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Preface

This is a quick course on econometric theory and methods, along with the under-
lying ideas from probability, statistics and linear algebra that budding econometri-
cians should know. The focus is on foundations and general principles. Although
it was written to teach from, there are many solved exercises, making the text well
suited to self-study. Worked examples and sample code are used to reinforce ideas.

The level of the text is calibrated towards the first year of graduate school—perhaps
even to the first semester of the first year of graduate school—as an initial upper
level course on econometrics and statistics. Those who work through the book will
be well placed to take more specialized or applied quantitative courses in topics
such as microeconometrics, time series analysis or finance, to read graduate econo-
metrics texts, and to begin to study papers from the econometrics literature and
research from the wider world of statistics and data science.

One of the aims in writing the text was to link core topics in econometrics and
statistics, identifying unifying principles and common themes. For example, the
orthogonal projection theorem bestrides much of the technical material, from least
squares to conditional expectation, while the concept of empirical risk minimization
ties together most of our estimation theory. Another aim was to blend traditional
econometrics with some of the theoretical ideas emanating from the data science
and statistical learning communities.

I have emphasized the value of modern programming tools not only for data analy-
sis but also for studying econometric theory. I’m certain that the best way to under-
stand a result in econometric theory is to first work through the proof and then run
a simulation which shows the theory in action. Sample code is provided in a mix
of three programming languages: Julia, Python and R. Python and R are the heavy-
weights of data science, and their popularity is now spilling over to econometrics.
Julia is a new language for scientific programming with much to recommend it. All
three are fun, high productivity languages. All three are open source. You can find
the code for this course at

johnstachurski.net/emet.html

x
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Programs are organized into Jupyter notebooks, including many figures along with
the code listings.

Note that this text is not an encyclopedic treatment, nor a reference manual. I have
tried to keep the book concise—suitable for a one semester course rather than any-
thing longer. As a result, many well known econometric methods have been omitted
or given only cursory treatments. As such, this book is intended as a complement
or companion to the existing graduate level econometrics texts, most of which are
cited in what follows.

I have freely borrowed ideas and results from a large number of sources. Some of
these are listed in the “Further Reading” section at the end of each chapter. Doubt-
less the lists are incomplete. Many of the proofs in the text are “new” in the sense of
being written from first principles, although they are certainly just remixes of what
is already in the literature.

This book has benefited from the input of many students and colleagues. In par-
ticular, I wish to thank Blair Alexander, Frank Cai, Yiyong Cai, Tim Christensen,
Bikramaditya Datta, Chenghan Hou, Paul Kitney, Qingyin Ma, Matthew McKay,
Kieron Meagher, José L. Montiel Olea, Alex Olssen, Guanlong Ren, Tom Sargent,
Akshay Shanker, Stefan Webb and Varang Wiriyawit.
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Common Symbols

P =⇒ Q P implies Q
P ⇐⇒ Q P =⇒ Q and Q =⇒ P

a := 1 a is defined to be equal to 1
R all real numbers
N the natural numbers {1, 2, . . .}

rng T the range of function T
〈x, y〉 the inner product of x and y

en the n-th canonical basis vector
‖x‖ the norm of x

x ⊥ y x and y are orthogonal
S⊥ the orthogonal complement of S

proj S the orthogonal projection onto subspace S
I the identity matrix

Aᵀ the transpose of A
diag(d1, . . . , dN) diagonal matrix with diagonal elements (d1, . . . , dN)

L(x) the distribution (or law) of random variable x
B(RN) the Borel sets

B-measurable Borel measurable
N(µ, σ2) the normal distribution with mean µ and variance σ2

Φ the standard normal CDF

φ the standard normal density
1B the indicator function of set B
IID independent and identically distributed

zD and ZD the data and the sample space respectively
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Chapter 1

Introduction

1.1 The Nature of Econometrics

Is econometrics just statistics applied to economic problems? To say so seems insult-
ing. After all, econometricians have made many fundamental contributions to the
theory and practice of quantitative modeling. At the same time, we do ourselves a
disservice if we fail to link common principles from different fields.

So is the answer yes or no? And if no, what is econometrics?

We can probably agree that econometrics is concerned with quantitative analysis of
economic problems using data. One of the idiosyncrasies of economic data is that
most are observational, as opposed to experimental (i.e., generated by experiments).
Since experimental data are the gold standard, the prevalence of observational data
has been an ongoing challenge for econometricians, especially those concerned with
causal inference. This challenge has certainly shaped what we call econometrics.

Another idiosyncrasy of econometrics is that it models the implications of choices
made by people, and human beings have stubbornly refused to adopt simple behav-
ioral patterns that would make their choices easy to replicate in tractable models.
Even the best economic models are only right along one or two dimensions. This
fact has led to a relative emphasis on estimation methods that use partially specified
models, such as the generalized method of moments.

A third notable feature of econometrics is that it tends to focus more on models
that explain than models that predict. This is particularly so if you compare econo-
metrics to fields like data science or machine learning. For example, consider the
following quote from V. N. Vapnik (Vapnik (2006)):

I believe that something drastic has happened in computer science and
machine learning. Until recently, philosophy was based on the idea that

1
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the world is simple. In machine learning, for the first time, we have ex-
amples where the world is not simple. For example, when we solve the
“forest” problem [and] use data of size 15,000 we get 85%–87% accuracy.
However, when we use 500,000 training examples we achieve 98% cor-
rect answers. This means that a good decision rule is not a simple one, it
cannot be described by a very few parameters...

So the question is, what is the real world? Is it simple or complex? Ma-
chine learning shows that there are examples of complex worlds. We
should approach complex worlds from a completely different position
than simple worlds. For example, in a complex world one should give up
explain-ability (the main goal in classical science) to gain better predict-
ability.

Putting aside the issue of whether economics should be modeled as a “complex
world,” the above quote nicely illustrates the trade-off between optimizing out-of-
sample prediction versus fitting relatively simple models where parameters have
straightforward interpretations. Economists have traditionally focused on the latter,
which is why topics such as identification are central to econometrics while at the
same time largely ignored in fields like data science.

So far the discussion points to econometrics being relatively unique, and distinct
from statistics. Let’s look at the reverse claim. There’s really only one argument
running in this direction, but it’s a good one. The fundamental problem of econo-
metrics is exactly the same as the fundamental problem of statistics: A finite set of
data is observed and, on the basis of these data, we seek to make general statements.

For example, suppose that a group of 100 pilot schools receive a treatment, such as
a new reading program. The treatment is found to produce desired outcomes vis-a-
vis some classification scheme in 95% of cases. On the basis of this test, it is claimed
that the treatment is highly effective. The implication of this claim is that we can
generalize to the wider population. The interest is not so much in what happened to
the pilot schools themselves, but rather on what the outcome for the pilot schools
implies for other schools. What we as econometricians/statisticians want to know is:
to what extent is generalization valid in this and other instances?

Another word for generalization is induction. Inductive learning is where reasoning
proceeds from the specific to the general—as opposed to deductive learning, which
proceeds from general to specific. As researchers and scientists we often celebrate
deductive reasoning, but the more you think about the human ability to generalize,
the more striking and remarkable it seems. How is it that a 3 year old can determine
that a dog it has never seen before is in fact a dog—rather than a cat, say, or a don-
key? Surely most of this ability comes from induction rather than from following
deductive rules. The child’s brain has learned to generalize from examples.
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At the same time, some problems are harder for our brains to generalize over. While
our ancestors best able to distinguish between types of wild creatures were certainly
more successful in passing on their genes, little in the natural or social world of the
past thousand or so millennia has prepared Homo sapiens for trying to back out
the probabilistic structure behind firm size distributions, or to distinguish between
diffusion processes most appropriate for tracking asset prices. Statistics and econo-
metrics are ways for us to scale and codify our inductive learning abilities in order
to confront these new problems.

This, then, is the fundamental problem of both econometrics and statistics: In the
modern world we have lots of data, but still lack deep knowledge on how many
systems work, or how different economic variables are related to one another. What
is the process of extracting general knowledge from data—that is, from specific ob-
servations? What are the best techniques to use? Under what conditions will this
process be successful?

1.2 Data vs Theory

One of the recurring issues in any form of statistical learning is the need to blend
theory with data. To illustrate the idea, suppose that we observe inputs x1, . . . , xN
to some system, as well as corresponding outputs y1, . . . , yN. For example, the in-
puts might be a “treatment,” such as the school reading program mentioned above.
Outputs could be a measure of the effect of this treatment. Or inputs could be a mix
of policy instruments such as spending and interest rates, with outputs being the
response of quantities like inflation or unemployment. Given the observed input-
output pairs, we seek a function f such that, given a new pair (x, y), the value f (x)
will accurately predict the corresponding output y.

If we knew the joint distribution of (x, y) pairs, then we could compute or approx-
imate the conditional expectation E [y | x], which, as we’ll see, has a strong claim
to being the best predictor of y given x. Our problem lies in the fact that we don’t
know the distribution. Instead we have the sample, which contains some but not all
information about the joint distribution.

In problems such as this, our ability to generalize requires more than just data. Ide-
ally, data are combined with a theoretical model that encapsulates our knowledge
of the system we are studying. Data can be used to pin down parameter values for
the model. If our model is good, then combining the model with data allows us to
gain an understanding of how the system works.

Even when we have no formal model of how the system works, we cannot avoid as-
sumptions if we want to generalize. Figure 1.1 helps to illustrate this idea. Consider
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Figure 1.1: Generalization requires knowledge

the regression setting described above. Imagine that the dots are our data. Now
make a guess as to the likely value of the output, given a new input value such as
0.8 or 1.0.

Did you map out a straight line in trying to infer the output? If so, this is because
your brain picks up a pattern: The dots lie roughly on a straight line. Our brains
have been either trained or hard-wired to pick up patterns. And even though this
thought process is subconscious, in the end we are bringing our own assumptions
into play.

Depending on the problem at hand, our assumption about the linear relationship
could of course be completely wrong. For example, in 1929, the economist Irving
Fisher famously declared that “Stocks have reached what looks like a permanently
high plateau.” On that occasion linear extrapolation turned out to be an extremely
poor predictor.

In any case, the preceding discussion highlights the fact that we cannot forecast a
new observation from the data alone. There is no free lunch. We have to take a
stand and make some assumptions as to the functional relationship in order to guess
a likely output given our new input. Those assumptions may come from knowledge
of the system, or they might come from the customs of a particular academic com-
munity. Either way, we are adding something to the data in order to make inference
about likely outcomes.

We have spent some time on this point because it’s essential that we are aware of
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what assumptions are being made in any given estimation problem, what justifica-
tion is used for them and what impact they might have. This process allows us to
be critical. One of the aims of this book is to draw out assumptions behind different
econometric procedures and their respective implications. Please don’t take them
as given without forming your own judgment.

1.3 Comments on the Literature

Much of the innovation in the field of statistics over the past few decades has been
driven by the branch of research referred to above as machine learning, or data
science. The term “statistical learning” is also used to describe this approach to
inference. The field is distinguished by its use of flexible, high-dimensional models
combined with large amounts of data. High profile successes in applied problems
have now been matched with important theoretical progress in the foundations of
statistics.

These trends have had less impact on the field of econometrics. One reason is that
microeconometrics has a long tradition of causal modeling using relatively simple
models and a small number of covariates. Another is that structural modeling holds
out the possibility of generating estimated macroeconomic models that are robust
to the Lucas critique. It’s not so clear how high-dimensional data-centric methods
should be tied to these kinds of models.

On the other hand, economics does involve the study of highly complex relation-
ships. Think first about the number of forces acting on the sail of a ship, or a pro-
jectile fired from a gun. We can accurately model outcomes by considering only a
few forces. But how many forces determine the price of US treasuries? How many
forces determine educational outcomes across the US for Hispanic males? Perhaps
these are examples of Vapnik’s “complex worlds,” where relatively large amounts
of data and flexible models are required.

While there are no definitive answers to these questions, the theory of statistical
learning and the ever expanding work of the machine learning community certainly
contain important insights. Their ideas will shape our treatment of some fundamen-
tal econometric problems, including linear regression and model selection.

1.4 Further Reading

More extensive discussions of econometrics vs statistics can be found in Heckman
(1992) and the early chapters of Hill et al. (2008), Wooldridge (2010) and Kennedy
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(2008). A useful overview of modern econometrics can be found in Geweke et al.
(2006).

High quality texts on the theory and applications of machine learning and statisti-
cal learning include Friedman et al. (2009), Bishop (2006), Vapnik (2000) and Abu-
Mostafa et al. (2012). For discussion of how machine learning techniques might be
applied to econometric modeling see Einav and Levin (2014) and Varian (2014).
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Chapter 2

Vector Spaces

Our first technical topic for this book is linear algebra, which is one of the foundation
stones of applied mathematics in general, and econometrics and statistics in particu-
lar. Data ordered by observation are naturally stored in vectors. Related vectors are
naturally grouped into matrices. Once our data are organized in this way, we need
to perform basic arithmetic operations, or solve equations or quadratic minimiza-
tion problems. In this chapter we cover the foundations of vector operations used
in linear algebra. As we’ll see, the conceptual aspects of linear algebra are clearest
if we begin by stripping away details such as matrices and look instead at linear
operations from a more abstract perspective.

2.1 Vectors and Vector Space

Let’s begin with vector space and basic vector operations.

2.1.1 Vectors

For arbitrary N ∈ N, the symbol RN represents the set of all N-vectors, or vectors
of length N. A typical element has the form

x =


x1
x2
...

xN

 where xn ∈ R for each n

(As usual, R = R1 represents the set of all real numbers, which is the union of the
rational and irrational numbers.) While x has been written vertically, as a column
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(-4, -3.5)

Figure 2.1: Three vectors in R2

of numbers, we could also write it horizontally, like so: x = (x1, . . . , xN). For now
vectors are just a sequences of numbers and it makes no difference whether we write
them vertically or horizontally. (Only when we work with matrix multiplication
does it become necessary to distinguish between column and row vectors.)

The vector of ones will be denoted 1, while the vector of zeros will be denoted 0:

1 :=

 1
...
1

 0 :=

 0
...
0


Although vectors are infinitesimal points in RN, they are often represented visually
as arrows from the origin to the point itself. Figure 2.1 gives an illustration for the
case N = 2.

In vector space theory there are two fundamental algebraic operations: vector addi-
tion and scalar multiplication. For x, y ∈ RN, their vector sum is

x + y =

 x1
...

xN

+

 y1
...

yN

 :=

 x1 + y1
...

xN + yN


If α ∈ R, then the scalar product of α and x is defined to be

αx = α

 x1
...

xN

 :=

 αx1
...

αxN


preliminary draft 9
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x

y
x + y

Figure 2.2: Vector addition

Thus, addition and scalar multiplication are defined in terms of ordinary addition
and multiplication in R, computed element-by-element, adding and multiplying
respectively.1 Figures 2.2 and 2.3 show examples of vector addition and scalar mul-
tiplication in the case N = 2.

Subtraction of two vectors is performed element-by-element, just like addition. Sub-
traction is not a primitive operation because the definition can be given in terms of
addition and scalar multiplication: x− y := x + (−1)y. An illustration of subtrac-
tion is given in figure 2.4. One way to remember this operation is to draw a line
from y to x and then shift it to the origin.

