [11]: we additionally
(a) establish an explicit exponential rate of convergence, (b) prove ergodicity for bounded increasing observables, and
(c) extend the framework from discrete to continuous time.

As before (𝑆,≤) is a partially ordered Polish space and ⪯sd is stochastic dominance. Following [11], we suppose
that 𝑆 is compact and, in addition, has a greatest element 𝑏 and a least element 𝑎. Note that, under these conditions,
Assumption 3.1 is satisfied. Given 𝑥 ∈ 𝑆, we write 𝑈𝑥 for all 𝑦 ∈ 𝑆 with 𝑥 ≤ 𝑦 and 𝐷𝑥 for all 𝑦 ∈ 𝑆 with 𝑦 ≤ 𝑥.

In line with [11], we say that a stochastic kernel 𝑃 on 𝑆 satisfies the monotone mixing condition (MMC) if there
exist an 𝑥̂ ∈ 𝑆 and an 𝜖 > 0 such that

𝑃 (𝑎, 𝑈𝑥̂) ≥ 𝜖 and 𝑃 (𝑏,𝐷𝑥̂) ≥ 𝜖. (5.1)

In other words, a chain starting at 𝑎 rises above 𝑥̂ with positive probability, while a chain starting from 𝑏 falls below 𝑥̂
with positive probability.

Remark 5.1. Let 𝑆 = [0, 1] and 𝑋𝑡+1 = 𝜌𝑋𝑡 + (1 − 𝜌)𝑊𝑡+1, where 𝜌 ∈ [0, 1) and (𝑊𝑡) is IID and uniform on [0, 1].
The kernel 𝑃 is increasing. The support of 𝑃 𝑛(0, ⋅) is [0, 1− 𝜌𝑛] and that of 𝑃 𝑛(1, ⋅) is [𝜌𝑛, 1], so 𝑃 𝑛 satisfies the MMC
with 𝑥̂ = 1∕2 whenever 𝜌𝑛 < 1∕2. For 𝜌 ≥ 1∕2, the MMC fails for 𝑛 = 1, which is why Theorem 5.3 requires it only
for some 𝑃𝑢. For economic applications, see [11] and Chapter 12 of [41].

We now present the main result of this subsection, which extends Theorem 2 of [11]. In the statement, 𝑆 has the
properties listed at the start of this subsection.

Theorem 5.3. Let (𝑃𝑡)𝑡∈𝕋 be a transition probability function on 𝑆. If (𝑃𝑡)𝑡∈𝕋 is increasing and there exists a positive
𝑢 ∈ 𝕋 such that 𝑃𝑢 satisfies the MMC, then (𝑃𝑡)𝑡∈𝕋 is globally stable on P(𝑆) under 𝛽 and convergence to the unique
stationary distribution 𝜙∗ is exponential:

𝛽(𝜙𝑃𝑡, 𝜙∗) ≤ 𝐶𝑒−𝛼𝑡 for all 𝜙 ∈ P(𝑆) and 𝑡 ∈ 𝕋 , (5.2)

where 𝜖 is the constant in (5.1) for𝑃𝑢,𝐶 ≔ 2∕(1−𝜖) and 𝛼 ≔ ln(1∕(1−𝜖))∕𝑢. Moreover, when 𝕋 = ℤ+, each 𝑃 -Markov
process (𝑋𝑡) is monotone ergodic, with lim𝑛→∞

1
𝑛
∑𝑛−1
𝑡=0 ℎ(𝑋𝑡) = 𝜙∗(ℎ) with probability one for all ℎ ∈ 𝑖𝑏𝑆.

The proof can be found in Appendix A.7.

6. Piecewise Deterministic Markov Processes
Building on the continuous time theory of Section 5.2, we develop in this section a general stability result for

piecewise deterministic Markov processes (PDMPs) that can be applied off the shelf in a range of settings. It is applied
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to a model of income dynamics with deterministic drift in Section 7.2. For existence and uniqueness of stationary
distributions of PDMPs via the embedded post-jump chain, see, e.g., [42, 43].

Let (𝑆,≤) be a partially ordered Polish space satisfying Assumption 3.1. A piecewise deterministic Markov process
(PDMP) on 𝑆 is generated by the following characteristics:

(i) a semi-flow Φ∶ 𝑆 ×ℝ+ → 𝑆,

(ii) a jump intensity 𝜆 ∈ (0,∞),

(iii) a jump shock space 𝑈 and shock distribution 𝜇 on 𝑈 , and

(iv) a jump function 𝐹 ∶ 𝑆 × 𝑈 → 𝑆.
Here𝑈 is a Polish space and the jump function 𝐹 is assumed to be measurable. The mapΦ is called a semi-flow because
it satisfies Φ(𝑥, 0) = 𝑥 and Φ(Φ(𝑥, 𝑠), 𝑡) = Φ(𝑥, 𝑠 + 𝑡) for all 𝑥 ∈ 𝑆 and 𝑠, 𝑡 ≥ 0. We assume that Φ is continuous.
Informally, the process evolves as follows:

(i) Follow the deterministic flow: 𝑋𝑡 = Φ(𝑋0, 𝑡) until the first jump.

(ii) At the first jump time 𝑇 , draw 𝜉 from 𝜇 and set 𝑋𝑇 = 𝐹 (𝑋𝑇− , 𝜉).

(iii) Repeat from the new state 𝑋𝑇 .
In most applications, the semi-flow is the solution to an ODE. For example, if 𝑆 = ℝ and the deterministic dynamics
have the linear form 𝑥̇ = 𝑎𝑥, then Φ(𝑥, 𝑡) = 𝑥 exp(𝑎𝑡).

To formalize the construction of the associated Markov process (𝑋𝑡)𝑡≥0, we first collect the following components:
an 𝑆-valued random element 𝑋0 with distribution 𝜓 ∈ P(𝑆), a real-valued IID sequence (𝐸𝑛)𝑛∈ℕ with common
distribution Exp(𝜆), and a 𝑈 -valued IID sequence (𝜉𝑛)𝑛∈ℕ with common distribution 𝜇. All random elements live on a
common probability space (Ω, ,ℙ). We first build the embedded chain (𝑍𝑛)𝑛∈ℤ+

via

𝑍0 = 𝑋0 and 𝑍𝑛+1 = 𝐹 (Φ(𝑍𝑛, 𝐸𝑛+1), 𝜉𝑛+1).

We define the jump times 𝑇0 ≔ 0 and 𝑇𝑛 ≔
∑𝑛
𝑖=1 𝐸𝑖, while 𝑁𝑡 ≔ max{𝑛 ≥ 0 ∶ 𝑇𝑛 ≤ 𝑡} counts the number of jumps

up until time 𝑡. Finally, we construct (𝑋𝑡)𝑡≥0 via 𝑋𝑡 = Φ(𝑍𝑁𝑡
, 𝑡− 𝑇𝑁𝑡

) for all 𝑡 ≥ 0. A more intuitive representation is

𝑋𝑡 = Φ(𝑍𝑛, 𝑡 − 𝑇𝑛) for 𝑡 ∈ [𝑇𝑛, 𝑇𝑛+1) and 𝑛 ∈ ℤ+.

Sample paths are càdlàg, with smooth deterministic segments broken by jumps. The process (𝑋𝑡) is a Markov process
[40, Theorem 2.4]. We work with the following assumptions.

Assumption 6.1 (PDMP Monotonicity). The primitives are such that
(i) For all 𝑡 ≥ 0, the function 𝑥↦ Φ(𝑥, 𝑡) is order preserving on 𝑆.

(ii) For all 𝑢 ∈ 𝑈 , the function 𝑥↦ 𝐹 (𝑥, 𝑢) is order preserving on 𝑆.

In the next assumption, 𝜉 and 𝜉′ are independent draws from 𝜇.

Assumption 6.2 (PDMP Mixing). There exist measurable functions 𝑓1, 𝑓2 ∶ 𝑈 → 𝑆 such that

𝑓1(𝜉) ≤ 𝐹 (𝑥, 𝜉) ≤ 𝑓2(𝜉) for all 𝑥 ∈ 𝑆 and ℙ{𝑓2(𝜉) ≤ 𝑓1(𝜉′)} > 0.

The transition probability function corresponding to the PDMP (𝑋𝑡)𝑡≥0 is given by

𝑃𝑡 (𝑥, 𝐵) = ℙ{𝑋𝑡 ∈ 𝐵 |𝑋0 = 𝑥} (𝑡 ∈ ℝ+, 𝑥 ∈ 𝑆, 𝐵 ∈ B).

Under the stated monotonicity and mixing conditions, we can prove the following result.

Theorem 6.1. If Assumptions 6.1 and 6.2 hold, then the PDMP is globally stable.

The proof is based on Theorem 5.2 and can be found in Appendix A.6. The strategy is to verify the three
hypotheses of Theorem 5.2. Monotonicity is established by coupling two copies of the PDMP with the same jump
times and the same shocks: if one copy starts above the other, then Assumption 6.1 ensures that it stays above
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through both the deterministic flow and the jumps. Boundedness in probability follows from the pathwise bounds
in Assumption 6.2, which prevent post-jump states from escaping to infinity, while the exponential inter-arrival times
prevent the deterministic flow from carrying the process too far between jumps. The most interesting step is weak
order mixing, which uses a different coupling: the two copies share jump times but receive independent shocks. The
condition ℙ{𝑓2(𝜉) ≤ 𝑓1(𝜉′)} > 0 in Assumption 6.2 then guarantees that, at each shared jump, there is a positive
probability that the two processes become ordered, regardless of their current states. From then on, the copies share
shocks as well, so the ordering is preserved.