The inner product of two vectors x and y inRN is denoted by 〈x, y〉, and defined as
the sum of the products of their elements:

〈x, y〉 :=
N

∑
n=1

xnyn (2.1)

Fact 2.1.1. For any α, β ∈ R and any x, y, z ∈ RN, the following statements are true:

(i) 〈x, y〉 = 〈y, x〉
(ii) 〈αx, βy〉 = αβ 〈x, y〉

(iii) 〈x, αy + βz〉 = α 〈x, y〉+ β 〈x, z〉

These properties are easy to check from (2.1). For example, regarding the second

1. In some instances, the notion of scalar multiplication includes multiplication of vectors by com-
plex numbers. In what follows we will work almost entirely with real scalars. Hence scalar multipli-
cation means real scalar multiplication unless otherwise stated.
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Figure 2.3: Scalar multiplication

x

y

x− y

Figure 2.4: Difference between vectors

preliminary draft 11



Ch. 2

equality, pick any α, β ∈ R and any x, y ∈ RN. By the definitions of scalar multipli-
cation and inner product respectively, we have

〈αx, βy〉 =
N

∑
n=1

αxnβyn = αβ
N

∑
n=1

xnyn = αβ 〈x, y〉

The (Euclidean) norm of a vector x ∈ RN is defined as

‖x‖ :=
√
〈x, x〉 :=

(
N

∑
n=1

x2
n

)1/2

(2.2)

and represents the length of the vector x. (In the arrow representation of vectors in
figures 2.2–2.4, the norm of the vector is equal to the length of the arrow.)

Fact 2.1.2. For any α ∈ R and any x, y ∈ RN, the following statements are true:

(i) ‖x‖ > 0 and ‖x‖ = 0 if and only if x = 0

(ii) ‖αx‖ = |α|‖x‖
(iii) ‖x + y‖ 6 ‖x‖+ ‖y‖
(iv) | 〈x, y〉 | 6 ‖x‖‖y‖

Properties (i) and (ii) you can verify yourself without difficulty. Proofs for (iii) and
(iv) are a bit harder. Property (iii) is called the triangle inequality, while (iv) is
called the Cauchy–Schwarz inequality. The proof of the Cauchy–Schwarz inequal-
ity is given as a solved exercise after we’ve built up some more tools (see ex. 3.5.33
below). If you’re prepared to accept the Cauchy–Schwarz inequality for now, then
the triangle inequality follows, because, by the properties of the inner product given
in fact 2.1.1,

‖x + y‖2 = 〈x + y, x + y〉 = 〈x, x〉+ 2 〈x, y〉+ 〈y, y〉 6 〈x, x〉+ 2| 〈x, y〉 |+ 〈y, y〉

Applying the Cauchy–Schwarz inequality leads to ‖x+ y‖2 6 (‖x‖+ ‖y‖)2. Taking
the square root gives the triangle inequality.

Given two vectors x and y, the value ‖x − y‖ has the interpretation of being the
“distance” between these points. To see why, consult figure 2.4 again.

2.1.2 Linear Combinations and Span

One of the most elementary ways to work with vectors is to combine them using
linear operations. Given vectors x1, . . . , xK in RN, a linear combination of these
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Figure 2.5: Linear combinations of x1, x2

vectors is a new vector of the form

y =
K

∑
k=1

αkxk = α1x1 + · · ·+ αKxK (2.3)

for some collection of scalars α1, . . . , αK (i.e., with αk ∈ R for all k). Figure 2.5 shows
four different linear combinations y = α1x1 + α2x2 where x1, x2 are fixed vectors in
R2 and the scalars α1 and α2 are varied.

Given any nonempty X ⊂ RN, the set of all vectors that can be made by (finite)
linear combinations of elements of X is called the span of X, and denoted by span X.
For example, the set of all linear combinations of X := {x1, . . . , xK} is

span X :=

{
all vectors

K

∑
k=1

αkxk such that α := (α1, . . . , αK) ∈ RK

}

As will be discussed below, the span of certain collections of vectors turns out to
have an intimate connection with existence of solutions to linear equations.

Example 2.1.1. By construction, the four vectors labeled y in figure 2.5 lie in the
span of X = {x1, x2}. Looking at this picture might lead you to wonder whether
any vector in R2 could be created as a linear combination of x1, x2. The answer is
affirmative. We’ll prove this in §2.1.5.

Example 2.1.2. Let X = {1} = {(1, 1)} ⊂ R2. The span of X is all vectors of the
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Figure 2.6: Span of X = {x1, x2}

form α1 = (α, α) with α ∈ R. This constitutes a line in the plane. Since we can take
α = 0, it follows that the origin 0 is in span X. In fact span X is the unique line in the
plane that passes through both 0 and the vector 1 = (1, 1).

Example 2.1.3. Let x1 = (3, 4, 2) and let x2 = (3,−4, 0.4). The span of {x1, x2} is a
plane in R3 that passes through both of these vectors and the origin, as shown in
figure 2.6.

Example 2.1.4. Consider the vectors {e1, . . . , eN} ⊂ RN, where en has all zeros ex-
cept for a 1 as the n-th element:

e1 :=


1
0
...
0

 , e2 :=


0
1
...
0

 , · · · , eN :=


0
0
...
1


The case ofR2 is illustrated in figure 2.7. The vectors e1, . . . , eN are called the canon-
ical basis vectors of RN. One reason is that {e1, . . . , eN} spans all of RN. Here’s a
proof for N = 2: Observe that for any y ∈ R2, we have

y :=
(

y1
y2

)
=

(
y1
0

)
+

(
0
y1

)
= y1

(
1
0

)
+ y2

(
0
1

)
= y1e1 + y2e2

Thus, y ∈ span{e1, e2} as claimed. Since y is just an arbitrary vector in R2, we have
shown that {e1, e2} spans R2.

Example 2.1.5. Consider the set P := {(x1, x2, 0) ∈ R3 : x1, x2 ∈ R}. Graphically,
P corresponds to the flat plane in R3, where the height coordinate is always zero.
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e1 = (1, 0)

e2 = (0, 1)
y = y1e1 + y2e2

Figure 2.7: Canonical basis vectors in R2

If we take e1 = (1, 0, 0) and e2 = (0, 1, 0), then given y = (y1, y2, 0) ∈ P we have
y = y1e1 + y2e2. In other words, any y ∈ P can be expressed as a linear combination
of e1 and e2. Equivalently, P ⊂ span{e1, e2}.

The next fact follows directly from the definition of span.

Fact 2.1.3. If X, Y are nonempty subsets of RN and X ⊂ Y, then span X ⊂ span Y.

2.1.3 Linear Independence

Linear independence is an apparently simple concept with implications that stretch
deep into many aspects of analysis. If you wish to understand when a matrix is
invertible, or when a system of linear equations has a unique solution, or when a
least squares estimate is uniquely defined, the most important foundational idea is
linear independence of vectors.

Let’s begin with the definition. Consider a set of vectors X := {x1, . . . , xK}. We can
surely realize the origin 0 as a linear combination of these vectors, just by setting all
of the scalars αk in ∑K

k=1 αkxk to zero. The set X is called linearly independent when
this is the only possibility. That is, X ⊂ RN is called linearly independent if

α1x1 + · · ·+ αKxK = 0 =⇒ α1 = · · · = αK = 0 (2.4)

We call X linearly dependent if it is not linearly independent.

Example 2.1.6. In figure 2.5 on page 13, the two vectors are x1 = (1.2, 1.1) and
x2 = (−2.2, 1.4). Suppose α1 and α2 are scalars with

α1

(
1.2
1.1

)
+ α2

( −2.2
1.4

)
= 0
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Figure 2.8: The only solution is α1 = α2 = 0

This translates to the linear, two equation system shown in figure 2.8, where the
unknowns are α1 and α2. The only solution is α1 = α2 = 0. Hence {x1, x2} is linearly
independent.

Example 2.1.7. The set of N canonical basis vectors {e1, . . . , eN} is linearly inde-
pendent in RN. To see this, let α1, . . . , αN be coefficients such that ∑N

n=1 αnen = 0.
Equivalently,

α1


1
0
...
0

+ α2


0
1
...
0

+ · · ·+ αN


0
0
...
1

 =


α1
α2
...

αN

 =


0
0
...
0


In particular, αn = 0 for all n, as was to be shown.

Example 2.1.8. Consider the vectors {x1, x2} as given in

x1 = (1, 0)

x2 = (−2, 0)

This pair fails to be linearly independent, since x2 = −2x1, and hence 2x1 + x2 = 0.

How can we interpret linear independence? One way to understand it is as an in-
dicator of the algebraic diversity of a given collection of vectors. In particular, in a
linearly independent set, the span is relatively large, in the sense that every vector
contributes to the span. Here’s a formal statement of this idea.
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Theorem 2.1.1. Let X := {x1, . . . , xK} ⊂ RN. For K > 1, the following statements are
equivalent:

(i) X is linearly independent.

(ii) X0 is a proper subset2 of X =⇒ span X0 is a proper subset of span X.

(iii) No vector in X can be written as a linear combination of the others.

Exercise 2.4.15 asks you to check these equivalences. For now let’s just step through
them in the context of two examples. First consider the pair of canonical basis vec-
tors {e1, e2} in R2, as depicted in figure 2.7. As we saw in examples 2.1.4 and 2.1.7,
this pair is linearly independent, and its span is all of R2. Both vectors contribute
to the span, since removing either one reduces the span to just a line in R2. (For
example, the span of {e1} is just the horizontal axis in R2.) Neither of this pair can
be written as a linear combination of the other.

Now consider instead the pair {x1, x2} in example 2.1.8. These vectors fail to be
linearly independent, as shown in that example. It is also clear that dropping either
one does not change the span—it remains the horizontal axis in any case. Finally, we
saw in example 2.1.8 that x2 = −2x1, which means that each vector can be written
as a linear combination of the other.

Fact 2.1.4. If X := {x1, . . . , xK} is linearly independent, then

(i) every subset of X is linearly independent.

(ii) X does not contain 0.

(iii) X ∪ {x} is linearly independent for all x ∈ RN such that x /∈ span X.

The proof is a solved exercise (ex. 2.4.16 on page 34).

2.1.3.1 Linear Independence and Uniqueness

As we’ll see below, the problem of existence of solutions to systems of linear equa-
tions comes down to whether or not a given point is contained in the span of a
collection of vectors (which typically correspond to the columns of a matrix). This
depends in general on the size of the span, and the size of the span in turn depends
on whether or not the vectors are linearly independent.

Given that linear independence is the key condition for existence of solutions, it’s
surprising at first to learn that linear independence is the key condition for unique-
ness as well. As we’ll see, the connection between linear independence and unique-
ness stems from the following result.

2. A is a proper subset of B if A ⊂ B and A 6= B.
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Theorem 2.1.2. Let X := {x1, . . . , xK} be any collection of vectors in RN. The following
statements are equivalent:

(i) X is linearly independent.

(ii) For each y ∈ RN there exists at most one set of scalars α1, . . . , αK such that

y = α1x1 + · · ·+ αKxK (2.5)

Proof. ((i) =⇒ (ii)) Let X be linearly independent and pick any y ∈ RN. Suppose
there are two sets of scalars such that (2.5) holds. In particular, suppose that y =

∑K
k=1 αkxk = ∑K

k=1 βkxk. It follows from the second equality that ∑K
k=1(αk − βk)xk =

0. By linear independence we then have αk = βk for all k. In other words, the
representation is unique.

((ii) =⇒ (i)) If (ii) holds, then there exists at most one set of scalars such that
0 = ∑K

k=1 αkxk. Because α1 = · · · = αk = 0 has this property, we conclude that no
nonzero scalars yield 0 = ∑K

k=1 αkxk. In other words, X is linearly independent.

2.1.4 Linear Subspaces

We will find it rewarding to study more closely the structure of spans generated
by a collection of vectors. One of the defining features of the span of a set X =
{x1, . . . , xK} is that it is “closed” under the linear operations of vector addition and
scalar multiplication, in the sense that

(i) y, ŷ ∈ span X =⇒ y + ŷ ∈ span X

(ii) y ∈ span X and γ ∈ R =⇒ γy ∈ span X

For example, to see that (i) holds, just observe that if y, ŷ ∈ span X, then these
vectors can be expressed as finite linear combinations of elements of X, as in y =

∑K
k=1 αkxk and ŷ = ∑K̂

k=1 α̂kx̂k, where each xk and x̂k is an element of X, and each αk
and α̂k is a scalar. Adding y and ŷ gives

y + ŷ =
K

∑
k=1

αkxk +
K̂

∑
k=1

α̂kx̂k

which is just another finite linear combination of elements of X. Hence (i) holds.

The notion of a set being closed under scalar multiplication and vector addition is
important enough to have its own name: A nonempty subset S of RN is called a
linear subspace (or just subspace) of RN if

x, y ∈ S and α, β ∈ R =⇒ αx + βy ∈ S (2.6)
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Example 2.1.9. It follows from the preceding discussion that if X is any nonempty
subset ofRN, then span X is a linear subspace ofRN. For this reason, span X is often
called the linear subspace spanned by X.

Example 2.1.10. Given any a ∈ RN, the set A := {x ∈ RN : 〈a, x〉 = 0} is a
linear subspace of RN. To see this let x, y ∈ A and let α, β ∈ R. We claim that
z := αx + βy ∈ A, or, equivalently, that 〈a, z〉 = 0. This is true because

〈a, z〉 = 〈a, αx + βy〉 = α 〈a, x〉+ β 〈a, y〉 = 0 + 0 = 0

Example 2.1.11. The entire space RN is a linear subspace of RN because any linear
combination of N-vectors is an N-vector.

To visualize subspaces in R3, think of lines and planes that pass through the origin.
Here are some elementary facts about linear subspaces:

Fact 2.1.5. If S is a linear subspace of RN, then

(i) 0 ∈ S

(ii) X ⊂ S =⇒ span X ⊂ S

(iii) span S = S

There’s also one deep result about linear subspaces we need to cover, which forms
a cornerstone of many foundational results:

Theorem 2.1.3. Let S be a linear subspace of RN. If S is spanned by K vectors, then any
linearly independent subset of S has at most K vectors.

In other words, if there exists a set X = {x1, . . . , xK} with S ⊂ span X, then any
subset of S with more than K vectors will be linearly dependent. The proof can be
found in most texts on linear algebra (see, e.g., section 3.5 of Jänich (1994)).

Example 2.1.12. We saw in example 2.1.4 that R2 is spanned by the pair {e1, e2},
where ei is the i-th canonical basis vector in R2. (See also figure 2.7 on page 15.)
It follows immediately from this fact and theorem 2.1.3 that the three vectors in R2

shown in figure 2.1 (page 9) are linearly dependent.

Example 2.1.13. Consider the plane P := {(x1, x2, 0) ∈ R3 : x1, x2 ∈ R} from ex-
ample 2.1.5. We saw in that example that P can be spanned by two vectors. As a
consequence of theorem 2.1.3, we now know that any three vectors in this plane—
such as the three shown in figure 2.9—are linearly dependent.
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0

0

0x1

x2

x3

Figure 2.9: Any three vectors in P are linearly dependent

2.1.5 Bases and Dimension

Consider again the pair x1, x2 shown in figure 2.5 on page 13, and the four different
vectors labeled y that we created from x1, x2 by way of linear combinations. Eye-
balling the figure gives the impression that any y ∈ R2 could be constructed as a
linear combination of x1, x2 with suitable choice of the scalars α1, α2. Indeed this is
true. The reason is that the pair {x1, x2} is linearly independent (see example 2.1.6
on page 15), and any pair of linearly independent vectors in R2 spans R2. Here’s a
statement of this result for the general case:

Theorem 2.1.4. Let X := {x1, . . . , xN} be any N vectors inRN. The following statements
are equivalent:

(i) span X = RN.

(ii) X is linearly independent.

Proof. ((i) =⇒ (ii)) Suppose that span X = RN but X is not linearly independent.
Then, by theorem 2.1.1, there exists a proper subset X0 of X with span X0 = span X.
Since X0 is a proper subset of X it contains K < N elements. We now have K vectors
spanning RN. In particular, the span of K vectors contains the N > K linearly
independent vectors e1, . . . , eN. This contradicts theorem 2.1.3.

((ii) =⇒ (i)) Suppose that X is linearly independent and yet there exists an x ∈ RN

with x /∈ span X. By fact 2.1.4 it then follows that the N + 1 element set X ∪ {x} ⊂
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RN is linearly independent. Since RN is spanned by the N canonical basis vectors,
this statement also contradicts theorem 2.1.3.

We now come to a key definition. Let S be a linear subspace of RN and let B ⊂ S.
The set B is called a basis of S if

(i) B spans S.

(ii) B is linearly independent.

The plural of basis is bases. In view of theorem 2.1.2, when B is a basis of S, each
point in S has exactly one representation as a linear combination of elements of B.

It follows immediately from theorem 2.1.4 that any N linearly independent vectors
in RN form a basis of RN.

Example 2.1.14. The set of canonical basis vectors {e1, . . . , eN} ⊂ RN described in
example 2.1.4 is linearly independent and spans all of RN. As a result, it provides a
basis for RN—as anticipated by the name.

Example 2.1.15. The pair {x1, x2} from figure 2.5 (page 13) forms a basis of R2.

Example 2.1.16. The pair {e1, e2} is a basis for the set P defined in example 2.1.5.

Here are the two most fundamental results about bases:

Theorem 2.1.5. If S is a linear subspace of RN distinct from {0}, then

(i) S has at least one basis, and

(ii) every basis of S has the same number of elements.

The proof of part (i) is not particularly hard. See, for example, section 3.2 of Jänich
(1994). Part (ii) follows from theorem 2.1.3 and is left as an exercise (ex. 2.4.17).

If S is a linear subspace ofRN, then the common number identified in theorem 2.1.5
is called the dimension of S, and written as dim S.

Example 2.1.17. For P := {(x1, x2, 0) ∈ R3 : x1, x2 ∈ R} we have dim P = 2 because
{e1, e2} ⊂ R3 is a basis (see example 2.1.5) and {e1, e2} has two elements.

Example 2.1.18. dim(RN) = N because {e1, . . . , eN} ⊂ RN is a basis.

Example 2.1.19. A line {αx ∈ RN : α ∈ R} through the origin is one dimensional.

In RN the singleton subspace {0} is said to have zero dimension.

If we take a set of K vectors, then how large will its span be in terms of dimension?
The next theorem answers this question.
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Theorem 2.1.6. Let X := {x1, . . . , xK} ⊂ RN. Then

(i) dim span X 6 K.

(ii) dim span X = K if and only if X is linearly independent.

Exercise 2.4.19 asks you to prove these results.

Let’s finish this section with facts that can be deduced from the preceding results.

Fact 2.1.6. The following statements are true:

(i) Let S and S′ be K-dimensional linear subspaces of RN. If S ⊂ S′, then S = S′.

(ii) If S is an M-dimensional linear subspace of RN and M < N, then S 6= RN.

Part (i) of fact 2.1.6 implies that the only N-dimensional linear subspace ofRN isRN

itself.

2.1.6 Linear Maps

The single most important class of functions in applied mathematics is the linear
functions. In high school we are told that linear functions as those whose graph is a
straight line. Here’s a better definition: A function T : RK → RN is linear if

T(αx + βy) = αTx + βTy for any x, y ∈ RK and α, β ∈ R (2.7)

(Following a common convention, we’ll write linear functions with upper case let-
ters and omit the parenthesis around the argument where no confusion arises. This
convention has come about because the action of linear maps is essentially isomor-
phic to multiplication of vectors by matrices. More on that topic soon.)

Example 2.1.20. The function T : R → R defined by Tx = 2x is linear because for
any α, β, x, y in R, we have T(αx + βy) = 2(αx + βy) = α2x + β2y = αTx + βTy.

Example 2.1.21. Given a ∈ RK, the function T : RK → R defined by Tx = 〈a, x〉 is
linear. Indeed, by the rules for inner products on page 10, for any α, β in R and x, y
in RK we have

T(αx + βy) = 〈a, αx + βy〉 = α 〈a, x〉+ β 〈a, y〉 = αTx + βTy

Example 2.1.22. The function f : R → R defined by f (x) = x2 fails to be linear
because if α = β = x = y = 1, then f (αx + βy) = 4, while α f (x) + β f (y) = 2.
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Example 2.1.23. The function f : R → R defined by f (x) = 1 + 2x is not linear
because if α = β = x = y = 1, then f (αx + βy) = f (2) = 5, while α f (x) + β f (y) =
3 + 3 = 6. This kind of function is called an affine function. We see that identifying
linear functions with functions whose graph is a straight line is not correct.

The definition in (2.7) tells us directly that if T is linear then the exchange of order
in T[∑K

k=1 αkxk] = ∑K
k=1 αkTxk will be valid whenever K = 2. A simple inductive

argument extends this to arbitrary K. As an application of this fact, consider the
following: As discussed in example 2.1.4, any x ∈ RK can be expressed in terms of
the basis vectors as ∑K

k=1 αkek, for some suitable choice of scalars. Hence, for a linear
function T, its range, denoted rng T, is the set of all points of the form

Tx = T

[
K

∑
k=1

αkek

]
=

K

∑
k=1

αkTek

as we vary α1, . . . , αK over all scalar combinations. (See §15.1.2 for the definition of
range.) In other words, the range of a linear map is the span of the image of the
canonical basis functions. This will prove to be important later on. The next fact
summarizes.

Fact 2.1.7. If T : RK → RN is a linear map, then

rng T = span V where V := {Te1, . . . , TeK}

Soon we’ll turn to the topic of determining when linear functions are bijections, an
issue that is intimately related to invertibility of matrices. To this end it’s useful to
note that, for linear functions, the property of being one-to-one can be determined
by examining the set of points it maps to the origin. To express this idea, for any
T : RK → RN, we define the null space or kernel of T as

null T := {x ∈ RK : Tx = 0}

Fact 2.1.8. If T : RK → RN is linear, then

(i) null T is a linear subspace of RK.

(ii) null T = {0} if and only if T is one-to-one.

The proofs are not hard. For example, notice that if Tx = Ty for some x, y ∈ RK,
then T(x − y) = 0, and hence x − y ∈ null T. So if null T = {0}, then Tx = Ty
implies x = y, which means that T is one-to-one.
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F(x) = y

outcomemodel

what x led to outcome y?

Figure 2.10: A typical inverse problem

2.1.7 Linear Independence and Bijections

Many statistical problems are “inverse” problems, in the sense that we observe out-
comes and wish to determine what generated them. For example, we might want to
know what consumer preferences led to observed market behavior, or what kinds
of expectations led to a given shift in exchange rates.

Consider the generic inverse problem in figure 2.10, where F and y are given, and
we seek to obtain the unknown object x. Two immediate questions are: “Does this
problem have a solution?” and “Is it unique?” To provide general answers to these
questions we need to know whether F is one-to-one, onto, etc. (see §15.1.2 for def-
initions and further discussion). The best case is when F is a bijection, for then we
know that a unique solution x exists for every possible y.

In general, functions can be onto, one-to-one, bijections, or none of the above. How-
ever, for linear functions fromRN toRN, the first three properties are all equivalent!
The next theorem gives details.

Theorem 2.1.7. If T is a linear function from RN to RN then all of the following are
equivalent:

(i) T is a bijection.

(ii) T is onto.

(iii) T is one-to-one.

(iv) null T = {0}.
(v) V := {Te1, . . . , TeN} is linearly independent.

(vi) V := {Te1, . . . , TeN} forms a basis of RN.

If any one of these conditions is true, then T is called nonsingular. (Equivalently, a
nonsingular function is a linear bijection.) Otherwise T is called singular. The proof
of theorem 2.1.7 is a solved exercise (ex. 2.4.21). Figure 2.11 provides some intuition
using the case N = 1. In the top panel all conditions in theorem 2.1.7 are satisfied.
In the lower panel none are. In particular, we can see that the condition for T to be
one-to-one and onto is exactly the same (i.e., α 6= 0).
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Tx=αx with α=0.2
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Tx=αx with α=0

Figure 2.11: The case of N = 1, nonsingular and singular

If T is nonsingular, then, being a bijection, it must have an inverse function T−1 that
is also a bijection (fact 15.1.2 on page 408). It turns out that this inverse function
inherits the linearity of T (see ex. 2.4.20). In summary,

Fact 2.1.9. If T : RN → RN is nonsingular then so is T−1.

The bijection case is of course not the only scenario we encounter. Indeed, theo-
rem 2.1.7 only applies to linear maps between spaces of the same dimension, and
when linear functions map across distinct dimensions the situation is different:

Theorem 2.1.8. For a linear map T from RK → RN, the following statements are true:

(i) If K < N then T is not onto.

(ii) If K > N then T is not one-to-one.

The most important implication is that if N 6= K, then we can forget about bijections.
The proof of theorem 2.1.8 is a solved exercise (ex. 2.4.22).

2.2 Orthogonality

One of the core concepts in this book is orthogonality, not just of vectors but also of
more complex objects such as random variables. Let’s begin with the vector defini-
tion and some key implications.
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x z

Figure 2.12: x ⊥ z

x
S

Figure 2.13: x ⊥ S

2.2.1 Definition and Basic Properties

Let x and z be vectors in RN. If 〈x, z〉 = 0, then we write x ⊥ z and call x and
z orthogonal. In R2, x and z are orthogonal when they are perpendicular to one
another, as in figure 2.12. For x ∈ RN and S ⊂ RN, we say that x is orthogonal to S
if x ⊥ z for all z ∈ S (figure 2.13) and we write x ⊥ S. A set of vectors {z1, . . . , zK} ⊂
RN is called an orthogonal set if its elements are mutually orthogonal, that is, if
zj ⊥ zk whenever j and k are distinct.

Fact 2.2.1 (Pythagorian law). If {z1, . . . , zK} is an orthogonal set, then

‖z1 + · · ·+ zK‖2 = ‖z1‖2 + · · ·+ ‖zK‖2

Orthogonal sets and linear independence are closely related. For example,

Fact 2.2.2. If O ⊂ RN is an orthogonal set and 0 /∈ O, then O is linearly independent.
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S
S⊥

Figure 2.14: Orthogonal complement of S

While not every linearly independent set is orthogonal, an important partial con-
verse to fact 2.2.2 is given in §2.2.4.

An orthogonal set O ⊂ RN is called an orthonormal set if ‖u‖ = 1 for all u ∈ O.
An orthonormal set that lies in and spans a linear subspace S of RN is called an
orthonormal basis of S. It is, necessarily, a basis of S. (Why?) The standard example
of an orthonormal basis for all of RN is the canonical basis {e1, . . . , eN}.
By definition, if O = {u1, . . . , uK} is any basis of S, then, for any x ∈ S, we can find
unique scalars α1, . . . , αK such that x = ∑K

k=1 αkuk. While the values of these scalars
are not always transparent, for an orthonormal basis they are easy to compute:

Fact 2.2.3. If {u1, . . . , uK} is an orthonormal set and x ∈ span{u1, . . . , uK}, then

x =
K

∑
k=1
〈x, uk〉 uk (2.8)

The proof is an exercise.

Given S ⊂ RN, the orthogonal complement of S is defined as

S⊥ := {x ∈ RN : x ⊥ S}

Figure 2.14 gives an example in R2.

Fact 2.2.4. For any nonempty S ⊂ RN, the set S⊥ is a linear subspace of RN.

This is easy enough to confirm: Looking back at the definition of linear subspaces,
we see that the following statement must be verified: Given x, y ∈ S⊥ and α, β ∈ R,
the vector αx + βy is also in S⊥. Clearly this is the case, because if z ∈ S, then

〈αx + βy, z〉 = α 〈x, z〉+ β 〈y, z〉 = α× 0 + β× 0 = 0
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We have shown that αx + βy ⊥ z for any z ∈ S, thus confirming that αx + βy ∈ S⊥.

Fact 2.2.5. For S ⊂ RN, we have S ∩ S⊥ = {0}.

2.2.2 The Orthogonal Projection Theorem

A central problem in linear regression and many other applications is approxima-
tion of some y of RN by an element of a given subspace S of RN. Stated more pre-
cisely, the problem is, given y and S, to find the closest element ŷ of S to y. Closeness
is in terms of Euclidean norm, so ŷ is the minimizer of ‖y− z‖ over all z ∈ S:

ŷ = argmin
z∈S

‖y− z‖ (2.9)

The next theorem tells us that a solution ŷ to this minimization problem always
exists, as well as providing a means to identify it.

Theorem 2.2.1 (Orthogonal Projection Theorem I). Let y ∈ RN and let S be any
nonempty linear subspace of RN. The following statements are true:

(i) The optimization problem (2.9) has exactly one solution.

(ii) ŷ ∈ RN solves (2.9) if and only if ŷ ∈ S and y− ŷ ⊥ S.

The unique solution ŷ is called the orthogonal projection of y onto S.

For a proof see, for example, theorem 5.16 of Çinlar and Vanderbei (2013). The intu-
ition is easy to grasp from a graphical presentation. Figure 2.15 illustrates. Looking
at the figure, we can see that the closest point ŷ to y in S is indeed the one point in S
such that y− ŷ is orthogonal to S.

Example 2.2.1. Let y ∈ RN and let 1 ∈ RN be the vector of ones. Let S be the set of
constant vectors inRN, meaning that all elements are equal. Evidently S is the span
of {1}. The orthogonal projection of y onto S is ŷ := ȳ1, where ȳ is the scalar

ȳ :=
1
N

N

∑
n=1

yn

formed by averaging the elements of y. To see this note that ŷ ∈ S clearly holds.
Hence we only need to check that y− ŷ is orthogonal to S, for which it suffices to
show that 〈y− ŷ, 1〉 = 0 (see ex. 2.4.14 on page 34). This is true because

〈y− ŷ, 1〉 = 〈y, 1〉 − 〈ŷ, 1〉 =
N

∑
n=1

yn − ȳ 〈1, 1〉 = 0
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ŷ

y− ŷ S

y

Figure 2.15: Orthogonal projection

Py

y′

S

y

Py′

Figure 2.16: Orthogonal projection under P

2.2.3 Projection as a Mapping

In view of theorem 2.2.1, for each fixed linear subspace S in RN, the operation

y 7→ the orthogonal projection of y onto S

is a well-defined function from RN to RN. The function is typically denoted by P.
For each y ∈ RN, the symbol Py represents the image of y under P, which is the
orthogonal projection ŷ. P is called the orthogonal projection onto S, and we write

P = proj S

Figure 2.16 illustrates the action of P on two different vectors.