Now we turn to applications.

7. Applications
We now illustrate the theory with two applications.

7.1. Learning with Belief Shocks
Belief shocks are used in macroeconomics and finance to generate effects such as countercyclical uncertainty and

forecast biases (see, e.g., [31, 32, 44]). Here we use Theorem 5.1 to study a model of Bayesian learning subject to
belief shocks. In the model, an agent faces uncertainty about a fixed hidden state 𝜃 ∈ {𝓁, ℎ}. Let 𝜋𝑡 ∈ (0, 1) represent
the agent’s belief that 𝜃 = ℎ at time 𝑡. The state 𝜋𝑡 is driven by Bayesian updating while observing IID signals (𝑍𝑡)𝑡∈ℕ,
drawn from density 𝑓ℎ if 𝜃 = ℎ and 𝑓𝓁 if 𝜃 = 𝓁. Let 𝐿(𝑧) ≔ 𝑓ℎ(𝑧)∕𝑓𝓁(𝑧) denote the likelihood ratio. In terms of the
log-odds 𝜂𝑡 ≔ ln(𝜋𝑡∕(1 − 𝜋𝑡)), Bayes’ rule becomes

𝜂𝑡+1 = 𝜂𝑡 + 𝜉𝑡+1, where 𝜉𝑡+1 ≔ ln𝐿(𝑍𝑡+1). (7.1)

The state space for (𝜂𝑡)𝑡∈ℤ+
is ℝ.

We introduce occasional belief shocks that reset the agent’s posterior according to a stochastic kernel 𝑄 on ℝ.
Under these shocks, the belief process (𝜂𝑡)𝑡∈ℤ+

evolves on ℝ according to

𝜂𝑡+1 = 𝐼𝑡+1 ⋅𝑅𝑡+1 + (1 − 𝐼𝑡+1) ⋅ (𝜂𝑡 + 𝜉𝑡+1), (7.2)

where (𝐼𝑡)𝑡∈ℕ is the belief reset indicator process and 𝑅𝑡+1 ∼ 𝑄(𝜂𝑡, ⋅) is the reset value. The stochastic kernel 𝑄 is
assumed to be increasing. Intuitively, this means that beliefs have some positive correlation over the reset. It includes
the special case where reset values are IID. The reset indicator process is IID and each 𝐼𝑡 is drawn from Bernoulli(𝜌).

In what follows, we specialize to 𝜃 = ℎ, so that each 𝑍𝑡 is drawn from 𝑓ℎ. (Analysis under 𝜃 = 𝓁 is very similar.)
Let 𝑃 denote the stochastic kernel corresponding to (7.2) under this specialization.

Lemma 7.1. The stochastic kernel 𝑃 for the belief process is increasing.

Proof. Take 𝜂1 ≤ 𝜂2. Since 𝑄 is increasing, 𝑄(𝜂1, ⋅) ⪯sd 𝑄(𝜂2, ⋅). By Strassen’s theorem (see, e.g., [3]), there exists a
pair of random variables𝑅1 and𝑅2 such that the first component𝑅1 is drawn from𝑄(𝜂1, ⋅), the second component𝑅2
is drawn from 𝑄(𝜂2, ⋅), and 𝑅1 ≤ 𝑅2 almost surely. Let 𝐼 and 𝜉 be drawn from their respective distributions, so that

𝜂′𝑖 ≔ 𝐼 ⋅𝑅𝑖 + (1 − 𝐼) ⋅ (𝜂𝑖 + 𝜉) has distribution 𝑃 (𝜂𝑖, ⋅) for 𝑖 = 1, 2.

If 𝐼 = 0, then 𝜂′1 = 𝜂1 + 𝜉 ≤ 𝜂2 + 𝜉 = 𝜂′2. If 𝐼 = 1, then 𝜂′1 = 𝑅1 and 𝜂′2 = 𝑅2. In both cases, 𝜂′1 ≤ 𝜂′2. As a result, for
any ℎ ∈ 𝑖𝑏𝑆, (𝑃ℎ)(𝜂1) = 𝔼ℎ(𝜂′1) ≤ 𝔼ℎ(𝜂′2) = (𝑃ℎ)(𝜂2). This proves that 𝑃 is increasing.

We impose the following conditions:
(A1) The log-likelihood ratio has finite variance: 𝜎2 = Var(ln𝐿(𝑍)) < ∞.

(A2) For all 𝜀 > 0, there exists a compact 𝐾 ⊂ ℝ such that inf𝑥∈ℝ𝑄(𝑥,𝐾) ≥ 1 − 𝜀.

(A3) For every 𝑀 > 0, we have ℙ{𝐿(𝑍) > 𝑀} > 0 when 𝑍 ∼ 𝑓ℎ.
Assumptions (A1) and (A3) hold, for example, when 𝑓ℎ and 𝑓𝓁 are Gaussian with a common variance. Assumption
(A2) is a tightness condition on the reset kernel and holds trivially when resets are IID.

Lemma 7.2. Under (A1) and (A2), 𝑃 is bounded in probability.
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Proof. Fix 𝑥 ∈ ℝ and 𝜀 > 0. By (A2), choose𝐾 = [𝑎, 𝑏] such that𝑄(𝑦,𝐾) ≥ 1−𝜀∕3 for all 𝑦. Choose 𝑇 large enough
that (1 − 𝜌)𝑇 < 𝜀∕3. For 𝑡 ≥ 𝑇 , let 𝑁𝑡 denote the number of updates since the last reset prior to 𝑡. The probability that
no reset has occurred by time 𝑡 is (1−𝜌)𝑡 ≤ (1−𝜌)𝑇 < 𝜀∕3. Conditional on a reset occurring, the post-reset state lies in
𝐾 with probability at least 1−𝜀∕3. Conditional on𝑁𝑡 = 𝑛 and the last reset landing in𝐾 , we have 𝜂𝑡 ∈ [𝑎+𝑆𝑛, 𝑏+𝑆𝑛]
where 𝑆𝑛 = 𝜉1 +⋯ + 𝜉𝑛. Let 𝑚 ≔ 𝔼𝜉1, which is finite by (A1). The random variable 𝑁𝑡 is stochastically dominated
by 𝑁 ∼ Geometric(𝜌). By Chebyshev’s inequality, ℙ{|𝑆𝑛| > 𝑐} ≤ 1{𝑛|𝑚| > 𝑐∕2} + 4𝑛𝜎2∕𝑐2, which is increasing in
𝑛. Choose 𝑐 large enough that

ℙ{𝑁|𝑚| > 𝑐∕2} +
∞
∑

𝑛=0
𝜌(1 − 𝜌)𝑛 ⋅ 4𝑛𝜎

2

𝑐2
< 𝜀

3
.

Then ℙ𝑥{𝜂𝑡 ∉ [𝑎− 𝑐, 𝑏+ 𝑐]} < 𝜀 for all 𝑡 ≥ 𝑇 . For 𝑡 < 𝑇 , each 𝑃 𝑡(𝑥, ⋅) is a single distribution and hence tight. A finite
union of compact sets covers these, completing the proof.

Lemma 7.3. Under (A3), the kernel 𝑃 is order reversing.

Proof. Let (𝜂𝑡) and (𝜂′𝑡 ) be independent 𝑃 -Markov processes with initial conditions 𝜂 > 𝜂′. We will show that
ℙ{𝜂1 < 𝜂′1} > 0. To this end, let (𝐼, 𝑅, 𝜉) and (𝐼 ′, 𝑅′, 𝜉′) be the independent shocks for the two processes, where
𝑅 ∼ 𝑄(𝜂, ⋅) and 𝑅′ ∼ 𝑄(𝜂′, ⋅). Consider the event 𝐴 = {𝐼 = 1, 𝐼 ′ = 0, 𝜉′ > 𝑅− 𝜂′}. On 𝐴, process 1 resets to 𝜂1 = 𝑅
while process 2 updates to 𝜂′1 = 𝜂′ + 𝜉′ > 𝑅 = 𝜂1, so 𝜂1 < 𝜂′1. Since the two processes are independent, 𝐼 , 𝑅, and 𝜉′
are mutually independent. We have ℙ{𝐼 = 1} = 𝜌 > 0, ℙ{𝐼 ′ = 0} = 1 − 𝜌 > 0, and, for every realization 𝑅 = 𝑟,
ℙ{𝜉′ > 𝑟 − 𝜂′} = ℙ{𝐿(𝑍) > 𝑒𝑟−𝜂′} > 0 by (A3). Hence ℙ(𝐴) > 0, proving that 𝑃 is order reversing.

Combining the preceding lemmas with Theorem 5.1, we obtain global stability.

Proposition 7.1. Under (A1)–(A3), the belief shock kernel 𝑃 is globally stable on (P(ℝ), 𝛽).