Using this notation, we can restate the orthogonal projection theorem, as well as
adding some properties of P:
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Theorem 2.2.2 (Orthogonal Projection Theorem II). Let S be any linear subspace ofRN,
and let P = proj S. The following statements are true:

(i) P is a linear function.

Moreover, for any y ∈ RN, we have

(ii) Py ∈ S.

(iii) y− Py ⊥ S.

(iv) ‖y‖2 = ‖Py‖2 + ‖y− Py‖2.

(v) ‖Py‖ 6 ‖y‖.
(vi) Py = y if and only if y ∈ S.

(vii) Py = 0 if and only if y ∈ S⊥.

These results are not difficult to prove, given theorem 2.2.1. Linearity of P is left as
an exercise (ex. 2.4.30). Parts (ii)–(iii) follow directly from theorem 2.2.1. To see (iv),
observe that y can be decomposed as y = Py + y− Py. Now apply the Pythagorean
law (page 26). Part (v) follows from part (iv). Part (vi) follows from the definition of
Py as the closest point to y in S. Part (vii) is an exercise.

Fact 2.2.6. If {u1, . . . , uK} is an orthonormal basis for S, then, for each y ∈ RN,

Py =
K

∑
k=1
〈y, uk〉 uk (2.10)

Fact 2.2.6 is a fundamental result. It’s true because the right hand side of (2.10)
clearly lies in S (being a linear combination of basis functions) and, for any uj in the
basis set

〈
y− Py, uj

〉
=
〈
y, uj

〉
−

K

∑
k=1
〈y, uk〉

〈
uk, uj

〉
=
〈
y, uj

〉
−
〈
y, uj

〉
= 0

This is enough to confirm that y− Py ⊥ S (see ex. 2.4.14).

Example 2.2.2. Recall example 2.2.1, where we showed that the projection of y ∈ RN

onto span{1} is ȳ1, where ȳ is the “sample mean” ȳ := 1
N ∑N

n=1 yn. We can see
this from (2.10) too. To apply (2.10) we just need to find an orthonormal basis for
span{1}. The obvious candidate is {N−1/21}. Applying (2.10) now gives Py =〈

N−1/21, y
〉

N−1/21. As before, this leads us to ȳ1.
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There’s one more essential property of P that we need to make note of: Suppose
we have two linear subspaces S1 and S2 of RN, where S1 ⊂ S2. What then is the
difference between (a) first projecting a point onto the bigger subspace S2, and then
projecting the result onto the smaller subspace S1, and (b) projecting directly to the
smaller subspace S1? The answer is none—we get the same result:

Fact 2.2.7. Let Si be a linear subspace of RN for i = 1, 2 and let Pi = proj Si. If
S1 ⊂ S2, then

P1P2y = P2P1y = P1y for all y ∈ RN

2.2.4 The Residual Projection

Consider the setting of the orthogonal projection theorem. Our interest is in pro-
jecting y onto S, where S is a linear subspace of RN. The closest point to y in S is
ŷ := Py where P = proj S. Unless y was already in S, some error y− Py remains.
Tracking and managing this residual will be important to us, so let’s introduce an
operator M that takes y ∈ RN and returns the residual. We can define it as

M := I− P (2.11)

where I is the identity mapping onRN. For any y we have My = Iy− Py = y− Py
as required. In regression analysis M shows up as a matrix called the “annihilator.”
This is a pretty cool name but it’s also not a great description of its function. In what
follows we will refer to M as the residual projection.

Example 2.2.3. Recall example 2.2.1, where we found that the projection of y ∈
RN onto span{1} is ȳ1. The residual projection is Mcy := y− ȳ1. In econometric
applications, we’ll view this as a vector of errors obtained when the elements of a
vector are predicted by its sample mean. The subscript reminds us that Mc centers
vectors around their mean.

Fact 2.2.8. Let S be a linear subspace of RN, let P = proj S and let M be the residual
projection as defined in (2.11). The following statements are true:

(i) M = proj S⊥.

(ii) y = Py + My for any y ∈ RN.

(iii) Py ⊥ My for any y ∈ RN.

(iv) My = 0 if and only if y ∈ S.

(v) P ◦M = M ◦ P = 0
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Py
My

S⊥

S

y

Figure 2.17: The residual projection

Part (v) means that PMy = MPy = 0 for all y ∈ RN. Figure 2.17 illustrates the
action of M. The results in fact 2.2.8 can be seen in the figure.

If S1 and S2 are two subspaces of RN with S1 ⊂ S2, then S⊥2 ⊂ S⊥1 . This means that
the result in fact 2.2.7 is reversed for M.

Fact 2.2.9. Let S1 and S2 be two subspaces ofRN and let y ∈ RN. Let M1 and M2 be
the projections onto S⊥1 and S⊥2 respectively. If S1 ⊂ S2, then,

M1M2y = M2M1y = M2y

As an application of the ideas above, let’s now discuss a procedure called Gram-
Schmidt orthogonalization, which provides a fundamental link between the two
major concepts discussed in this chapter: linear independence and orthogonality. It
can be considered as a partial converse to fact 2.2.2 on page 26.

Theorem 2.2.3. For each linearly independent set {b1, . . . , bK} ⊂ RN, there exists an
orthonormal set {u1, . . . , uK} with

span{b1, . . . , bk} = span{u1, . . . , uk} for k = 1, . . . , K

The proof of theorem 2.2.3 provides an important algorithm for generating the or-
thonormal set {u1, . . . , uK}. The first step is to construct orthogonal sets {v1, . . . , vk}
with span identical to {b1, . . . , bk} for each k. The construction of {v1, . . . , vK}
uses the so called Gram-Schmidt orthogonalization procedure. First, for each k =
1, . . . , K, let

(i) Bk := span{b1, . . . , bk}.
(ii) Pk := proj Bk and Mk := proj B⊥k .
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(iii) vk := Mk−1bk where M0 is the identity mapping.

(iv) Vk := span{v1, . . . , vk}.

In step (iii) we map each successive element bk into a subspace orthogonal to the
subspace generated by b1, . . . , bk−1. In the exercises you are asked to show that
{v1, . . . , vK} is an orthogonal set and Vk = Bk for all k (ex. 2.4.35). To complete the
argument we introduce the vectors uk by uk := vk/‖vk‖ and confirm that this set
of vectors {u1, . . . , uk} is orthonormal with span equal to Vk. These results are also
(solved) exercises.

2.3 Further Reading

Good texts on vector spaces include Marcus and Minc (1988) and Jänich (1994).

2.4 Exercises

Ex. 2.4.1. Show that inner products of linear combinations satisfy the following rule:〈
K

∑
k=1

αkxk,
J

∑
j=1

β jyj

〉
=

K

∑
k=1

J

∑
j=1

αkβ j
〈
xk, yj

〉
Ex. 2.4.2. Show that the vectors (1, 1) and (−1, 2) are linearly independent.

Ex. 2.4.3. Use fact 2.1.2 on page 12 to show that if y ∈ RN is such that 〈y, x〉 = 0 for
every x ∈ RN, then y = 0.

Ex. 2.4.4. Fix nonzero x ∈ RN. Consider the optimization problem

max
y
〈x, y〉 subject to y ∈ RN and ‖y‖ = 1

Show that the maximizer is x̂ := (1/‖x‖)x.3

Ex. 2.4.5. Is R2 a linear subspace of R3? Why or why not?

Ex. 2.4.6. Show that if T : RK → RN is a linear function, then 0 ∈ ker T.

Ex. 2.4.7. Let {x1, x2} be a linearly independent set in R2 and let γ be a nonzero
scalar. Is it true that {γx1, γx2} is also linearly independent?

3. Hint: There’s no need to go taking derivatives and setting them equal to zero. An easier proof
exists. If you’re stuck, consider the Cauchy–Schwarz inequality.
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Ex. 2.4.8. Is it true that

z :=

−3.9
12.4
−6.8

 ∈ span{x1, x2, x3} when x1 =

−4
0
0

 , x2 =

0
2
0

 , x3 =

 0
0
−1


Why or why not?

Ex. 2.4.9. Show that if S and S′ are two linear subspaces of RN, then S ∩ S′ is also a
linear subspace of RN.

Ex. 2.4.10. Prove fact 2.1.5 on page 19.

Ex. 2.4.11. Let Q := {(x1, x2, x3) ∈ R3 : x2 = x1 + x3}. Is Q a linear subspace of R3?

Ex. 2.4.12. Let Q := {(x1, x2, x3) ∈ R3 : x2 = 1}. Is Q a linear subspace of R3?

Ex. 2.4.13. Show that if T : RN → RN is a linear function and λ is any scalar, then
E := {x ∈ RN : Tx = λx} is a linear subspace of RN.

Ex. 2.4.14. Show that if B ⊂ S with span B = S, then x ⊥ S if and only if x ⊥ b for
all b ∈ B.

Ex. 2.4.15. Prove the equivalences in theorem 2.1.1 on page 17.

Ex. 2.4.16. Prove fact 2.1.4 on page 17.

Ex. 2.4.17. Show that if S is a linear subspace of RN then every basis of S has the
same number of elements.

Ex. 2.4.18. Prove fact 2.1.6 on page 22.

Ex. 2.4.19. Prove theorem 2.1.6 on page 22.

Ex. 2.4.20. Show that if T : RN → RN is nonsingular (i.e., a linear bijection) then
T−1 is also linear.

Ex. 2.4.21. Prove theorem 2.1.7 on page 24.

Ex. 2.4.22. Prove theorem 2.1.8 on page 25.

Ex. 2.4.23. Find two unit vectors (i.e., vectors with norm equal to one) that are
orthogonal to (1,−2).

Ex. 2.4.24. Prove the Pythagorean law (fact 2.2.1 on page 26). See ex. 2.4.1 if you
need a hint.

Ex. 2.4.25. Prove fact 2.2.2 on page 26.
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Ex. 2.4.26. Prove fact 2.2.8 using theorems 2.2.1–2.2.2.

Ex. 2.4.27. Prove fact 2.2.5: If S ⊂ RN, then S ∩ S⊥ = {0}.

Ex. 2.4.28. Prove fact 2.2.7 on page 31.

Ex. 2.4.29. Let x and y be any two vectors in RN.

(i) Show that ‖x + y‖2 = ‖x‖2 + ‖y‖2 + 2 〈x, y〉.
(ii) Explain the connection between this equality and the Pythagorean law.

Ex. 2.4.30. Let P be the orthogonal projection described in theorem 2.2.2 (page 30).
Confirm that P is a linear function from RN to RN, as defined in §2.1.6.

Ex. 2.4.31. Let S := {(x1, x2, x3) ∈ R3 : x3 = 0}, and let y := 1 := (1, 1, 1). Using the
orthogonal projection theorem, find the closest point in S to y.

Ex. 2.4.32. Let S be any linear subspace of RN and let P = proj S (see theorem 2.2.2
on page 30). Is P one-to-one as a function on RN?

Ex. 2.4.33. Prove the reverse triangle inequality. That is, given two vectors x and y,
show that |‖x‖ − ‖y‖| 6 ‖x− y‖.4

Ex. 2.4.34. Show that Py = 0 implies y ∈ S⊥.

In the next three exercises, the notation is as given in theorem 2.2.3 and the discus-
sion immediately afterwards.

Ex. 2.4.35. Show that Vk = Bk for all k.

Ex. 2.4.36. Show that {v1, . . . , vK} is an orthogonal set.

Ex. 2.4.37. Show that {u1, . . . , uk} is an orthonormal set with span equal to Vk for all
k.

2.4.1 Solutions to Selected Exercises

Solution to Ex. 2.4.4. Fix nonzero x ∈ RN. Let x̂ := x/‖x‖. Comparing this point
with any other y ∈ RN satisfying ‖y‖ = 1, the Cauchy–Schwarz inequality yields

〈y, x〉 6 | 〈y, x〉 | 6 ‖y‖‖x‖ = ‖x‖ = 〈x, x〉
‖x‖ = 〈x̂, x〉

Hence x̂ is the maximizer, as claimed.

4. Hint: Use the triangle inequality.
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Solution to Ex. 2.4.5. This is a bit of a trick question, but to solve it you just need
to look carefully at the definitions (as always). A linear subspace of R3 is a subset
of R3 with certain properties. R3 is a collection of 3-tuples (x1, x2, x3) where each
xi is a real number. Elements of R2 are 2-tuples (pairs), and hence not elements of
R3. Therefore R2 is not a subset of R3, and, in particular, not a linear subspace of
R3.

Solution to Ex. 2.4.6. Let T be as in the question. We need to show that T0 = 0.
Here’s one proof. We know from the definition of scalar multiplication that 0x = 0
for any vector x. Hence, letting x and y be any vectors in RK and applying the
definition of linearity,

T0 = T(0x + 0y) = 0Tx + 0Ty = 0 + 0 = 0

Solution to Ex. 2.4.7. The answer is yes. Suppose to the contrary that {γx1, γx2} is
linearly dependent. Then one element can be written as a linear combination of the
others. In our setting with only two vectors, this translates to γx1 = αγx2 for some
α. Since γ 6= 0 we can multiply each side by 1/γ to get x1 = αx2. But now each xi is
a multiple of the other. This contradicts linear independence of {x1, x2}.

Solution to Ex. 2.4.8. There is an easy way to do this: We know that any linearly
independent set of 3 vectors in R3 will span R3. Since z ∈ R3, this will include z.
So all we need to do is show that the 3 vectors are linearly independent. To this end,
take any scalars α1, α2, α3 with

α1

−4
0
0

+ α2

0
2
0

+ α3

 0
0
−1

 = 0 :=

0
0
0


Written as 3 equations, this says that −4α1 = 0, 2α2 = 0 and −1α3 = 0. Hence
α1 = α2 = α3 = 0, and therefore the set is linearly independent.

Solution to Ex. 2.4.9. Let S and S′ be two linear subspaces of RN. Fix x, y ∈ S ∩ S′

and α, β ∈ R. We claim that z := αx + βy ∈ S ∩ S′. To see this, note that since
x, y ∈ S and S is a linear subspace we have z ∈ S; and since x, y ∈ S′ and S′ is a
linear subspace we have z ∈ S′. It follows that z ∈ S ∩ S′, as was to be shown.

Solution to Ex. 2.4.11. If a := (1,−1, 1), then Q is all x with 〈a, x〉 = 0. This set is a
linear subspace of R3, as shown in example 2.1.10.
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Solution to Ex. 2.4.15. We are asked to verify the equivalences in theorem 2.1.1 on
page 17 for the set X := {x1, . . . , xK}. We will prove the cycle (i) =⇒ (ii) =⇒ (iii)
=⇒ (i).

((i) =⇒ (ii)) We aim to show that if (i) holds and X0 is a proper subset of X,
then span X0 is a proper subset of span X. To simplify notation let’s take X0 :=
{x2, . . . , xK}. Suppose to the contrary that span X0 = span X. Since x1 ∈ span X
we must then have x1 ∈ span X0, from which we deduce the existence of scalars
α2, . . . , αK such that 0 = −x1 + α2x2 + · · · + αKxK. Since −1 6= 0, this contradicts
part (i).

((ii) =⇒ (iii)) The claim is that when (ii) holds, no vector in X can be written as a lin-
ear combination of the others. Suppose to the contrary that x1 = α2x2 + · · ·+ αKxK,
say. Let y ∈ span X, so that y = β1x1 + · · ·+ βKxK. If we use the preceding equal-
ity to substitute out x1, we get y as a linear combination of {x2, . . . , xK} alone. In
other words, any element of span X is in the span of the proper subset {x2, . . . , xK}.
Contradiction.

((iii) =⇒ (i)) The final claim is that α1 = · · · = αK = 0 whenever α1x1 + · · · +
αKxK = 0. Suppose to the contrary that there exist scalars with α1x1 + · · ·+ αKxK =
0 and yet αk 6= 0 for at least one k. It follows immediately that xk = (1/αk)∑j 6=k αjxj.
This contradicts (iii).

Solution to Ex. 2.4.16. The aim is to prove fact 2.1.4 on page 17. Regarding the
first part, let’s take X as linearly independent and show that the subset X0 :=
{x1, . . . , xK−1} is linearly independent. (The argument for more general subsets is
similar.) Suppose to the contrary that X0 is linearly dependent. Then by the defini-
tion we can take α1, . . . , αK−1 not all zero with ∑K−1

k=1 αkxk = 0. Letting αK = 0 we can
write this as ∑K

k=1 αkxk = 0. Since not all coefficients are zero we have contradicted
linear independence of X.

Regarding the second claim, let X := {x1, . . . , xK} be linearly independent and sup-
pose that xj = 0. Then by setting αk = 0 for k 6= j and αj = 1 we can form scalars
not all equal to zero with ∑K

k=1 αkxk = 0.

Regarding the third claim, let X := {x1, . . . , xK} ⊂ RN be linearly independent and
let xK+1 be any point in RN such that xK+1 /∈ span X. The claim is that X ∪ {xK+1}
is linearly independent. Suppose to the contrary that there exist α1, . . . , αK, αK+1 not
all zero such that ∑K+1

k=1 αkxk = 0. There are two possibilities for αK+1, both of which
lead to a contradiction: First, if αK+1 = 0, then, since α1, . . . , αK, αK+1 are not all
zero, at least one of α1, . . . , αK are nonzero, and, moreover, ∑K

k=1 αkxk = ∑K+1
k=1 αkxk =

0. This contradicts our assumption of independence on X. On the other hand, if
αK+1 6= 0, then from ∑K+1

k=1 αkxk = 0 we can express xK+1 as a linear combination of
elements of X. This contradicts the hypothesis that xK+1 /∈ span X.
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Solution to Ex. 2.4.17. Let B1 and B2 be two bases of S, with K1 and K2 elements
respectively. By definition, B2 is a linearly independent subset of S. Moreover, S is
spanned by the set B1, which has K1 elements. Applying theorem 2.1.3, we see that
B2 has at most K1 elements. That is, K2 6 K1. Reversing the roles of B1 and B2 gives
K1 6 K2.

Solution to Ex. 2.4.18. The aim is to prove fact 2.1.6 on page 22. Suppose that S and
S′ are K-dimensional linear subspaces of RN with S ⊂ S′. We claim that S = S′. To
see this, observe that by the definition of dimension, S is equal to span B where B
is a set of K linearly independent basis vectors {b1, . . . , bK}. If S 6= S′, then there
exists a vector x ∈ S′ such that x /∈ span B. In view of theorem 2.1.1 on page 17,
the set {x, b1, . . . , bK} is linearly independent. Moreover, since x ∈ S′ and since
B ⊂ S ⊂ S′, we now have K + 1 linearly independent vectors inside S′. At the
same time, being K-dimensional, we know that S′ is spanned by K vectors. This
contradicts theorem 2.1.3 on page 19.

Regarding part (ii), suppose that S is an M-dimensional linear subspace of RN

where M < N and yet S = RN. Then we have a space S spanned by M < N
vectors that at the same time contains the N linearly independent canonical basis
vectors. We are led to another contradiction of theorem 2.1.3. Hence S = RN cannot
hold.

Solution to Ex. 2.4.19. Regarding part (i), let B be a basis of span X. By definition,
B is a linearly independent subset of span X. Since span X is spanned by K vectors,
theorem 2.1.3 implies that B has no more than K elements. Hence, dim span X 6 K.

Regarding part (ii), suppose first that X is linearly independent. Then X is a basis
for span X. Since X has K elements, we conclude that dim span X = K. Conversely,
if dim span X = K then X must be linearly independent. For if X is not linearly
independent, then there exists a proper subset X0 of X such that span X0 = span X.
By part (i) of this theorem, we then have dim span X0 6 #X0 6 K − 1. Therefore,
dim span X 6 K− 1. Contradiction.

Solution to Ex. 2.4.20. Let T : RN → RN be nonsingular and let T−1 be its inverse.
To see that T−1 is linear we need to show that for any pair x, y in RN (which is the
domain of T−1) and any scalars α and β, the following equality holds:

T−1(αx + βy) = αT−1x + βT−1y (2.12)

In the proof we will exploit the fact that T is by assumption a linear bijection.

Pick any vectors x, y ∈ RN and any two scalars α, β. Since T is a bijection, we
know that x and y have unique preimages under T. In particular, there exist unique
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vectors u and v such that Tu = x and Tv = y. Using these definitions, linearity of
T and the fact that T−1 is the inverse of T, we have

T−1(αx+ βy) = T−1(αTu+ βTv) = T−1(T(αu+ βv)) = αu+ βv = αT−1x+ βT−1y

This chain of equalities confirms (2.12).

Solution to Ex. 2.4.21. A collection of equivalent statements such as this is usually
proved via a cycle of implications, with the form (i) =⇒ (ii) =⇒ · · · =⇒
(vi) =⇒ (i). However, in this case the logic is clearer if we directly show that all
statements are equivalent to linear independence of V.

First observe equivalence of the onto property and linear independence of V via

T onto ⇐⇒ rng T = RN ⇐⇒ span V = RN

by fact 2.1.7. The last statement is equivalent to linear independence of V by theo-
rem 2.1.4 on page 20.

Next let’s show that null T = {0} implies linear independence of V. To this end,
suppose that null T = {0} and let α1, . . . , αN be such that ∑N

n=1 αnTen = 0. By
linearity of T we then have T(∑N

n=1 αnen) = 0. Since null T = {0} this means that
∑N

n=1 αnen = 0, which in view of independence of {e1, . . . , eN}, implies α1 = · · · =
αN = 0. This establishes that V is linearly independent.

Now let’s check that linear independence of V implies null T = {0}. To this end, let
x be a vector in RN such that Tx = 0. We can represent x in the form ∑N

n=1 αnen for
suitable scalars {αn}. From linearity and Tx = 0 we get ∑N

n=1 αnTen = 0. By linear
independence of V this implies that each αn = 0, whence x = 0. Thus null T = {0}
as claimed.

From fact 2.1.8 we have null T = {0} iff T is one-to-one, so we can now state the
following equivalences

T onto ⇐⇒ V linearly independent ⇐⇒ T one-to-one (2.13)

If T is a bijection then T is onto and hence V is linearly independent by (2.13). Con-
versely, if V is linearly independent then T is both onto and one-to-one by (2.13).
Hence T is a bijection.

Finally, equivalence of linear independence of V and the statement that V forms a
basis of RN is immediate from the definition of bases and theorem 2.1.4 on page 20.

Solution to Ex. 2.4.22. Regarding part (i), let K < N and let T : RK → RN be linear.
T cannot be onto, for if T were onto then we would have rng T = RN, in which case
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the vectors in V = {Te1, . . . , TeK} in fact 2.1.7 would span RN, despite having only
K < N elements. This is impossible. (Why?)

Regarding part (ii), let T : RK → RN be linear and let K > N. Seeking a contradic-
tion, suppose in addition that T is one-to-one. Let {αk}K

k=1 be such that ∑K
k=1 αkTek =

0. By linearity, T(∑K
k=1 αkek) = 0, and since T is one-to-one and T0 = 0, this in turn

implies ∑K
k=1 αkek = 0. Since the canonical basis vectors are linearly independent,

it must be that α1 = · · · = αK = 0. From this we conclude that {Te1, . . . , TeK} is
linearly independent. ThusRN contains K linearly independent vectors, despite the
fact that N < K. This is impossible by theorem 2.1.3 on page 19.

Solution to Ex. 2.4.25. Let O = {x1, . . . , xK} ⊂ RN be an orthogonal set that does
not contain 0. Let α1, . . . , αK be such that ∑K

k=1 αkxk = 0. We claim that αj = 0 for any
j. To see that this is so, fix j and take the inner product of both sides of ∑K

k=1 αkxk = 0
with respect to xj to obtain αj‖xj‖2 = 0. Since xj 6= 0, we conclude that αj = 0. The
proof is done.

Solution to Ex. 2.4.27. Let S ⊂ RN. We aim to show that S ∩ S⊥ = {0}. Fix a ∈
S ∩ S⊥. Since a ∈ S⊥, we know that 〈a, s〉 = 0 for any s ∈ S. Since a ∈ S, we have in
particular, 〈a, a〉 = ‖a‖2 = 0. As we saw in fact 2.1.2, the only such vector is 0.

Solution to Ex. 2.4.30. Fix α, β ∈ R and x, y ∈ RN. The claim is that

P(αx + βy) = αPx + βPy

To verify this equality, we need to show that the right hand side is the orthogonal
projection of αx + βy onto S. Going back to theorem 2.2.1, we need to show that (i)
αPx + βPy ∈ S and (ii) for any z ∈ S, we have

〈αx + βy− (αPx + βPy), z〉 = 0

Here (i) is immediate, because Px and Py are in S by definition, and, moreover S is
a linear subspace. To see that (ii) holds, just note that

〈αx + βy− (αPx + βPy), z〉 = α 〈x− Px, z〉+ β 〈y− Py, z〉

By definition, the projections of x and y are orthogonal to S, so we have 〈x− Px, z〉 =
〈y− Py, z〉 = 0. We are done.

Solution to Ex. 2.4.31. Let x = (x1, x2, x3) be the closest point in S to y. Note that
e1 ∈ S and e2 ∈ S. By the orthogonal projection theorem we have (i) x ∈ S and (ii)
y− x ⊥ S. From (i) we have x3 = 0. From (ii) we have

〈y− x, e1〉 = 0 and 〈y− x, e2〉 = 0
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These equations can be expressed more simply as 1− x1 = 0 and 1− x2 = 0. We
conclude that x = (1, 1, 0).

Solution to Ex. 2.4.32. If S = RN, then P is the identity mapping (why?), which is
one-to-one. If S 6= RN, then take any x /∈ S. By definition y := Px is in S, and
hence y and x are distinct. On the other hand, P maps elements of S to themselves,
so Py = y = Px. Hence P is not one-to-one.

Solution to Ex. 2.4.33. From the triangle inequality we have

‖x‖ = ‖x− y + y‖ 6 ‖x− y‖+ ‖y‖

It follows that ‖x‖− ‖y‖ 6 ‖x− y‖. A similar argument reversing the roles of x and
y gives ‖y‖ − ‖x‖ 6 ‖x− y‖. Combining the last two inequalities gives

−‖x− y‖ 6 ‖x‖ − ‖y‖ 6 ‖x− y‖

This is equivalent to |‖x‖ − ‖y‖| 6 ‖x− y‖.

Solution to Ex. 2.4.34. If Py = 0, then y = Py + My = My. Hence M does not
shift y. If an orthogonal projection onto a subspace doesn’t shift a point, that’s be-
cause the point is already in that subspace (see, e.g., theorem 2.2.2). In this case the
subspace is S⊥, and we conclude that y ∈ S⊥.

Solution to Ex. 2.4.35. To see that Vk = Bk for all k, fix k and consider the claim that
Vk ⊂ Bk. By definition, vk = bk − Pk−1bk, and the two terms on the right hand
side lie in Bk. Hence vk ∈ Bk. Since spans increase as we add more elements, it
follows that vj ∈ Bk for j 6 k. In other words, {v1, . . . , vk} ⊂ Bk. Since Bk is a linear
subspace, we then have Vk ⊂ Bk.

An induction argument shows that Bk ⊂ Vk also holds. Clearly it holds for k = 1.
Suppose it also holds for k− 1. From the definition of vk we have bk = Pk−1bk + vk.
The first term on the right hand side lies in Bk−1, which, by our induction hypothesis,
satisfies Bk−1 ⊂ Vk−1 ⊂ Vk. The second term on the right hand side is vk, which
obviously lies in Vk. Hence both terms are in Vk, and therefore bk ∈ Vk. Using
arguments analogous to the end of the last paragraph leads us to Bk ⊂ Vk.

Solution to Ex. 2.4.36. To show that {v1, . . . , vK} is an orthogonal set, it suffices to
check that vk ⊥ vj whenever j < k. To see this, fix any pair j < k. By construction,
vk ∈ B⊥k−1. On the other hand, as shown in the solution to ex. 2.4.35, vj ∈ Bk−1 must
hold. Hence vk ⊥ vj.
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Solution to Ex. 2.4.37. Since {v1, . . . , vk} is orthogonal, the family {u1, . . . , uk} will
be orthonormal provided that the norm of each element is 1. This is true by construc-
tion, since uk := vk/‖vk‖. The only concern is that ‖vk‖ = 0 might hold for some k.
But vk = 0 is impossible because if it was to hold then by (vii) of theorem 2.2.2 we
would have bk ∈ Bk−1, contradicting linear independence of {b1, . . . , bK}.
The proof that span{u1, . . . , uk} = Vk is straightforward and left to you.
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Chapter 3

Linear Algebra and Matrices

The previous chapter was relatively abstract but it sets us up nicely to study the
kinds of practical problems from linear algebra that we encounter in statistics and
econometrics. This chapter treats many of the core problems in linear algebra, fre-
quently relating them back to our analysis of vectors and linear maps in chapter 2.

3.1 Matrices and Linear Equations

Matrices provide an extremely convenient way to organize data and algebraic oper-
ations. Let’s start with definitions.

3.1.1 Basic Definitions

A N×K matrix is a rectangular array A of real numbers with N rows and K columns,
written in the following way:

A =


a11 a12 · · · a1K
a21 a22 · · · a2K
...

...
...

aN1 aN2 · · · aNK


The symbol ank stands for the element in the n-th row of the k-th column. Often
these elements represent coefficients in a system of linear equations, such as

a11x1 + a12x2 + · · ·+ a1KxK = b1
...

aN1x1 + aN2x2 + · · ·+ aNKxK = bN

(3.1)
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For obvious reasons, A is also called a vector if either N = 1 or K = 1. In the former
case, A is called a row vector, while in the latter case it is called a column vector.
When convenient, we will use the notation rown A to refer to the n-th row of A, and
colk A to refer to its k-th column.

We extend the notation 0 and 1 from vectors to matrices, in the sense that these sym-
bols will also represent matrices with all elements equal to zero and one respectively.
Dimensions will be stated explicitly or clear from context.

If A is N × K and N = K, then A is called square. For an N × N matrix A, the N
elements of the form ann for n = 1, . . . , N are called the principal diagonal:

a11 a12 · · · a1N
a21 a22 · · · a2N
...