Proof. The state space 𝑆 = ℝ satisfies Assumption 3.1 since order intervals [𝑎, 𝑏] are compact and compact sets
are bounded, hence order-bounded. By Lemma 7.2, 𝑃 is bounded in probability. By Lemma 7.1, 𝑃 is increasing. By
Lemma 7.3, 𝑃 is order reversing. Therefore, by Theorem 5.1, 𝑃 is globally stable.

Figure 2 shows a simulation of beliefs 𝜋𝑡, with Gaussian signals with unit variance and means 0.3 under ℎ and 0
under 𝓁, reset probability 𝜌 = 0.04, and IID 𝑁(0, 0.25) resets in log-odds space. Gradual learning is interrupted by
resets toward 𝜋 = 0.5; convergence of the empirical distribution, computed from 200,000 periods, to the stationary
distribution follows from the ergodicity result implied by Theorem 5.1.

7.2. Income Dynamics with Deterministic Drift
We consider a model of income dynamics with a continuous drift component and random resets, related to the

diffusion-based specification in [35]. In contrast to that specification, we avoid the assumption of positive quadratic
variation (e.g., Brownian motion), which is difficult to motivate from data. We analyze the model using Theorem 6.1.

Log income 𝑋𝑡 is a PDMP on 𝑆 = ℝ, as in Section 6, with semi-flow Φ generated by the ODE 𝑥̇ = 𝑔(𝑥), where
𝑔 is locally Lipschitz with at most linear growth, jump intensity 𝜆 > 0, shock space 𝑈 = ℝ with shock distribution 𝜈,
and jump function 𝐹 (𝑥, 𝜁 ) = ℎ(𝑥) + 𝜁 , where ℎ ∈ 𝑖𝑏𝑆. Thus, log income drifts deterministically between jumps and,
at each jump, moves from 𝑥 to ℎ(𝑥) + 𝜁 .

The next proposition gives a simple sufficient condition for global stability.

Proposition 7.2. If the support of 𝜈 contains points 𝑎, 𝑏 with 𝑏 − 𝑎 > supℎ − inf ℎ, then the log income process is
globally stable: there exists a unique stationary distribution 𝜙∗ and

lim
𝑡→∞

𝛽(𝜙𝑃𝑡, 𝜙∗) = 0 for all 𝜙 ∈ P(ℝ). (7.3)

Proof. We verify Assumptions 6.1 and 6.2. Then we apply Theorem 6.1.
Regarding Assumption 6.1 (i), since 𝑔 is locally Lipschitz, solutions of 𝑥̇ = 𝑔(𝑥) are unique forward and backward

in time, so distinct trajectories never meet. By continuity of Φ and the intermediate value theorem, 𝑥1 < 𝑥2 therefore
impliesΦ(𝑥1, 𝑡) < Φ(𝑥2, 𝑡) for all 𝑡 ≥ 0. Regarding Assumption 6.1 (ii), for each 𝜁 ∈ ℝ, the map 𝑥 ↦ 𝐹 (𝑥, 𝜁 ) = ℎ(𝑥)+𝜁
is increasing since ℎ is assumed to be increasing. Regarding Assumption 6.2, set 𝑓1(𝜁 ) = ℎ + 𝜁 and 𝑓2(𝜁 ) = ℎ̄ + 𝜁 ,
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where ℎ ≔ inf ℎ and ℎ̄ ≔ supℎ. By construction, 𝑓1(𝜁 ) ≤ 𝐹 (𝑥, 𝜁 ) ≤ 𝑓2(𝜁 ) for all 𝑥 ∈ ℝ. For the coupling condition,
let 𝜁, 𝜁 ′ be independent draws from 𝜈. Then ℙ{𝑓2(𝜁 ) ≤ 𝑓1(𝜁 ′)} = ℙ{𝜁 ′ − 𝜁 ≥ ℎ̄ − ℎ} > 0, where the strict inequality
follows from our assumption on the support of 𝜈. Global stability now follows from Theorem 6.1.

When the drift rate 𝑔 is constant and resets are pure (ℎ constant), the stationary distribution of income 𝑌 = 𝑒𝑋 has
a Pareto tail with exponent 𝜆∕𝑔, determined by the balance between deterministic growth and random resetting. An
analogous result for a closely related pure-jump model is proved in [45].

8. Conclusion
We have shown that an order-preserving semigroup on a complete preordered metric space is globally stable if

and only if it is asymptotically contractive and has at least one order-bounded trajectory. When applied to monotone
Markov models on partially ordered Polish spaces, this yields a necessary and sufficient condition for the existence,
uniqueness, and global stability of stationary distributions. The mixing conditions used in this paper could potentially
be weakened further, for example by allowing state-dependent jump intensities in the PDMP framework. The Pareto
tail result for income discussed in Section 7.2 is specialized and may hold under weaker assumptions.

A. Proofs
This appendix collects remaining proofs.

A.1. Proof of Theorem 2.1
Throughout this section, Assumptions 2.1 and 2.2 are in force.
Regarding (ii) implies (i), let (𝑇𝑡) be globally stable with stationary point 𝑥∗ ∈ 𝖷. Then the sequence given by 𝑇𝑡𝑥∗

for all 𝑡 ∈ 𝕋 is an order-bounded trajectory of (𝑇𝑡). Moreover, picking arbitrary 𝑥, 𝑦 ∈ 𝖷 and applying the triangle
inequality,

𝑑(𝑇𝑡𝑥, 𝑇𝑡𝑦) ≤ 𝑑(𝑇𝑡𝑥, 𝑥∗) + 𝑑(𝑥∗, 𝑇𝑡𝑦) → 0 (𝑡→ ∞),

where the convergence holds by global stability. Hence (𝑇𝑡) is asymptotically contractive.
For (i) implies (ii), we assume that (𝑇𝑡) is asymptotically contractive on𝖷with at least one order-bounded trajectory.

Due to the last property, we can take 𝑎, 𝑏, 𝑥̄ ∈ 𝖷 such that 𝑎 ⪯ 𝑇𝑡 𝑥̄ ⪯ 𝑏 for all 𝑡 ∈ 𝕋 .

Lemma A.1. For all 𝜖 > 0, there exists a 𝜏 ∈ 𝕋 such that

𝑠, 𝑡 ∈ 𝕋 with 𝜏 ≤ 𝑠, 𝑡 ⟹ 𝑑(𝑇𝑠 𝑥̄, 𝑇𝑡 𝑥̄) < 𝜖. (A.1)

Proof. Fix 𝜖 > 0 and use asymptotic contractivity to choose 𝜏 ∈ 𝕋 such that 𝑑(𝑇𝜏 𝑎, 𝑇𝜏 𝑏) < 𝜖. For 𝑠, 𝑡 ≥ 𝜏 we have

𝑑(𝑇𝑠 𝑥̄, 𝑇𝑡 𝑥̄) = 𝑑(𝑇𝜏𝑇𝑠−𝜏 𝑥̄, 𝑇𝜏𝑇𝑡−𝜏 𝑥̄) ≤ 𝑑(𝑇𝜏 𝑎, 𝑇𝜏 𝑏) < 𝜖.

The first inequality is due to the diagonal property of 𝑑, combined with the fact that 𝑇𝑠−𝜏 𝑥̄ and 𝑇𝑡−𝜏 𝑥̄ both lie in [𝑎, 𝑏],
which in turn implies that 𝑇𝜏 𝑎 ⪯ 𝑇𝜏𝑇𝑠−𝜏 𝑥̄ ⪯ 𝑇𝜏 𝑏 and 𝑇𝜏 𝑎 ⪯ 𝑇𝜏𝑇𝑡−𝜏 𝑥̄ ⪯ 𝑇𝜏 𝑏.

Lemma A.2. There exists an 𝑥∗ ∈ 𝖷 such that

𝑑(𝑇𝑡 𝑥̄, 𝑥∗) → 0 as 𝑡→ ∞. (A.2)

Proof. Let (𝑡𝑛)𝑛∈ℕ be an increasing sequence in 𝕋 with 𝑡𝑛 → ∞ as 𝑛 → ∞. Consider the sequence defined by 𝑥𝑛 ≔ 𝑇𝑡𝑛 𝑥̄.
This sequence is Cauchy because, given 𝜖 > 0, we can choose 𝜏 ∈ 𝕋 such that (A.1) holds and then 𝑑(𝑥𝑛, 𝑥𝑚) < 𝜖 for
all 𝑛, 𝑚 such that 𝑡𝑛, 𝑡𝑚 ≥ 𝜏. Since 𝖷 is complete, it follows that (𝑥𝑛) converges to a limit 𝑥∗. That is,

𝑑(𝑇𝑡𝑛 𝑥̄, 𝑥
∗) → 0 as 𝑛→ ∞. (A.3)

We claim that this can be extended to (A.2). To see this, fix 𝜖 > 0 and choose 𝜏 as in (A.1). For 𝑡 ≥ 𝜏 and 𝑛 ∈ ℕ such
that 𝑡𝑛 ≥ 𝜏, we have

𝑑(𝑇𝑡 𝑥̄, 𝑥∗) ≤ 𝑑(𝑇𝑡 𝑥̄, 𝑇𝑡𝑛 𝑥̄) + 𝑑(𝑇𝑡𝑛 𝑥̄, 𝑥
∗) < 𝜖 + 𝑑(𝑇𝑡𝑛 𝑥̄, 𝑥

∗).