...
...

aN1 aN2 · · · aNN


The unique N × N matrix with ones on the principle diagonal and zeros elsewhere
is called the identity matrix, and denoted by I:

I :=


1 0 · · · 0
0 1 · · · 0
...

...
...

0 0 · · · 1


Note that coln I = en, the n-th canonical basis vector in RN.

Just as was the case for vectors, a number of algebraic operations are defined for
matrices. The first two, scalar multiplication and addition, are immediate general-
izations of the vector case: For γ ∈ R, we let

γ


a11 a12 · · · a1K
a21 a22 · · · a2K
...

...
...

aN1 aN2 · · · aNK

 :=


γa11 γa12 · · · γa1K
γa21 γa22 · · · γa2K

...
...

...
γaN1 γaN2 · · · γaNK


while

a11 · · · a1K
a21 · · · a2K
...

...
...

aN1 · · · aNK

+


b11 · · · b1K
b21 · · · b2K
...

...
...

bN1 · · · bNK

 :=


a11 + b11 · · · a1K + b1K
a21 + b21 · · · a2K + b2K

...
...

...
aN1 + bN1 · · · aNK + bNK


Addition is only defined for matrices that have identical shape.
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The matrix product C = AB of matrices A and B is formed by taking as its i, j-th
element the inner product of the i-th row of A and the j-th column of B. That is,

cij =
〈
rowi A, colj B

〉
=

K

∑
k=1

aikbkj

Here’s the picture for i = j = 1:
a11 · · · a1K
a21 · · · a2K
...

...
...

aN1 · · · aNK




b11 · · · b1J
b21 · · · b2J
...

...
...

bK1 · · · bKJ

 =


c11 · · · c1J
c21 · · · c2J
...

...
...

cN1 · · · cNJ


Since inner products are only defined for vectors of equal length, we need the length
of the rows of A to be equal to the length of the columns of B. In other words, if A
is N × K and B is J ×M, then we require K = J. The resulting matrix AB is N ×M.
Here’s the rule to remember:

A is N × K and B is K×M =⇒ AB is N ×M

Matrix multiplication is not commutative: AB and BA are not in general equal. In
most other ways it behaves like ordinary multiplication:

Fact 3.1.1. For conformable matrices A, B, C and scalar α we have

(i) A(BC) = (AB)C

(ii) A(B + C) = AB + AC

(iii) (A + B)C = AC + BC

(iv) AαB = αAB

(v) AI = A and IA = A, where I is the identity matrix.

Here and below we use the word conformable to indicate dimensions are such that
the operation in question makes sense. For example, two matrices are conformable
for addition if they have the same number of rows and columns.

The k-th power of a square matrix A is defined as

Ak := A · · ·A︸ ︷︷ ︸
k terms

If B is such that B2 = A then B is called the square root of A and written
√

A.
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Before going further, let’s state the fundamental connection between matrix multi-
plication and the more elementary notion of linear combinations of vectors, as in-
troduced in §2.1.2: Given N × K matrix A and K × 1 column vector x, the product
Ax is an N × 1 column vector formed as a linear combination of the columns of A,
with scalars x1, . . . , xK. In symbols,

Ax =


a11 a12 · · · a1K
a21 a22 · · · a2K
...

...
...

aN1 aN2 · · · aNK




x1
x2
...

xK



= x1


a11
a21
...

aN1

+ x2


a12
a22
...

aN2

+ · · ·+ xK


a1K
a2K

...
aNK


=

K

∑
k=1

xk colk A

3.1.2 Matrices as Maps

One of the most useful ways to think about matrices is as maps from one vector
space to another. In particular, an N × K matrix A can be thought of as a map
sending a vector x ∈ RK into a new vector y = Ax in RN. As the next theorem
shows these maps are always linear. In fact, they are the only linear functions. In
other words, the set of linear functions fromRK toRN and the set of N×K matrices
are in one-to-one correspondence:

Theorem 3.1.1. Let T be a function from RK to RN. The following are equivalent:

(i) T is linear.

(ii) There exists an N × K matrix A such that Tx = Ax for all x ∈ RK.

Proof. ((i) =⇒ (ii)) Let T : RK → RN be linear. We aim to construct a matrix A such
that Tx = Ax for all x ∈ RK. As usual, let ek be the k-th canonical basis vector in
RK. Define an N × K matrix A by colk A = Tek. Pick any x ∈ RK. We can also write
x = ∑K

k=1 xkek, where xk is the k-th element of x. By linearity we have

Tx =
K

∑
k=1

xkTek =
K

∑
k=1

xk colk A

This is just Ax, as shown in §3.1.1.
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((ii) =⇒ (i)) Fix N × K matrix A and consider the function T : RK → RN defined
by Tx = Ax. Pick any x, y in RK, and any scalars α and β. The rules of matrix
arithmetic (see fact 3.1.1) tell us that

T(αx + βy) := A(αx + βy) = Aαx + Aβy = αAx + βAy =: αTx + βTy

Hence T is linear.

When we consider the problem of solving a system of linear equations such as Ax =
b, the first issue we need to concern ourselves with is existence. Can we find an x
that satisfies this equation, for any given b? A bit of thought will convince you
that this is the same question as: Is the corresponding linear map Tx = Ax an onto
function? (See §15.1.2 for the definition.) Equivalently, is rng T equal to all of RN?

The range of T is all vectors of the form Tx = Ax where x varies over RK. We just
saw in §3.1.1 that, for any x ∈ RK, we have Ax = ∑K

k=1 xk colk A. It follows that rng T
is equal to the column space of A, which is by definition the span of the columns of
A. We represent it by the symbol

colspace A := span{col1 A, . . . , colK A} (3.2)

To summarize the preceding discussion,

colspace A = rng T = {Ax : x ∈ RK}

How large is the column space of a given matrix? To answer that question we have
to say what “large” means. In the context of linear algebra, size of subspaces is
usually measured by dimension. The dimension of colspace A is known as the rank
of A. That is,

rank A := dim colspace A

A is said to have full column rank if rank A is equal to K, the number of its columns.
The reason we say “full” rank here is that, by definition, colspace A is the span of K
vectors. Hence, by part (i) of theorem 2.1.6 on page 22, we must have dim colspace A 6
K. In other words, the rank of A is less than or equal to K. A is said to have full col-
umn rank when this maximum is achieved.

When is this maximum achieved? By part (ii) of theorem 2.1.6, this will be the case
precisely when the columns of A are linearly independent. Let’s state this as a fact:

Fact 3.1.2. Let A be an N × K matrix. The following statements are equivalent:

(i) A is of full column rank.

(ii) The columns of A are linearly independent.
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(iii) Ax = 0 =⇒ x = 0.

The last equivalence follows from theorem 2.1.1 on page 17.

3.1.3 Square Matrices and Invertibility

Perhaps the most common problem in linear algebra is solving systems of linear
equations. A generic representation is Ax = b, where x contains the unknowns and
A and b are given. There are a variety of scenarios depending on the properties
of A. For now let’s consider the case where A is N × N, and seek conditions on A
under which, for every b ∈ RN, there exists exactly one x ∈ RN such that Ax = b.

The best way to understand this problem is as follows. Let T be the linear map
Tx = Ax. The question we are asking here is: When does each point b ∈ RN have
one and only one preimage under T? In other words, when is T a bijection?

To answer this question we can refer back to the discussion in §2.1.7. We saw there
that linear bijections are called nonsingular functions and we discussed a number
of equivalences for this property. The next fact replicates these equivalences in the
language of matrices.

Fact 3.1.3. For N × N matrix A, the following are equivalent:

(i) The columns of A are linearly independent.

(ii) The columns of A form a basis of RN.

(iii) rank A = N.

(iv) colspace A = RN.

(v) Ax = Ay =⇒ x = y.

(vi) Ax = 0 =⇒ x = 0.

(vii) For each b ∈ RN, the equation Ax = b has a solution.

(viii) For each b ∈ RN, the equation Ax = b has a unique solution.

These results can all be verified using theorem 2.1.7 on page 24 by checking the
corresponding implications for Tx = Ax. For example, it’s easy to see that if en is
the n-th canonical basis vector of RN, then

Ten = Aen = coln A

and hence the condition of linear independence of {Te1, . . . , TeN} in theorem 2.1.7
translates to linear independence of the columns of A.
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Following common usage, if any of the equivalent conditions in fact 3.1.3 are true
we will call not just the map T but also the underlying matrix A nonsingular. If any
one—and hence all—of these conditions fail, then A is called singular.

Any bijection has an inverse (see §15.1.2). In fact any nonsingular map T has a
nonsingular inverse T−1 (see fact 2.1.9 on page 25). In the present setting, where T
is generated by a matrix A, the inverse T−1 is also associated with a matrix, called
the inverse of A. The next theorem gives details:

Theorem 3.1.2. For nonsingular A the following statements are true:

(i) There exists a square matrix B such that AB = BA = I, where I is the identity
matrix. The matrix B is called the inverse of A, and written as A−1.

(ii) For each b ∈ RN, the unique solution to Ax = b is given by

x = A−1b (3.3)

For this reason, nonsingular matrices are also referred to as invertible. The proof of
theorem 3.1.2 is a solved exercise (ex. 3.5.5).

Example 3.1.1. Consider the N good linear demand system

qn =
N

∑
k=1

ank pk + bn, n = 1, . . . N

where qn and pn are quantity and price of the n-th good respectively. We want to
compute the inverse demand function, which gives prices in terms of quantities. To
do so we write our system in matrix form as q = Ap + b. If the columns of A are
linearly independent, then we can invert the system: a unique solution exists for
each fixed q and b. That solution is given by p = A−1(q− b).

As stated in the next fact, to show that A is invertible and B is the inverse of A, it
suffices to show that B is either a left inverse, in the sense that BA = I, or a right
inverse, in the sense that AB = I. A proof is given in §3.1.4.

Fact 3.1.4. Let A and B be N × N square matrices. If B is either a left or a right
inverse of A, then A is nonsingular and B is its inverse.

The next fact collects more useful results about inverse matrices.

Fact 3.1.5. If A and B are nonsingular and α 6= 0, then

(i) (A−1)−1 = A
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(ii) (αA)−1 = α−1A−1

(iii) (AB)−1 = B−1A−1

The relation (AB)−1 = B−1A−1 is just a special case of the analogous rule for inver-
sion of bijections (see fact 15.1.2 on page 408). But you can also prove the equality
directly by confirming that B−1A−1 is a right inverse (or left inverse) of AB.

3.1.4 Determinants

To each square matrix A, we can associate a unique number det A called the deter-
minant of A. To define it, let S(N) be the set of all bijections from {1, . . . , N} to itself.
For π ∈ S(N) we define the signature of π as

sgn(π) := ∏
m<n

π(m)− π(n)
m− n

The determinant of N × N matrix A is then given as

det A := ∑
π∈S(N)

sgn(π)
N

∏
n=1

aπ(n)n

We won’t concern ourselves with the details of this definition. For now it’s enough
to know the following facts:

Fact 3.1.6. If I is the N × N identity, A and B are N × N matrices and α ∈ R, then

(i) det I = 1.

(ii) A is nonsingular if and only if det A 6= 0.

(iii) det(AB) = det(A)det(B).

(iv) det(αA) = αN det(A).

(v) det(A−1) = (det(A))−1.

In the 2× 2 case one can show that the determinant satisfies

det
(

a b
c d

)
= ad− bc (3.4)

As an example of how these results can be useful, let’s go back and prove fact 3.1.4.
Fix square matrix A and suppose that a right inverse B exists, in the sense that
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AB = I. This equality implies that both A and B are nonsingular, since applying det
to both sides of AB = I and using the rules in fact 3.1.6 gives det(A)det(B) = 1. It
follows that both det A and det B are nonzero. Hence both matrices are nonsingular.

To show that B is the inverse of A, we just need to check that, in addition to AB = I,
we also have BA = I. To obtain the latter equality from the former, premultiply the
former by B to get BAB = B and then postmultiply by B−1 to get BA = I. The proof
for the left inverse case is similar.

3.2 Properties of Matrices

Let’s look at some special kinds of matrices and their role in linear algebra.

3.2.1 Diagonal and Triangular Matrices

A square matrix is called

• lower triangular if each element strictly above the principal diagonal is zero

• upper triangular if every element strictly below the principal diagonal is zero

• triangular if it is either upper or lower triangular.

For example, if we define

L :=

 1 0 0
2 5 0
3 6 1

 and U :=

 1 2 3
0 5 6
0 0 1


then L and U are lower and upper triangular respectively. The great advantage of
triangular matrices is that the associated linear equations are simple to solve using
either forward or backward substitution. For example, with the system 1 0 0

2 5 0
3 6 1

 x1
x2
x3

 =

 x1
2x1 + 5x2

3x1 + 6x2 + x3

 =

 b1
b2
b3


the top equation involves only x1, so we can solve for its value directly. Plugging
this value into the second equation, we can solve for x2 and so on.

Fact 3.2.1. If A = (amn) is triangular, then det A = ∏N
n=1 ann.
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An even better situation arises when our matrix is both upper and lower triangular.
These are the diagonal matrices. In other words, a square matrix A is diagonal if
all entries off the principal diagonal are zero. For example, the identity matrix is
diagonal.

The following notation is often used to define diagonal matrices:

diag(d1, . . . , dN) :=


d1 0 · · · 0
0 d2 · · · 0
...

...
...

0 0 · · · dN


With diagonal matrices it is trivial to compute powers, roots, inverses and products:

Fact 3.2.2. Let C = diag(c1, . . . , cN) and D = diag(d1, . . . , dN). The following state-
ments are true:

(i) C + D = diag(c1 + d1, . . . , cN + dN).

(ii) CD = diag(c1d1, . . . , cNdN).

(iii) Dk = diag(dk
1, . . . , dk

N) for any k ∈ N.

(iv) If dn > 0 for all n, then
√

D exists and equals diag(
√

d1, . . . ,
√

dN).

(v) If dn 6= 0 for all n, then D is nonsingular and D−1 = diag(d−1
1 , . . . , d−1

N ).

You can check parts (i) and (ii) directly. The other claims follow from (i) and (ii).

3.2.2 Trace, Transpose and Symmetry

The trace of an N× N matrix A is the sum of the elements on its principal diagonal:

trace A =
N

∑
n=1

ann

Fact 3.2.3. If A and B are N × N matrices and α and β are two scalars, then

trace(αA + βB) = α trace(A) + β trace(B)

Moreover, if A is N ×M and B is M× N, then trace(AB) = trace(BA).
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The transpose of N×K matrix A is a K×N matrix Aᵀ such that coln(A
ᵀ) = rown A.

For example,

A :=

 10 40
20 50
30 60

 =⇒ Aᵀ
=

(
10 20 30
40 50 60

)
(3.5)

and

B :=
(

1 3 5
2 4 6

)
=⇒ Bᵀ

=

 1 2
3 4
5 6


A square matrix A is called symmetric if Aᵀ = A, or, equivalently, ank = akn for
every k and n. Note that AᵀA and AAᵀ are always well-defined and symmetric.

Fact 3.2.4. For conformable matrices A and B, transposition satisfies

(i) (Aᵀ)ᵀ = A.

(ii) (AB)ᵀ = BᵀAᵀ.

(iii) (A + B)ᵀ = Aᵀ + Bᵀ.

(iv) (cA)ᵀ = cAᵀ for any constant c.