Applying (A.3) and taking the limit in 𝑛 completes the argument.
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Lemma A.3. The point 𝑥∗ in Lemma A.2 is stationary for (𝑇𝑡).

Proof. Fix 𝑠, 𝑡 ∈ 𝕋 . From the existence of an order-bounded trajectory we have 𝑎 ⪯ 𝑇𝑡 𝑥̄ ⪯ 𝑏. From the order-preserving
property of 𝑇𝑠 we get 𝑇𝑠 𝑎 ⪯ 𝑇𝑡+𝑠 𝑥̄ ⪯ 𝑇𝑠 𝑏. Since ⪯ is closed, taking the limit with respect to 𝑡 and applying Lemma A.2
yields

𝑇𝑠 𝑎 ⪯ 𝑥∗ ⪯ 𝑇𝑠 𝑏 for all 𝑠 ∈ 𝕋 . (A.4)

In addition, from (A.4) and the order-preserving property of 𝑇𝑡,

𝑇𝑢+𝑡 𝑎 ⪯ 𝑇𝑡 𝑥
∗ ⪯ 𝑇𝑢+𝑡 𝑏 for all 𝑢, 𝑡 ∈ 𝕋 . (A.5)

Combining (A.4) and (A.5) with the diagonal property (2.1), we get

𝑑(𝑥∗, 𝑇𝑡 𝑥∗) ≤ 𝑑(𝑇𝑢+𝑡 𝑎, 𝑇𝑢+𝑡 𝑏) for all 𝑢 ∈ 𝕋 . (A.6)

Taking the limit in 𝑢 and using asymptotic contractivity yields 𝑇𝑡 𝑥∗ = 𝑥∗.

Proof of Theorem 2.1. We have already shown that 𝑥∗ is stationary for (𝑇𝑡) in Lemma A.3. Regarding convergence,
fix 𝑥 ∈ 𝖷. Since (𝑇𝑡) is asymptotically contractive and 𝑥∗ is stationary, we have 𝑑(𝑇𝑡 𝑥, 𝑥∗) = 𝑑(𝑇𝑡 𝑥, 𝑇𝑡 𝑥∗) → 0 as
𝑡 → ∞. This concludes the proof of Theorem 2.1.

A.2. Proof of Theorem 2.2
We only used closedness of⪯ in Lemma A.3, when we proved that the limit point 𝑥∗ of the order-bounded trajectory

(𝑇𝑡 𝑥̄) is a fixed point of each 𝑇𝑡. We now prove this without closedness by fixing 𝑡 ∈ 𝕋 and applying the triangle
inequality to obtain

𝑑(𝑥∗, 𝑇𝑡 𝑥∗) ≤ 𝑑(𝑥∗, 𝑇𝑢+𝑡 𝑥̄) + 𝑑(𝑇𝑢+𝑡 𝑥̄, 𝑇𝑡 𝑥∗).

The first term converges to zero in 𝑢 by Lemma A.2. If we can show that the second term also converges to zero in 𝑢
then we are done. This holds because 𝑇𝑡 is continuous and 𝑇𝑢 𝑥̄ → 𝑥∗, so, as 𝑢 → ∞,

𝑑(𝑇𝑢+𝑡 𝑥̄, 𝑇𝑡 𝑥∗) = 𝑑(𝑇𝑡𝑇𝑢 𝑥̄, 𝑇𝑡 𝑥∗) → 𝑑(𝑇𝑡 𝑥∗, 𝑇𝑡 𝑥∗) = 0.

A.3. Proof of Proposition 3.1 and Theorem 3.1
Let the conditions of Theorem 3.1 hold. Because 𝑆 is a partially ordered Polish space and Assumption 3.1 is in

force, (P(𝑆), 𝛽) is complete [16, Theorem 4.1] and ⪯sd is closed [38]. We begin with the following lemma.

Lemma A.4. If Λ ⊂ P(𝑆) is tight, then there exists an increasing sequence of order intervals (𝐼𝑛)𝑛∈ℤ+
such that

sup𝜙∈Λ 𝜙(𝐼𝑐𝑛 ) → 0 as 𝑛→ ∞.

Proof. Take (𝜖𝑛) ⊂ (0, 1] with 𝜖𝑛 ↓ 0. By tightness, we can choose compact set 𝐾0 with sup𝜙∈Λ 𝜙(𝐾𝑐
0 ) ≤ 𝜖0.

By Assumption 3.1, compact sets are order bounded, so we can also take an order interval 𝐼0 containing 𝐾0 with
sup𝜙∈Λ 𝜙(𝐼𝑐0 ) ≤ 𝜖0. Next, we choose a compact set𝐾1 with sup𝜙∈Λ 𝜙(𝐾𝑐

1 ) ≤ 𝜖1, and then, using Assumption 3.1 again,
an order interval 𝐼1 such that 𝐼0 ∪ 𝐾1 ⊂ 𝐼1. This order interval obeys 𝐼0 ⊂ 𝐼1 and sup𝜙∈Λ 𝜙(𝐼𝑐1 ) ≤ 𝜖1. Continuing in
this way produces an increasing sequence of order intervals (𝐼𝑛)𝑛∈ℤ+

with sup𝜙∈Λ 𝜙(𝐼𝑐𝑛 ) → 0.

Proof of Proposition 3.1. Suppose first that Λ is tight. We show that there exists a pair of distributions 𝓁, 𝑢 ∈ P(𝑆)
such that 𝓁 ⪯sd 𝜙 ⪯sd 𝑢 for all 𝜙 ∈ Λ. By Lemma A.4, we can take an increasing sequence of order intervals (𝐼𝑛)𝑛∈ℤ+
and a sequence (𝜖𝑛) ⊂ (0, 1] with 𝜖𝑛 ↓ 0 and sup𝜙∈Λ 𝜙(𝐼𝑐𝑛 ) ≤ 𝜖𝑛 for all 𝑛 ∈ ℤ+. Let 𝐼𝑛 = [𝑥𝑛, 𝑦𝑛]. Since (𝐼𝑛) is
increasing, the sequence (𝑥𝑛) is decreasing and (𝑦𝑛) is increasing. For the distributions 𝓁 and 𝑢, we set

𝓁 ≔
∞
∑

𝑛=0
𝛼𝑛𝛿𝑥𝑛 and 𝑢 ≔

∞
∑

𝑛=0
𝛼𝑛𝛿𝑦𝑛 , where 𝛼𝑛 ≔ 𝜖𝑛−1 − 𝜖𝑛.

In the definition above, 𝜖−1 ≔ 1 and 𝛿𝑧 is the probability measure concentrated on 𝑧. One easily confirms that both 𝓁
and 𝑢 are elements of P(𝑆).
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Now let 𝐽 be any increasing set in B. We claim that 𝜙(𝐽 ) ≤ 𝑢(𝐽 ) for all 𝜙 ∈ Λ. To see that this is so, fix 𝜙 ∈ Λ
and suppose first that 𝑦𝑚 ∈ 𝐽 𝑐 for all 𝑚. If this is so, then 𝜙(𝐽 ) = 0. Indeed, fixing 𝑚 ∈ ℤ+, the property 𝑦𝑚 ∈ 𝐽 𝑐
implies 𝐽 ⊂ 𝐼𝑐𝑚. (Otherwise there is an 𝑥 ∈ 𝐽 ∩ 𝐼𝑚 and, since 𝐽 is increasing and 𝑥 ≤ 𝑦𝑚, we have 𝑦𝑚 ∈ 𝐽 .) This
means that 𝜙(𝐽 ) ≤ 𝜙(𝐼𝑐𝑚) ≤ 𝜖𝑚. Taking the limit in 𝑚 yields 𝜙(𝐽 ) = 0. Hence 𝜙(𝐽 ) ≤ 𝑢(𝐽 ).

Now consider the other case, where 𝑚 ≔ min{𝑛 ∈ ℤ+ ∶ 𝑦𝑛 ∈ 𝐽} is finite. If 𝑚 = 0, then 𝜙(𝐽 ) ≤ 1 = 𝑢(𝐽 ), so let
𝑚 ≥ 1. Observe that 𝐽 ∩ 𝐼𝑚−1 is empty. (If 𝑥 is in both, then, since 𝑥 ≤ 𝑦𝑚−1 and 𝑥 ∈ 𝐽 , we have 𝑦𝑚−1 ∈ 𝐽 , which
contradicts the definition of 𝑚.) As a result,

𝜙(𝐽 ) = 𝜙(𝐽 ∩ 𝐼𝑚−1) + 𝜙(𝐽 ∩ 𝐼𝑐𝑚−1) = 𝜙(𝐽 ∩ 𝐼𝑐𝑚−1) ≤ 𝜙(𝐼𝑐𝑚−1) ≤ 𝜖𝑚−1.