Fact 3.2.5. For each square matrix A, we have

(i) trace(A) = trace(Aᵀ).

(ii) det(Aᵀ) = det(A).

(iii) If A is nonsingular, then so is Aᵀ, and its inverse is (Aᵀ)−1 = (A−1)ᵀ.

Note that if a and b are N × 1 vectors, then the matrix product aᵀb = bᵀa is equal
to ∑N

n=1 anbn, which is the same as the inner product 〈a, b〉. In what follows we’ll
often work with column vectors and use matrix product rather than inner product
notation.

3.2.3 Eigenvalues and Eigenvectors

Let A be N × N. As in § 3.1.2, think of A as a linear map, so that Ax is the image of
x under A. In general A will map x to some arbitrary new location but sometimes x
will only be scaled. That is,

Ax = λx (3.6)

for some scalar λ. If x and λ satisfy (3.6) and x is nonzero, then x is called an eigen-
vector of A, λ is called an eigenvalue and (x, λ) is called an eigenpair.
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Figure 3.1: The matrix R rotates points by 90◦

Example 3.2.1. If

A :=
(

1 −1
3 5

)
, x :=

(
1
−1

)
and λ := 2

then (x, λ) is an eigenpair of A, since x 6= 0 and

Ax =

(
1 −1
3 5

)(
1
−1

)
=

(
2
−2

)
= 2

(
1
−1

)
= λx

Example 3.2.2. If I is the N × N identity then (x, 1) is an eigenpair of I for every
nonzero x ∈ RN.

Consider now the matrix

R :=
(

0 −1
1 0

)
that rotates any point counter-clockwise by 90◦, as shown in figure 3.1. Due to this
rotation, the scaling in (3.6) fails for any λ ∈ R and nonzero x ∈ R2. If, however,
we admit the possibility that λ and the elements of x can be complex, then (3.6)
can hold. For example, direct calculation confirms that λ = i and x = (1,−i)ᵀ is
an eigenpair for R. It turns out that contemplation of complex eigenpairs is useful.
Here eigenpairs are taken to be complex valued unless explicitly stated to be real.

Fact 3.2.6. Given N × N matrix A, the scalar λ is an eigenvalue of A if and only if

det(A− λI) = 0

Here I is the N × N identity. Exercise 3.5.17 asks you to confirm this important fact.
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For the 2 × 2 matrix in (3.4), the rule for the 2 × 2 determinant in (3.4), fact 3.2.6
and a little bit of algebra imply that its eigenvalues are given by the two roots of the
polynomial expression

λ2 − (a + d)λ + (ad− bc) = 0

More generally, given any N × N matrix A, it can be shown via the fundamental
theorem of algebra that there exist complex numbers λ1, . . . , λN, not necessarily dis-
tinct, such that

det(A− λI) =
N

∏
n=1

(λn − λ) (3.7)

It is clear that each λn satisfies det(A− λnI) = 0 and hence is an eigenvalue of A.
In particular, λ1, . . . , λN is the set of eigenvalues of A, although it’s worth repeating
that these numbers are not necessarily distinct.

Fact 3.2.7. Let A be N×N and let λ1, . . . , λN be the eigenvalues defined in (3.7). The
following statements are true:

(i) det A = ∏N
n=1 λn.

(ii) trace A = ∑N
n=1 λn.

(iii) If A is symmetric, then λn ∈ R for all n.

(iv) If A is nonsingular, then the eigenvalues of A−1 are 1/λ1, . . . , 1/λN.

(v) If A is triangular, then its eigenvalues coincide with the elements on the prin-
ciple diagonal.

It is immediate from (i) that A is nonsingular ⇐⇒ all its eigenvalues are nonzero.

3.2.4 Quadratic Forms

In statistics and econometrics we often encounter quadratic expressions. In general,
given symmetric N × N matrix A, the quadratic function or quadratic form on RN

associated with A is the map Q defined by

Q(x) := xᵀAx =
N

∑
j=1

N

∑
i=1

aijxixj

To give a simple illustration, let N = 2 and let A be the identity matrix I. In this
case,

Q(x) = ‖x‖2 = x2
1 + x2

2
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Figure 3.2: The quadratic function Q(x) = x2
1 + x2

2

A 3D graph of this function is shown in figure 3.2.

One thing you’ll notice about this function is that its graph lies everywhere above
zero, or Q(x) > 0. In fact we know that ‖x‖2 is nonnegative and will be zero only
when x = 0. Hence the graph touches zero only at the point x = 0. Many other
choices of A yield a quadratic form with this property. Such A are said to be positive
definite. More generally, an N × N symmetric matrix A is called

• nonnegative definite if xᵀAx > 0 for all x ∈ RN,

• positive definite if xᵀAx > 0 for all x ∈ RN with x 6= 0,

• nonpositive definite if xᵀAx 6 0 for all x ∈ RN, and

• negative definite if xᵀAx < 0 for all x ∈ RN with x 6= 0.

If A fits none of these categories, then A is called indefinite. Figure 3.3 shows the
graph of a negative definite quadratic function. Now the function is hill-shaped,
and 0 is the unique global maximum. Figure 3.4 shows an indefinite form.

The easiest case for detecting definiteness is when the matrix A is diagonal, since

A = diag(d1, . . . , dN) implies Q(x) = d1x2
1 + · · ·+ dNx2

N

From the right hand expression we see that a diagonal matrix is positive definite
if and only if all diagonal elements are positive. Analogous statements are true for
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Figure 3.3: The quadratic function Q(x) = −x2
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Figure 3.4: The quadratic function Q(x) = x2
1/2 + 8x1x2 + x2

2/2

preliminary draft 57



Ch. 3

nonnegative, nonpositive and negative definite matrices. The next fact generalizes
this idea and is proved in §3.3.4.

Fact 3.2.8. Let A be any symmetric matrix. A is

(i) positive definite if and only if its eigenvalues are all positive,

(ii) negative definite if and only if its eigenvalues are all negative,

and similarly for nonpositive and nonnegative definite.

It follows from fact 3.2.8 that

Fact 3.2.9. If A is positive definite, then A is nonsingular, with det A > 0.

Finally, here’s a necessary (but not sufficient) condition for each kind of definiteness.

Fact 3.2.10. If A is positive definite, then each element ann on the principal diagonal
is positive, and the same for nonnegative, nonpositive and negative.

3.3 Projection and Decomposition

This section collects some essential results on projection and decomposition of ma-
trices. The projection material takes our abstract projection theory from §2.2 and
translates it into the more concrete language of matrices.

3.3.1 Projection Matrices

As stated in theorem 2.2.2 on page 30, given any subspace S, the corresponding
projection P = proj S is a linear map from RN to RN. In view of theorem 3.1.1 on
page 46, it follows that there exists an N × N matrix P̂ such that Px = P̂x for all
x ∈ RN. In fact we’ve anticipated this in the notation P, and from now on P will
also represent the corresponding matrix. But what does this matrix look like?

Theorem 3.3.1. Let S be a subspace of RN. If P = proj S, then

P = B(BᵀB)−1Bᵀ (3.8)

for every matrix B such that the columns of B form a basis of S.
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This result generalizes fact 2.2.6 on page 30, which pertains to projection onto the
span of an orthonormal basis. The expression in (3.8) is more complex, but at the
same time it applies to any basis, orthonormal or otherwise. We further explore
the connection between the two results in §3.3.3. For the proof of theorem 3.3.1 see
exercise 3.5.30 and its solution.

The construction of P in (3.8) implicitly assumes that BᵀB is nonsingular. This is
justified because B has full column rank (see ex. 3.5.28). As usual, we let M = I− P
denote the residual projection (see page 31).

Example 3.3.1. Recall example 2.2.1 on page 28, where we found that the projection
of y ∈ RN onto span{1} is ȳ1. We can get this from (3.8) as well. Since 1 is a basis
for span{1}, we have

P = proj span{1} =⇒ P = 1(1ᵀ1)−11ᵀ =
1
N

11ᵀ (3.9)

This leads us back to Py = ȳ1, as expected. The corresponding residual projection
is

Mc = I− 1
N

11ᵀ (3.10)

The reason for the subscripted c was discussed in example 2.2.3 on page 31.

Fact 3.3.1. In the setting of theorem 3.3.1, we have

(i) MB = 0

(ii) PB = B

For example, it’s easy to see that Mc in (3.10) maps 1 to 0. Exercise 3.5.31 asks you
to prove fact 3.3.1.

A square matrix A is called idempotent if AA = A.

Fact 3.3.2. Both P and M are symmetric and idempotent.

Idempotence of P and M can be checked by direct calculation. A better understand-
ing is obtained by reflecting on the fact that projecting onto a subspace twice is the
same as projecting once. After one projection the vector is already in the subspace.
See fact 2.2.8 on page 31.

Fact 3.3.3. If A is any idempotent matrix, then rank A = trace A.

For orthogonal projections, we can say more:

Fact 3.3.4. Let S be a linear subspace of RN. If P = proj S and M is the residual
projection, then
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(i) rank P = trace P = dim S

(ii) rank M = trace M = N − dim S

To see why rank P = dim S, recall that the rank of a linear map is the dimension of
its range. When P = proj S, the range of P is exactly S.

To show that trace P = dim S also holds, we can appeal to fact 3.3.3. There’s also a
nice direct proof. See exercise 3.5.27 and its solution. Once we know that trace P =
dim S, it’s clear that trace M = N − dim S, since

trace M = trace(I− P) = trace I− trace P = N − dim S

3.3.2 Overdetermined Systems of Equations

In §3.1.3 we talked about solving equations of the form Ax = b when A is square.
In statistics and econometrics, we often work the case where A is N×K and K 6 N.
When the inequality is strict, the system of equations is said to be overdetermined.

Consider the problem of whether or not there exists a vector x satisfying Ax = b
in this setting. Intuitively, when the number of equations is larger than the number
of unknowns (N > K) we may not be able to find an x that satisfies all N equa-
tions. There are several equivalent ways to formalize this intuition. The linear map
T : RK → RN corresponding to A is Tx = Ax (see 3.1.2). We know the following
statements to be equivalent:

(i) there exists an x ∈ RK with Ax = b.

(ii) b ∈ colspace A.

(iii) b ∈ rng T.

We also know from theorem 2.1.8 on page 25 that when K < N, the function T
cannot be onto, and hence it’s possible that b lies outside the range of T.

In fact we can say more than this. When K < N, the scenario b ∈ colspace A is
in some sense very rare. The reason is that the dimension of colspace A, which is
precisely the rank of A, is less than or equal to K (see §3.1.2) and hence strictly less
than N. There is a sense in which K-dimensional subspaces of RN are negligible,
and hence the “chance” of b happening to lie in this subspace is tiny.1

1. Formally, K dimensional subspaces have measure zero in RN whenever K < N. Hence every
probability measure that is absolutely continuous with respect to Lebesgue measure puts zero mass
on such a set. Less formally, consider the case where N = 3 and K = 2. Then colspace A forms at
most a 2 dimensional plane in R3. Intuitively, this set has no volume in R3 because planes have no
“thickness.” Similarly, while we might visualize b as a dot inR3, as a point it is in fact infinitesimally
small. Hence the chance of a randomly chosen b lying in colspace A is zero.
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As a result, the standard approach is to admit that an exact solution may not exist,
and instead focus on finding a x ∈ RK such that Ax is as close to b as possible. It’s
natural that “close to” is defined in terms of ordinary Euclidean norm, which leads
us to the minimization problem

min
x∈RK

‖b−Ax‖ (3.11)

This is called a least squares problem because solving (3.11) is the same as mini-
mizing ‖b−Ax‖2 with respect to x, and the squared norm is, by definition, a sum
of squares. Assuming as before that A is N × K with K 6 N and b is N × 1, we can
use the orthogonal projection theorem to solve (3.11) as follows:

Theorem 3.3.2. If A has full column rank, then (3.11) has the unique solution

x̂ := (AᵀA)−1Aᵀb (3.12)

Proof. Let A and b be as in the statement of the theorem. Let x̂ be as in (3.12) and
let S := colspace A. By the full column rank assumption, the columns of A form a
basis for S. Hence, applying theorem 3.3.1, the orthogonal projection of b onto S is

Pb := A(AᵀA)−1Aᵀb = Ax̂ (3.13)

Moreover, since the orthogonal projection theorem gives a unique minimizer in
terms of the closest point in S to b, we must have

‖b−Ax̂‖ < ‖b− y‖ for all y ∈ S, y 6= Ax̂ (3.14)

Pick any x ∈ RK such that x 6= x̂. By the definition of S we have Ax ∈ S. In addition,
since x 6= x̂, and since A has full column rank, it must be that Ax 6= Ax̂ (ex. 3.5.4).
Hence

‖b−Ax̂‖ < ‖b−Ax‖ for all x ∈ RK, x 6= x̂

In other words, x̂ is the unique solution to (3.11).

In the expression for x̂ in (3.12), the matrix (AᵀA)−1Aᵀ is called the pseudoinverse
of A. If K = N, that is if A is in fact square, then, under our full rank assumption,
the pseudoinverse reduces to the inverse A−1, and the least squares solution x̂ in
(3.12) reduces to the expression given in (3.3) on page 49.

What happens if we drop the assumption that the columns of A are linearly inde-
pendent? The set colspace A is still a linear subspace, and the orthogonal projection
theorem still gives us a closest point Pb to b in colspace A. Since Pb ∈ colspace A,
there still exists a vector x̂ such that Pb = Ax̂. The problem is that now there exists
an infinity of such vectors. Exercise 3.5.34 asks you to prove this.
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3.3.3 QR Decomposition

The QR decomposition of a given matrix A is a product of the form QR, where
the first matrix has orthonormal columns and the second is upper triangular. This
factorization has many applications, including least squares problems and the com-
putation of eigenvalues. The decomposition is based on Gram-Schmidt orthogonal-
ization.

Theorem 3.3.3. If A is an N × K matrix with full column rank, then there exists a factor-
ization A = QR where

(i) R is K× K, upper triangular and nonsingular.

(ii) Q is N × K with orthonormal columns.

Proof. Let A be as stated, and let ak := colk A. Theorem 2.2.3 gives us existence
of an orthonormal set {u1, . . . , uK} such that the span of {u1, . . . , uk} equals that
of {a1, . . . , ak} for k = 1, . . . , K. In particular, ak is in the span of {u1, . . . , uk}, and
hence, appealing to fact 2.2.3 on page 27, we can write

a1 = (aᵀ1 u1)u1

a2 = (aᵀ2 u1)u1 + (aᵀ2 u2)u2

a3 = (aᵀ3 u1)u1 + (aᵀ3 u2)u2 + (aᵀ3 u3)u3

and so on. Sticking to the 3 × 3 case to simplify expressions, we can stack these
equations horizontally to get | | |

a1 a2 a3
| | |

 =

 | | |
u1 u2 u3
| | |

 (aᵀ1 u1) (aᵀ2 u1) (aᵀ3 u1)
0 (aᵀ2 u2) (aᵀ3 u2)
0 0 (aᵀ3 u3)


or A = QR. This is our QR decomposition.

It remains to show that R is invertible. This will be so if each term aᵀk uk is nonzero,
since the determinant is the product of these elements (see fact 3.2.7 on page 55).
Suppose to the contrary that aᵀk uk = 0 for some k. Then ak lies in the span of
{u1, . . . , uk−1}, which, by construction, agrees with the span of {a1, . . . , ak−1}. This
contradicts linear independence of the columns of A.