At the same time, since (𝑦𝑛) is increasing, 𝑢(𝐽 ) = 𝜖𝑚−1−𝜖𝑚+𝜖𝑚−𝜖𝑚+1+𝜖𝑚+1−𝜖𝑚+2+⋯ = 𝜖𝑚−1. As a consequence,
we have 𝜙(𝐽 ) ≤ 𝑢(𝐽 ). This shows that 𝜙 ⪯sd 𝑢. A similar argument shows that 𝓁 ⪯sd 𝜙 also holds. Hence Λ is order
bounded.

Conversely, suppose Λ is order bounded, so there exist 𝓁, 𝑢 ∈ P(𝑆) with 𝓁 ⪯sd 𝜙 ⪯sd 𝑢 for all 𝜙 ∈ Λ. Fix
𝜖 > 0. Since 𝓁 and 𝑢 are distributions on a Polish space, they are tight, so we can choose compact sets 𝐾𝓁 and 𝐾𝑢 with
𝓁(𝐾𝑐

𝓁) ≤ 𝜖∕2 and 𝑢(𝐾𝑐
𝑢 ) ≤ 𝜖∕2. By Assumption 3.1, the compact set𝐾𝓁 ∪𝐾𝑢 is order bounded, so there exist 𝑎, 𝑏 ∈ 𝑆

with 𝐾𝓁 ∪𝐾𝑢 ⊂ [𝑎, 𝑏]. By Assumption 3.1 again, [𝑎, 𝑏] is compact.
Let 𝑈𝑎 ≔ {𝑥 ∈ 𝑆 ∶ 𝑥 ≥ 𝑎} and 𝐷𝑏 ≔ {𝑥 ∈ 𝑆 ∶ 𝑥 ≤ 𝑏}. Then [𝑎, 𝑏] = 𝑈𝑎 ∩𝐷𝑏 and [𝑎, 𝑏]𝑐 = 𝑈 𝑐

𝑎 ∪𝐷
𝑐
𝑏. Fix 𝜙 ∈ Λ.

Since 𝑈𝑎 is increasing, we have 𝓁(𝑈𝑎) ≤ 𝜙(𝑈𝑎), giving 𝜙(𝑈 𝑐
𝑎 ) ≤ 𝓁(𝑈 𝑐

𝑎 ). Similarly, since𝐷𝑐
𝑏 is increasing and 𝜙 ⪯sd 𝑢,

we have 𝜙(𝐷𝑐
𝑏) ≤ 𝑢(𝐷𝑐

𝑏). Now 𝐾𝓁 ⊂ [𝑎, 𝑏] implies 𝑈 𝑐
𝑎 ⊂ [𝑎, 𝑏]𝑐 ⊂ 𝐾𝑐

𝓁 , so 𝓁(𝑈 𝑐
𝑎 ) ≤ 𝜖∕2. Likewise, 𝑢(𝐷𝑐

𝑏) ≤ 𝜖∕2.
Therefore,

𝜙([𝑎, 𝑏]𝑐) ≤ 𝜙(𝑈 𝑐
𝑎 ) + 𝜙(𝐷

𝑐
𝑏) ≤ 𝓁(𝑈 𝑐

𝑎 ) + 𝑢(𝐷
𝑐
𝑏) ≤ 𝜖.

Since [𝑎, 𝑏] is compact and this holds for all 𝜙 ∈ Λ, we conclude that Λ is tight.

Proof of Theorem 3.1. Let the conditions of Theorem 3.1 hold.
((i) ⇔ (ii)) This equivalence is immediate from Proposition 3.1.
((iii) ⟹ (i)) If (𝑇𝑡) is globally stable, then (𝑇𝑡) is asymptotically contractive by Theorem 2.1. Moreover, when

𝜓∗ is the unique stationary distribution, the constant trajectory (𝑇𝑡𝜓∗) = (𝜓∗) is trivially order bounded.
((i) ⟹ (iii)) Suppose that (𝑇𝑡) is asymptotically contractive and has an order-bounded trajectory. The space

(P(𝑆), 𝛽) is complete and 𝛽 satisfies the diagonal property by Lemma 3.2. Moreover, ⪯sd is closed with respect to 𝛽
by Lemma 3.3. Hence (𝑇𝑡) is globally stable by Theorem 2.1.

A.4. Order-Theoretic Mixing and Asymptotic Contractivity
This section shows that weak order mixing implies asymptotic contractivity in the Bhattacharya metric. Proposi-

tion A.1 is the key step in the proofs of Theorem 5.1 and Theorem 5.2 (Appendix A.5), where it supplies the asymptotic
contractivity needed to apply Theorem 3.1.

Proposition A.1. Let 𝑃 be an increasing stochastic kernel on 𝑆. If 𝑃 is weakly order mixing, then 𝑃 is asymptotically
contractive on P(𝑆) with respect to the metric 𝛽.

Proof of Proposition A.1. Let ((𝑋𝑘), (𝑋′
𝑘)) and (𝑘) be as in the definition of weak order mixing, and let 𝜏 ≔ inf{𝑘 ∈

ℤ+ ∶ 𝑋𝑘 ≤ 𝑋′
𝑘}. Since ≤ is closed, {𝜏 = 𝑘} ∈ 𝑘 for each 𝑘, and ℙ𝑥,𝑥′{𝜏 < ∞} = 1 for all 𝑥, 𝑥′ ∈ 𝑆. Fix 𝑥, 𝑥′ ∈ 𝑆,

𝑡 ∈ ℤ+ and ℎ ∈ 𝑖𝑏𝑆 with |ℎ| ≤ 1. Since (𝑋𝑘) and (𝑋′
𝑘) are both 𝑃 -Markov and defined on the same probability space,

we have

𝛿𝑥𝑃
𝑡ℎ − 𝛿𝑥′𝑃 𝑡ℎ = 𝔼𝑥,𝑥′ [ℎ(𝑋𝑡) − ℎ(𝑋′

𝑡 )] = 𝐴 + 𝐵,

where

𝐴 ≔
𝑡

∑

𝑘=0
𝔼𝑥,𝑥′

[

1{𝜏=𝑘}(ℎ(𝑋𝑡) − ℎ(𝑋′
𝑡 ))

]

and 𝐵 ≔ 𝔼𝑥,𝑥′
[

1{𝜏>𝑡}(ℎ(𝑋𝑡) − ℎ(𝑋′
𝑡 ))

]

.

Fix 𝑘 ≤ 𝑡. Since {𝜏 = 𝑘} ∈ 𝑘 and both processes are 𝑃 -Markov with respect to (𝑘), conditioning on 𝑘 gives

𝔼𝑥,𝑥′
[

1{𝜏=𝑘}(ℎ(𝑋𝑡) − ℎ(𝑋′
𝑡 ))

]

= 𝔼𝑥,𝑥′
[

1{𝜏=𝑘}
(

(𝑃 𝑡−𝑘ℎ)(𝑋𝑘) − (𝑃 𝑡−𝑘ℎ)(𝑋′
𝑘)
)]

.
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Since 𝑃 𝑡−𝑘ℎ is increasing and 𝑋𝑘 ≤ 𝑋′
𝑘 on {𝜏 = 𝑘}, this term is nonpositive. Hence 𝐴 ≤ 0. Moreover,

𝐵 ≤ 𝔼𝑥,𝑥′
[

1{𝜏>𝑡}|ℎ(𝑋𝑡) − ℎ(𝑋′
𝑡 )|

]

≤ 2ℙ𝑥,𝑥′{𝜏 > 𝑡}.

Hence 𝛿𝑥𝑃 𝑡ℎ − 𝛿𝑥′𝑃 𝑡ℎ ≤ 2ℙ𝑥,𝑥′{𝜏 > 𝑡}. Reversing the roles of 𝑥 and 𝑥′ gives 𝛿𝑥′𝑃 𝑡ℎ − 𝛿𝑥𝑃 𝑡ℎ ≤ 2ℙ𝑥′,𝑥{𝜏 > 𝑡}, and
hence

|𝛿𝑥𝑃
𝑡ℎ − 𝛿𝑥′𝑃 𝑡ℎ| ≤ 2max(ℙ𝑥,𝑥′{𝜏 > 𝑡}, ℙ𝑥′,𝑥{𝜏 > 𝑡}).

Since ℎ ∈ 𝑖𝑏𝑆 with |ℎ| ≤ 1 was arbitrary, we can take the supremum to get

𝛽(𝛿𝑥𝑃 𝑡, 𝛿𝑥′𝑃 𝑡) ≤ 2max(ℙ𝑥,𝑥′{𝜏 > 𝑡}, ℙ𝑥′,𝑥{𝜏 > 𝑡}) for all 𝑥, 𝑥′ ∈ 𝑆. (A.7)

We wish to extend this to arbitrary (nondegenerate) initial conditions. To this end, fix 𝜙, 𝜓 ∈ P(𝑆). Let (𝑋,𝑋′) be
any coupling with marginals 𝜙 and 𝜓 . For ℎ ∈ 𝑖𝑏𝑆 with |ℎ| ≤ 1, we have

(𝜙𝑃 𝑡)(ℎ) − (𝜓𝑃 𝑡)(ℎ) = 𝔼[(𝑃 𝑡ℎ)(𝑋)] − 𝔼[(𝑃 𝑡ℎ)(𝑋′)] = 𝔼[(𝛿𝑋𝑃 𝑡)(ℎ) − (𝛿𝑋′𝑃 𝑡)(ℎ)].

Taking absolute values and using (A.7), we get

|(𝜙𝑃 𝑡)(ℎ) − (𝜓𝑃 𝑡)(ℎ)| ≤ 𝔼[𝛽(𝛿𝑋𝑃 𝑡, 𝛿𝑋′𝑃 𝑡)].

The right-hand side does not depend on ℎ, so taking the supremum over ℎ ∈ 𝑖𝑏𝑆 with |ℎ| ≤ 1 gives 𝛽(𝜙𝑃 𝑡, 𝜓𝑃 𝑡) ≤
𝔼[𝛽(𝛿𝑋𝑃 𝑡, 𝛿𝑋′𝑃 𝑡)]. By (A.7),

𝛽(𝜙𝑃 𝑡, 𝜓𝑃 𝑡) ≤ 2𝔼[max(ℙ𝑋,𝑋′{𝜏 > 𝑡}, ℙ𝑋′,𝑋{𝜏 > 𝑡})]. (A.8)

Since ℙ𝑥,𝑥′{𝜏 < ∞} = 1 for all 𝑥, 𝑥′ ∈ 𝑆, both ℙ𝑥,𝑥′{𝜏 > 𝑡} and ℙ𝑥′,𝑥{𝜏 > 𝑡} converge to 0 as 𝑡 → ∞ for each
(𝑥, 𝑥′). By the dominated convergence theorem, the right-hand side of (A.8) converges to 0. Since 𝜙, 𝜓 ∈ P(𝑆) were
arbitrary, 𝑃 is asymptotically contractive.

A.5. Proof of Theorem 5.1 and Theorem 5.2
We begin with a lemma showing that convergence in the Bhattacharya metric implies tightness.

Lemma A.5. If (𝜙𝑛)𝑛∈ℤ+
⊂ P(𝑆) and 𝛽(𝜙𝑛, 𝜙) → 0 for some 𝜙 ∈ P(𝑆), then {𝜙𝑛}𝑛∈ℤ+

is tight.

Proof. Fix 𝜖 > 0. Since 𝜙 is a distribution on a Polish space, it is tight, so we can choose a compact set 𝐾 with
𝜙(𝐾𝑐) ≤ 𝜖. By Lemma 3.1, there exist 𝑎, 𝑏 ∈ 𝑆 with𝐾 ⊂ [𝑎, 𝑏], and [𝑎, 𝑏] is compact. As in the proof of Proposition 3.1,
let 𝑈𝑎 ≔ {𝑥 ∈ 𝑆 ∶ 𝑥 ≥ 𝑎} and 𝐷𝑏 ≔ {𝑥 ∈ 𝑆 ∶ 𝑥 ≤ 𝑏}. Both sets are closed, since ≤ is closed. Moreover, 𝐷𝑐

𝑏 is
increasing and𝑈 𝑐

𝑎 is decreasing, so 1𝐷𝑐𝑏 and −1𝑈 𝑐𝑎 are elements of 𝑖𝑏𝑆 bounded in absolute value by one. Convergence
in 𝛽 therefore gives

𝜙𝑛(𝐷𝑐
𝑏) → 𝜙(𝐷𝑐

𝑏) ≤ 𝜙(𝐾𝑐) ≤ 𝜖 and 𝜙𝑛(𝑈 𝑐
𝑎 ) → 𝜙(𝑈 𝑐

𝑎 ) ≤ 𝜙(𝐾𝑐) ≤ 𝜖.

Since [𝑎, 𝑏]𝑐 = 𝑈 𝑐
𝑎 ∪𝐷

𝑐
𝑏, we can choose 𝑁 ∈ ℤ+ such that 𝜙𝑛([𝑎, 𝑏]𝑐) ≤ 3𝜖 for all 𝑛 ≥ 𝑁 . Each of the finitely many

distributions 𝜙0,… , 𝜙𝑁−1 is tight, so there exist compact sets 𝐾0,… , 𝐾𝑁−1 with 𝜙𝑛(𝐾𝑐
𝑛 ) ≤ 𝜖 for 𝑛 < 𝑁 . The set

𝐾̄ ≔ [𝑎, 𝑏] ∪𝐾0 ∪⋯ ∪𝐾𝑁−1 is compact and satisfies 𝜙𝑛(𝐾̄𝑐) ≤ 3𝜖 for all 𝑛 ∈ ℤ+. Hence {𝜙𝑛} is tight.

Next we prove the discrete time result in Theorem 5.1.

Proof of Theorem 5.1. Let 𝑃 be any stochastic kernel on 𝑆. If 𝑃 is globally stable on P(𝑆), then 𝑃 is bounded in
probability. Indeed, for each 𝑥 ∈ 𝑆, the sequence of distributions 𝑡 ↦ 𝛿𝑥𝑃 𝑡 = 𝑃 𝑡(𝑥, ⋅) converges in 𝛽 to the unique
stationary distribution, and hence is tight by Lemma A.5.

Now suppose that 𝑃 is increasing, order reversing, and bounded in probability. By Lemma A.5 in the appendix
of [13], there exists an (𝑆 × 𝑆)-valued Markov process ((𝑋𝑡), (𝑋′

𝑡 ))𝑡∈ℤ+
on a probability space (Ω, ,ℙ) such that

(𝑋𝑡)𝑡∈ℤ+
and (𝑋′

𝑡 )𝑡∈ℤ+
are independent, both of these processes are 𝑃 -Markov, and 𝜏 ≔ inf {𝑡 ≥ 0 ∶ 𝑋𝑡 ≤ 𝑋′

𝑡} obeys
ℙ𝑥,𝑥′{𝜏 < ∞} = 1 for all 𝑥, 𝑥′ ∈ 𝑆. By independence, (𝑋𝑡) and (𝑋′

𝑡 ) are both 𝑃 -Markov with respect to the natural
filtration of ((𝑋𝑡), (𝑋′

𝑡 )), so 𝑃 is weakly order mixing. Proposition A.1 now implies that 𝑃 is asymptotically contractive
on P(𝑆) with respect to the metric 𝛽. Global stability now follows from Theorem 3.1 (ii), applied with 𝕋 = ℤ+, given
that boundedness in probability implies existence of a tight trajectory.
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Now we prove the continuous time result in Theorem 5.2.

Proof of Theorem 5.2. Since (𝑃𝑡) is weakly order mixing, there exists a 𝑢 > 0 such that 𝑃𝑢 is weakly order mixing.
Since 𝑃𝑢 is also increasing, Proposition A.1 implies that 𝑃𝑢 is asymptotically contractive on (P(𝑆), 𝛽). To extend this
to (𝑃𝑡), fix 𝜙, 𝜓 ∈ P(𝑆) and 𝑡 ≥ 0, and write 𝑡 = 𝑛𝑢 + 𝑟 with 𝑛 ∈ ℤ+ and 𝑟 ∈ [0, 𝑢). Since 𝑃𝑡 = 𝑃𝑛𝑢𝑃𝑟, 𝑃𝑛𝑢 = (𝑃𝑢)𝑛
and 𝑃𝑟 is increasing, Lemma 4.1 gives

𝛽(𝜙𝑃𝑡, 𝜓𝑃𝑡) = 𝛽((𝜙𝑃 𝑛𝑢 )𝑃𝑟, (𝜓𝑃
𝑛
𝑢 )𝑃𝑟) ≤ 𝛽(𝜙𝑃 𝑛𝑢 , 𝜓𝑃

𝑛
𝑢 ).

As 𝑡 → ∞ we have 𝑛 → ∞, so the right-hand side converges to zero. Hence (𝑃𝑡) is asymptotically contractive on
(P(𝑆), 𝛽). If (𝑃𝑡) is globally stable with unique stationary distribution 𝜓∗, then the trajectory 𝑡 ↦ 𝜓∗𝑃𝑡 = 𝜓∗ is
constant, and hence trivially tight. Conversely, if (𝑃𝑡) has at least one tight trajectory, then global stability follows from
Theorem 3.1, since (𝑃𝑡) is order-preserving and asymptotically contractive.

A.6. Proof of Theorem 6.1
We prove this theorem using a sequence of lemmas.

Lemma A.6. If Assumption 6.1 holds, then (𝑃𝑡) is increasing.

Proof. Fix 𝑥, 𝑥′ ∈ 𝑆 with 𝑥 ≤ 𝑥′. On a common probability space, construct two PDMPs (𝑋𝑡) and (𝑋′
𝑡 ) starting

from 𝑥 and 𝑥′ respectively, using the same jump times (𝑇𝑛) and the same shocks (𝜉𝑛). The embedded chains satisfy
𝑍0 = 𝑥 ≤ 𝑥′ = 𝑍′

0. By induction: if 𝑍𝑛 ≤ 𝑍′
𝑛, then Φ(𝑍𝑛, 𝐸𝑛+1) ≤ Φ(𝑍′

𝑛, 𝐸𝑛+1) by Assumption 6.1 (i) and

𝑍𝑛+1 = 𝐹 (Φ(𝑍𝑛, 𝐸𝑛+1), 𝜉𝑛+1) ≤ 𝐹 (Φ(𝑍′
𝑛, 𝐸𝑛+1), 𝜉𝑛+1) = 𝑍′

𝑛+1

by Assumption 6.1 (ii). Hence 𝑍𝑛 ≤ 𝑍′
𝑛 for all 𝑛. For any 𝑡 ≥ 0, applying Assumption 6.1 (i) gives

𝑋𝑡 = Φ(𝑍𝑁𝑡
, 𝑡 − 𝑇𝑁𝑡

) ≤ Φ(𝑍′
𝑁𝑡
, 𝑡 − 𝑇𝑁𝑡

) = 𝑋′
𝑡 .

Therefore, for any ℎ ∈ 𝑖𝑏𝑆, 𝑃𝑡ℎ(𝑥) = 𝔼𝑥ℎ(𝑋𝑡) ≤ 𝔼𝑥′ℎ(𝑋′
𝑡 ) = 𝑃𝑡ℎ(𝑥′).

Lemma A.7. If Assumptions 6.1 and 6.2 hold, then (𝑃𝑡) is bounded in probability.

Proof. Fix 𝑥0 ∈ 𝑆 and 𝜀 > 0. We need to find a compact set 𝐷 such that ℙ𝑥0{𝑋𝑡 ∈ 𝐷} ≥ 1 − 𝜀 for all 𝑡 ≥ 0. By
Assumption 6.2, 𝑓1(𝜉𝑛) ≤ 𝑍𝑛 ≤ 𝑓2(𝜉𝑛) for all 𝑛 ≥ 1, so each post-jump state lies in [𝑓1(𝜉𝑛), 𝑓2(𝜉𝑛)]. Choose a compact
𝐾 ⊂ 𝑆 with ℙ{𝑓𝑖(𝜉) ∈ 𝐾} ≥ 1 − 𝜀∕6 for 𝑖 = 1, 2. By Assumption 3.1, 𝐾 ⊂ [𝑎, 𝑏] for some 𝑎, 𝑏 ∈ 𝑆, and 𝐶 ≔ [𝑎, 𝑏]
is compact. Whenever both 𝑓1(𝜉𝑛) and 𝑓2(𝜉𝑛) fall in 𝐾 , the post-jump state 𝑍𝑛 lies in 𝐾 ⊂ 𝐶 .

Next, we show that 𝑍𝑁𝑡
, the state at the most recent jump before time 𝑡, lies in 𝐶 with high probability. Formally,

𝜉𝑛 is independent of (𝐸1,… , 𝐸𝑛+1) and {𝑁𝑡 = 𝑛} is determined by (𝐸1,… , 𝐸𝑛+1), so

ℙ𝑥0{𝑍𝑁𝑡
∉ 𝐶, 𝑁𝑡 ≥ 1} =

∞
∑

𝑛=1
ℙ{𝑁𝑡 = 𝑛, 𝑍𝑛 ∉ 𝐶} ≤ 𝜀

3

∞
∑

𝑛=1
ℙ{𝑁𝑡 = 𝑛} = 𝜀

3
.

Between consecutive jumps, the process follows the flow Φ, so 𝑋𝑡 = Φ(𝑍𝑁𝑡
, 𝑅𝑡) where 𝑅𝑡 ≔ 𝑡 − 𝑇𝑁𝑡

is the
time elapsed since the last jump. The event {𝑅𝑡 > 𝑀} requires no Poisson arrivals in the interval (𝑡 − 𝑀, 𝑡], so
ℙ{𝑅𝑡 > 𝑀} ≤ 𝑒−𝜆𝑀 . Choose 𝑀 > 0 with 𝑒−𝜆𝑀 < 𝜀∕3. Before the first jump (𝑁𝑡 = 0), the process follows its initial
trajectory:𝑋𝑡 = Φ(𝑥0, 𝑡). The probability of no jump by time 𝑡 is ℙ{𝑁𝑡 = 0} = 𝑒−𝜆𝑡, which is small for large 𝑡. Choose
𝑇 > 0 with 𝑒−𝜆𝑇 < 𝜀∕3.

Since Φ is continuous,

𝐷 ≔ Φ(𝐶 × [0,𝑀]) ∪ Φ({𝑥0} × [0, 𝑇 ])

is compact. (The first component captures the flow starting from any post-jump state in 𝐶 and running for at most
𝑀 time units. The second captures the initial trajectory from 𝑥0 up to time 𝑇 , covering the possibility that no jump
has yet occurred.) Consider first the case 𝑡 ≤ 𝑇 : if 𝑁𝑡 = 0, then 𝑋𝑡 = Φ(𝑥0, 𝑡) ∈ 𝐷. For any such 𝑡: on the event
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{𝑁𝑡 ≥ 1, 𝑍𝑁𝑡
∈ 𝐶, 𝑅𝑡 ≤ 𝑀}, we have 𝑋𝑡 = Φ(𝑍𝑁𝑡

, 𝑅𝑡) ∈ 𝐷. The three complementary events each have small
probability:

ℙ𝑥0{𝑋𝑡 ∉ 𝐷} ≤ ℙ{𝑁𝑡 = 0} + ℙ{𝑍𝑁𝑡
∉ 𝐶, 𝑁𝑡 ≥ 1} + ℙ{𝑅𝑡 > 𝑀} ≤ 𝑒−𝜆𝑡 + 𝜀

3
+ 𝑒−𝜆𝑀 .

For 𝑡 > 𝑇 each term is at most 𝜀∕3, giving a total bound of 𝜀. For 𝑡 ≤ 𝑇 the first term covers the event {𝑁𝑡 = 0} (on
which 𝑋𝑡 ∈ 𝐷 by construction), so ℙ𝑥0{𝑋𝑡 ∉ 𝐷} ≤ 𝜀∕3 + 𝜀∕3 < 𝜀.

Lemma A.8. If Assumptions 6.1 and 6.2 hold, then (𝑃𝑡) is weakly order mixing.

Proof. Fix 𝑢 > 0. We show that 𝑃𝑢 is weakly order mixing. Let (𝐸𝑛) be IID Exp(𝜆), and let (𝜉𝑛) and (𝜉′𝑛) be IID with
common distribution 𝜇, all mutually independent. Fix 𝑥, 𝑥′ ∈ 𝑆 and define embedded chains by𝑍0 = 𝑥,𝑍′

0 = 𝑥′ and,
for 𝑛 ≥ 1,

𝑍𝑛 = 𝐹 (Φ(𝑍𝑛−1, 𝐸𝑛), 𝜉𝑛), 𝑍′
𝑛 = 𝐹 (Φ(𝑍′

𝑛−1, 𝐸𝑛), 𝜂𝑛),

where 𝜂𝑛 ≔ 𝜉𝑛 if 𝑍𝑘 ≤ 𝑍′
𝑘 for some 𝑘 < 𝑛 and 𝜂𝑛 ≔ 𝜉′𝑛 otherwise. Thus, the two chains use independent shocks

until they first become ordered and common shocks afterwards. Since the choice between 𝜉𝑛 and 𝜉′𝑛 depends only on
(𝐸𝑘, 𝜉𝑘, 𝜉′𝑘)𝑘<𝑛, the sequence (𝜂𝑛) is IID with distribution 𝜇 and independent of (𝐸𝑛). Let (𝑋𝑡) and (𝑋′

𝑡 ) be the PDMPs
with common jump times 𝑇𝑛 ≔ 𝐸1 +⋯ + 𝐸𝑛 and embedded chains (𝑍𝑛) and (𝑍′

𝑛).
The process ((𝑋𝑡), (𝑋′

𝑡 ), (𝐼𝑡)), where 𝐼𝑡 is the indicator that 𝑍𝑘 ≤ 𝑍′
𝑘 for some 𝑘 with 𝑇𝑘 ≤ 𝑡, is itself a PDMP on

𝑆 × 𝑆 × {0, 1}, and hence a Markov process [40, Theorem 2.4]. Whatever the value of 𝐼𝑡, the future of each of (𝑋𝑡)
and (𝑋′

𝑡 ) is that of a PDMP with characteristics (Φ, 𝜆, 𝜇, 𝐹 ) started at its current value. Hence, if (𝑘) is the natural
filtration of ((𝑋𝑘𝑢), (𝑋′

𝑘𝑢), (𝐼𝑘𝑢))𝑘∈ℤ+
, then (𝑋𝑘𝑢) and (𝑋′

𝑘𝑢) are both 𝑃𝑢-Markov with respect to (𝑘).
Let 𝑁 ≔ inf{𝑛 ≥ 0 ∶ 𝑍𝑛 ≤ 𝑍′

𝑛}. Since weak order mixing is defined through the skeleton, we need the ordering
to be visible at a time of the form 𝑘𝑢; for this reason the chains switch to common shocks once ordered, so that the
ordering persists. On {𝑁 < ∞}, the two chains use common shocks after step 𝑁 , so the induction in the proof of
Lemma A.6 gives 𝑋𝑡 ≤ 𝑋′

𝑡 for all 𝑡 ≥ 𝑇𝑁 . In particular, 𝑋𝑘𝑢 ≤ 𝑋′
𝑘𝑢 for all 𝑘 with 𝑘𝑢 ≥ 𝑇𝑁 . It remains to show that

𝑁 < ∞ with probability one.
Let 𝑓1 and 𝑓2 be as in Assumption 6.2 and set 𝛿 ≔ ℙ{𝑓2(𝜉) ≤ 𝑓1(𝜉′)} > 0. If 𝑁 > 𝑛 − 1, then 𝜂𝑛 = 𝜉′𝑛, and

on the event {𝑓2(𝜉𝑛) ≤ 𝑓1(𝜉′𝑛)} we have 𝑍𝑛 = 𝐹 (Φ(𝑍𝑛−1, 𝐸𝑛), 𝜉𝑛) ≤ 𝑓2(𝜉𝑛) ≤ 𝑓1(𝜉′𝑛) ≤ 𝐹 (Φ(𝑍′
𝑛−1, 𝐸𝑛), 𝜉

′
𝑛) = 𝑍′

𝑛.
Hence {𝑁 > 𝑘} ⊂

⋂𝑘
𝑛=1{𝑓2(𝜉𝑛) > 𝑓1(𝜉

′
𝑛)}. Since the pairs (𝜉𝑛, 𝜉′𝑛) are IID, it follows that ℙ{𝑁 > 𝑘} ≤ (1 − 𝛿)𝑘, and

therefore 𝑁 < ∞ almost surely.

Proof of Theorem 6.1. By Lemma A.6, (𝑃𝑡) is increasing. By Lemma A.7, (𝑃𝑡) is bounded in probability, which implies
the existence of a tight trajectory. By Lemma A.8, (𝑃𝑡) is weakly order mixing. Global stability now follows from
Theorem 5.2.

A.7. Proof of Theorem 5.3
Let the conditions of Theorem 5.3 hold. We write ⌊⋅⌋ for the floor function.

Lemma A.9. If the conditions of Theorem 5.3 hold, then

(1 − 𝜖)𝛿𝑎 + 𝜖𝛿𝑥̂ ⪯sd 𝑃𝑢(𝑎, ⋅) and 𝑃𝑢(𝑏, ⋅) ⪯sd (1 − 𝜖)𝛿𝑏 + 𝜖𝛿𝑥̂ (A.9)

Proof. See the proof of Eq. (2) in Theorem 2 of [11].

Lemma A.10. If the conditions of Theorem 5.3 hold, then

𝛽(𝜙𝑃 𝑛𝑢 , 𝜓𝑃
𝑛
𝑢 ) ≤ 2(1 − 𝜖)𝑛 for all 𝜙, 𝜓 ∈ P(𝑆) and 𝑛 ∈ ℤ+. (A.10)

Proof. We set 𝑃 = 𝑃𝑢 for brevity. Fix ℎ ∈ 𝑖𝑏𝑆 with |ℎ| ≤ 1. Define 𝑑𝑛 = 𝑃 𝑛ℎ(𝑎) and 𝑒𝑛 = 𝑃 𝑛ℎ(𝑏). Since 𝑃 is
increasing and ℎ is increasing, 𝑃 𝑛−1ℎ is also increasing for all 𝑛 ≥ 1. Applying the bounds from Lemma A.9 to the
increasing function 𝑃 𝑛−1ℎ yields

𝑑𝑛 = (𝑃 (𝑃 𝑛−1ℎ))(𝑎) ≥ (1 − 𝜖)𝑑𝑛−1 + 𝜖(𝑃 𝑛−1ℎ)(𝑥̂)
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𝑒𝑛 = (𝑃 (𝑃 𝑛−1ℎ))(𝑏) ≤ (1 − 𝜖)𝑒𝑛−1 + 𝜖(𝑃 𝑛−1ℎ)(𝑥̂)

Subtracting one inequality from the other, we get 𝑒𝑛 − 𝑑𝑛 ≤ (1 − 𝜖)(𝑒𝑛−1 − 𝑑𝑛−1), and hence

𝑒𝑛 − 𝑑𝑛 ≤ (1 − 𝜖)𝑛(𝑒0 − 𝑑0) = (1 − 𝜖)𝑛(ℎ(𝑏) − ℎ(𝑎)) ≤ 2(1 − 𝜖)𝑛. (A.11)

Since 𝑎 is the bottom and 𝑏 is the top of 𝑆, we have (𝑃 𝑛ℎ)(𝑎) ≤ (𝑃 𝑛ℎ)(𝑥) ≤ (𝑃 𝑛ℎ)(𝑏) for all 𝑥 ∈ 𝑆, so, integrating
with respect to 𝜙 ∈ P(𝑆), we have (𝑃 𝑛ℎ)(𝑎) ≤ 𝜙(𝑃 𝑛ℎ) ≤ (𝑃 𝑛ℎ)(𝑏). Therefore, for any two probability measures 𝜙
and 𝜓 ,

|𝜙(𝑃 𝑛ℎ) − 𝜓(𝑃 𝑛ℎ)| ≤ (𝑃 𝑛ℎ)(𝑏) − (𝑃 𝑛ℎ)(𝑎) ≤ 2(1 − 𝜖)𝑛.

Taking the supremum over all ℎ ∈ 𝑖𝑏𝑆 with |ℎ| ≤ 1 proves the claim in the lemma.

Proof of Theorem 5.3. Let the stated conditions hold. We first claim that (𝑃𝑡)𝑡∈𝕋 is asymptotically contractive. For
𝕋 = ℝ+, fix 𝑡 ∈ (0,∞), write 𝑡 = 𝑛𝑢 + 𝑟 where 𝑛 = ⌊𝑡∕𝑢⌋ and 0 ≤ 𝑟 < 𝑢. By the semigroup property, we have
𝑃𝑡 = 𝑃𝑛𝑢+𝑟 = 𝑃𝑛𝑢𝑃𝑟 = 𝑃 𝑛𝑢 𝑃𝑟, so

𝛽(𝜙𝑃𝑡, 𝜓𝑃𝑡) = 𝛽(𝜙𝑃 𝑛𝑢 𝑃𝑟, 𝜓𝑃
𝑛
𝑢 𝑃𝑟) ≤ 𝛽(𝜙𝑃 𝑛𝑢 , 𝜓𝑃

𝑛
𝑢 ),

where the inequality is by the nonexpansiveness in Lemma 4.1. Applying the contraction bound in Lemma A.10, we
obtain

𝛽(𝜙𝑃 𝑛𝑢 , 𝜓𝑃
𝑛
𝑢 ) ≤ 2(1 − 𝜖)𝑛 = 2(1 − 𝜖)⌊𝑡∕𝑢⌋.

As 𝑡 → ∞, ⌊𝑡∕𝑢⌋ → ∞, so (𝑃𝑡)𝑡≥0 is asymptotically contractive, as claimed.
For 𝕋 = ℤ+, the proof is similar. We write 𝑡 = 𝑛𝑢+ 𝑟 where 𝑛 = ⌊𝑡∕𝑢⌋ and 𝑟 is an integer obeying 0 ≤ 𝑟 < 𝑢. Since

𝑃𝑡 = 𝑃 𝑛𝑢 𝑃𝑟, we can again use Lemmas 4.1 and A.10 to obtain

𝛽(𝜙𝑃𝑡, 𝜓𝑃𝑡) ≤ 𝛽(𝜙𝑃 𝑛𝑢 , 𝜓𝑃
𝑛
𝑢 ) ≤ 2(1 − 𝜖)𝑛 → 0

as 𝑡 → ∞. Hence (𝑃𝑡)𝑡∈ℤ+
is asymptotically contractive.

To complete the proof of global stability, we use Theorem 3.1. For any increasing ℎ ∈ 𝑖𝑏𝑆 and any 𝜙 ∈ P(𝑆),
we have ℎ(𝑎) ≤ 𝜙(ℎ) ≤ ℎ(𝑏), and hence 𝛿𝑎 ⪯sd 𝜙 ⪯sd 𝛿𝑏. In particular, for any 𝜙 ∈ P(𝑆) and any 𝑡 ∈ 𝕋 , we have
𝛿𝑎 ⪯sd 𝜙𝑃𝑡 ⪯sd 𝛿𝑏. Thus every trajectory of (𝑃𝑡) is order bounded. Since (𝑃𝑡) is asymptotically contractive, increasing,
and has an order-bounded trajectory, Theorem 3.1 implies that (𝑃𝑡) is globally stable.

For the exponential bound (5.2), let 𝜙∗ be the unique stationary distribution. Since ⌊𝑡∕𝑢⌋ ≥ 𝑡∕𝑢 − 1, we have
(1 − 𝜖)⌊𝑡∕𝑢⌋ ≤ (1 − 𝜖)𝑡∕𝑢−1. Writing (1 − 𝜖)𝑡∕𝑢 = 𝑒−𝛼𝑡 where 𝛼 = ln(1∕(1 − 𝜖))∕𝑢 > 0, we obtain

𝛽(𝜙𝑃𝑡, 𝜓𝑃𝑡) ≤
2

1 − 𝜖
𝑒−𝛼𝑡.

Setting 𝜓 = 𝜙∗ and using 𝜙∗𝑃𝑡 = 𝜙∗ yields the bound in (5.2).
The monotone ergodicity result in Theorem 5.3 follows from Theorem 3.1 and Proposition 4.1 of [14].
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Figure 2: Simulation of the belief shock model in Section 7.1.
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