Given the decomposition A = QR, the least squares solution x̂ defined in (3.12)
can also be written as x̂ = R−1Qᵀb (ex. 3.5.32). Premultiplying by R converts this
expression to Rx̂ = Qᵀb, which is easy to solve because R is triangular (see §3.2.1).
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Figure 3.5: A is similar to B

3.3.4 Diagonalization and Spectral Theory

One important concept in dynamic systems and related fields is topological conju-
gacy. If f : A → A and g : B → B, then g is said to be topologically conjugate to f
whenever there exists a continuous bijection τ : B → A such that f = τ ◦ g ◦ τ−1.
The idea is that the action of f can be replicated by transporting a point into the
domain of g, applying g, and then transporting it back. This can be beneficial if g is
somehow simpler than f .

In the case of linear maps—that is, matrices—it is natural to study conjugacy in a
setting where the bijection is also required to be linear. In linear algebra this is called
similarity. In particular, a square matrix A is said to be similar to another matrix B
if there exists an invertible matrix P such that A = PBP−1. Figure 3.5 shows the
conjugate relationship of the two matrices when thought of as maps.

The next fact is a fun exercise.

Fact 3.3.5. If A is similar to B, then At is similar to Bt for all t ∈ N.

As discussed above, similarity of A to a given matrix B is most useful when B is
somehow simpler than A, or more amenable to a given operation. The simplest
kind of matrices we work with are diagonal matrices, so similarity to a diagonal
matrix is particularly desirable. If A is similar to a diagonal matrix, then A is called
diagonalizable.

Example 3.3.2. Suppose we want to calculate At for some given t ∈ N. If A =
PΛP−1 for some Λ = diag(λ1, . . . , λN), then by fact 3.3.5 and fact 3.2.2 on page 52,
we have At = P diag(λt

1, . . . , λt
N)P

−1. Aside from mapping backwards and for-
wards with P, the only effort required to take the t-th power of A is to take the t-th
power of N scalars.

If A = PΛP−1 where Λ is diagonal, it follows immediately that the elements on
the principal diagonal of Λ are the eigenvalues of A, and that the columns of P are
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eigenvectors. To see this, observe that A = PΛP−1 implies AP = PΛ. Equating the
n-th column on each side gives Apn = λnpn, where pn := coln P. Finally, pn is not
the zero vector because otherwise P would not be invertible. Let’s summarize:

Fact 3.3.6. If A = PΛP−1 for some Λ = diag(λ1, . . . , λN), then (coln P, λn) is an
eigenpair of A for each n.

But when is A diagonalizable? The only thing we need to make the expression
A = PΛP−1 work is for P to be invertible. This explains the next fact.

Fact 3.3.7. An N × N matrix A is diagonalizable if and only if it has N linearly
independent eigenvectors.2

If A does have N linearly independent eigenvectors, then we are in good shape—
diagonalization is possible. But can we do any better? The matrix Λ cannot really
be simplified, but in some cases P can be. In particular, things are even nicer if P has
orthonormal columns—that is, its columns form an orthonormal set, and hence an
orthonormal basis of RN. These kinds of matrices are called orthogonal matrices.
Here are some nice properties of such matrices.

Fact 3.3.8. If Q and P are N × N orthogonal matrices, then

(i) Qᵀ is orthogonal and Q−1 = Qᵀ.

(ii) QP is orthogonal.

(iii) det Q ∈ {−1, 1}.

The first result tells us is that if A = QΛQ−1 and Q has orthonormal columns, then
A = QΛQᵀ. It’s easy to see from this expression that A must be symmetric, so if we
hope to diagonalize with this extra orthonormal property, then we shouldn’t look
beyond symmetric matrices. The following fundamental theorem tells us that this
form of diagonalization is possible precisely when A is symmetric.

Theorem 3.3.4. If A is symmetric, then A can be diagonalized as A = QΛQᵀ, where Q is
an orthogonal matrix and Λ is the diagonal matrix formed from the eigenvalues of A.

This is one version of the spectral decomposition theorem. See, e.g., §10.3 of Jänich
(1994). The expression QΛQᵀ is called the symmetric eigenvalue decomposition of
A. It’s not hard to see that its action on a given N × 1 vector x can be written as

Ax =
N

∑
n=1

λn(u
ᵀ
nx)un

2. If we permit the eigenvectors to be complex, then the requirement is that they form a basis
of CN , the set of complex N-vectors. In this case there is a sense in which almost all matrices are
diagonalizable.
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where λn is the n-th eigenvalue of A and un = coln Q. Compare this to x =

∑N
n=1(u

ᵀ
nx)un, which is true by fact 2.2.3 on page 27.

One nice application of the spectral theorem is a proof of fact 3.2.8 on page 58, which
states among other things that symmetric matrix A is positive definite if and only if
its eigenvalues are all positive. Exercise 3.5.23 and its solution step you through the
arguments.

Fact 3.3.9. If A is nonnegative definite, then
√

A exists and equals Q
√

ΛQᵀ. The
matrix

√
Λ is given by diag(

√
λ1, . . . ,

√
λN).

Here QΛQᵀ is the spectral decomposition of A. To check that Q
√

ΛQᵀ is a square
root just multiply.

√
Λ exists because A is nonnegative definite, and hence its eigen-

values are nonnegative (see fact 3.2.8 and fact 3.2.2).

By combining our results on spectral decomposition with the QR decomposition
discussed in §3.3.3, we can prove the following well-known fact:

Fact 3.3.10. If A is positive definite, then there exists a nonsingular, upper triangular
matrix R such that A = RᵀR.

This decomposition is called the Cholesky decomposition. The proof is obtained
by writing

A = QΛQᵀ
= Q
√

Λ
√

ΛQᵀ
= (
√

ΛQᵀ
)
ᵀ√

ΛQᵀ

and applying the QR decomposition to
√

ΛQᵀ. This allows us to write
√

ΛQᵀ =
Q̃R, where R is nonsingular and upper triangular, and Q̃ has orthonormal columns.
Because the columns of Q̃ are orthonormal,

A = (Q̃R)
ᵀQ̃R = RᵀQ̃ᵀQ̃R = RᵀR

Our decomposition has the properties stated in fact 3.3.10.

3.3.5 Norms and Continuity

So far we have omitted any discussion of convergence. Recall that for real numbers
{xn}∞

n=1, the statement that xn converges to x ∈ Rmeans that given any ε > 0, there
exists an N ∈ N such that |xn − x| < ε whenever n > N. The definition for vectors
and matrices piggybacks off this definition: Given vectors {xn}∞

n=0 we say that xn
converges to x if ‖xn − x‖ → 0 as n→ ∞, and write xn → x.

Fact 3.3.11. The following results hold:

(i) If xn → x and yn → y then xn + yn → x + y.
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(ii) If xn → x and α ∈ R then αxn → αx.

(iii) If xn → x if and only if aᵀxn → aᵀx for all a ∈ RK

For econometrics it is helpful if we extend the notion of convergence to matrices. We
can do this in a parallel fashion by defining norms over matrices. The matrix norm
of N × K matrix A is defined as

‖A‖ := max
{
‖Ax‖ : x ∈ RK, ‖x‖ = 1

}
(3.15)

In this expression there are two different norms in play: The left hand side is a
matrix norm, while on the right we have the ordinary vector norm.

While the value in (3.15) is not particularly easy to solve for in general, the definition
is entirely standard, and one can show that the matrix norm behaves like the vector
norm in many ways. For example,

Fact 3.3.12. For any conformable matrices A and B, the matrix norm satisfies

(i) ‖A‖ > 0 and ‖A‖ = 0 if and only if all entries of A are zero.

(ii) ‖αA‖ = |α|‖A‖ for any scalar α.

(iii) ‖A + B‖ 6 ‖A‖+ ‖B‖.
(iv) ‖AB‖ 6 ‖A‖‖B‖.

Compare these results with those of fact 2.1.2 on page 12.

Fact 3.3.13. For any J × K matrix A with elements ajk we have

‖A‖ 6
√

JK max
jk
|ajk|

This bound is handy. For example, it tells us that if every element of A is close to
zero then ‖A‖ must also be close to zero. We’ll discuss fact 3.3.13 again when we
get to convergence in probability.

3.3.5.1 Neumann Series

Let’s look at an important result in analysis that uses matrix norms. Starting in
chapter 7 we will investigate dynamic systems such as xt+1 = Axt + b, where xt
represents the values of some variables of interest and A and b form the parameters
in the law of motion for xt. One question we might ask in this setting is whether
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or not there exists a “stationary” vector x ∈ RN, in the sense that xt = x implies
xt+1 = x. In other words, we seek an x ∈ RN that solves the system of equations

x = Ax + b (A is N × N and b is N × 1) (3.16)

We can get some insight by reflecting on the scalar case x = ax + b. Here, if |a| < 1,
then this equation has the unique solution

x̄ =
b

1− a
= b

∞

∑
k=0

ak

The second equality follows from elementary results on geometric series.

It turns out that a similar result is true inRN if we replace the condition |a| < 1 with
an analogous result for matrices based around the matrix norm. We begin with the
Neumann series lemma, which states the following:

Theorem 3.3.5. If A satisfies ‖Aj‖ < 1 for some j ∈ N, then I−A is invertible, and

(I−A)−1 =
∞

∑
i=0

Ai (3.17)

Here I is the N × N identity. The equality in (3.17) means that the matrix sum
∑t

i=0 Ai converges to the left hand side in matrix norm as t → ∞. The sum is called
the Neumann series associated with A. The condition in the theorem ensures that
it converges. When the condition holds, (3.16) has the unique solution

x̄ = (I−A)−1b =
∞

∑
i=0

Aib

How to test the condition in theorem 3.3.5? The most commonly used sufficient
condition involves the spectral radius of A, which is defined as

$(A) := max{|λ| : λ is an eigenvalue of A} (3.18)

In this definition, |λ| is the modulus of the possibly complex number λ.3

Fact 3.3.14. If $(A) < 1, then ‖Aj‖ < 1 for some j ∈ N.

To understand why $(A) < 1 is sufficient for the result in the Neumann series
lemma, consider theorem 3.3.5 in this light: The claim is that ∑∞

i=0 Ai is the inverse

3. The modulus of a+ ib ∈ C is (a2 + b2)1/2. If the imaginary part is zero, this reduces to the usual
notion of absolute value.
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of I−A, so ∑t
i=0 Ai(I−A) should be close to I for large t. Evidently

t

∑
i=0

Ai(I−A) =
t

∑
i=0

Ai −
t

∑
i=0

Ai+1 = I−At+1

Hence, for the result to go through, we require At → 0 as t → ∞. The case where
A is diagonalizable gives the clearest insight here, so let’s suppose, as in §3.3.4, that
A = PΛP−1 where Λ is a diagonal matrix containing the eigenvalues λ1, . . . , λN of
A on its principal diagonal. As discussed in fact 3.3.5 on page 63, we then have

At = P


λt

1 0 · · · 0
0 λt

2 · · · 0
...

...
...

0 0 · · · λt
N

 P−1

If $(A) < 1, then |λn| < 1 for all n, and hence λt
n → 0 as t → ∞. It follows that

At → 0 as required.

3.4 Further Reading

Good treatments of matrix and linear algebra include Jänich (1994) and Axler (2015).

3.5 Exercises

Ex. 3.5.1. Prove that the inverse of a nonsingular matrix is always nonsingular.

Ex. 3.5.2. Prove the claim in fact 3.2.9 on page 58 that if A is positive definite, then
A is nonsingular. If you can, prove it without invoking positivity of its eigenvalues.

Ex. 3.5.3. Prove fact 3.2.10 on page 58.

Ex. 3.5.4. Let A be N × K and full column rank. Show that x, z ∈ RK and x 6= z
implies Ax 6= Az.

Ex. 3.5.5. Prove theorem 3.1.2 on page 49. Before doing so you might like to review
fact 2.1.9 on page 25 and theorem 3.1.1 on page 46.

Ex. 3.5.6. Let A be a constant N×N matrix. Assuming existence of the inverse A−1,
show that (Aᵀ)−1 = (A−1)ᵀ.
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Ex. 3.5.7. Show that if ei and ej are the i-th and j-th canonical basis vectors of RN

respectively, and A is an N × N matrix, then eᵀi Aej = aij, the i, j-th element of A.

Ex. 3.5.8. Show that if A is N × K, the equation Ax = b has a solution and, in
addition, K > N, then the same equation has an infinity of solutions.4

Ex. 3.5.9. Let

A :=
(

1 −1
−1 1

)
, B :=

(
1 2
2 1

)
Show that

(i) A is nonnegative definite.

(ii) B is not positive definite.

Ex. 3.5.10. Let A1, . . . , AJ be invertible matrices. Use proof by induction and fact 3.1.5
on page 49 to show that the product of these matrices is invertible, and, in particular,
that

(A1A2 · · ·AJ)
−1 = A−1

J · · ·A−1
2 A−1

1

Ex. 3.5.11. Show that for any matrix A, the matrix AᵀA is well-defined (i.e., multi-
plication is possible), square, and nonnegative definite.

Ex. 3.5.12. Show that if A and B are positive definite and A+B is well-defined, then
it is also positive definite.

Ex. 3.5.13. Let A be N × K. Show that if Ax = 0 for all K× 1 vectors x, then A = 0
(i.e., every element of A is zero). Show as a corollary that if A and B are N × K and
Ax = Bx for all K× 1 vectors x, then A = B.

Ex. 3.5.14. Let I be the N × N identity matrix.

(i) Explain briefly why I is full column rank.

(ii) Show that I is the inverse of itself.

(iii) Let A := αI. Give a condition on α such that A is positive definite.

Ex. 3.5.15. Let X := I− 2uuᵀ, where u is an N × 1 vector with ‖u‖ = 1. Show that
X is symmetric and XX = I.

Ex. 3.5.16. Recall the definition of similarity of matrices, as given in §3.3.4. Let’s
write A ∼ B if A is similar to B. Show that ∼ is an equivalence relation on the set
of N × N matrices. In particular, show that, for any N × N matrices A, B and C, we
have (i) A ∼ A, (ii) A ∼ B implies B ∼ A and (iii) A ∼ B and B ∼ C implies A ∼ C.

4. This is the so-called “underdetermined” case, where the number of equations is less than the
number of unknowns. Intuitively, we do not have enough restrictions to pin down values uniquely.
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Ex. 3.5.17. Confirm the claim in fact 3.2.6 on page 54.

Ex. 3.5.18. Show that A is nonsingular if and only if 0 is not an eigenvalue for A.

Ex. 3.5.19. Show that the only nonsingular idempotent matrix is the identity matrix.

Ex. 3.5.20. Let 1 be N × 1 and let P := 1
N 11ᵀ. Verify that P is idempotent.

Ex. 3.5.21. Show that, for conformable and suitably invertible matrices A, U and W,
we have

(A + UW)−1 = A−1 −A−1U
(

I + WA−1U
)−1

WA−1

Ex. 3.5.22. Let Q be an orthogonal matrix. Show that Q−1 = Qᵀ and det Q ∈
{−1, 1} both hold.

Ex. 3.5.23. Use theorem 3.3.4 (page 64) to prove the following part of fact 3.2.8
(page 58): A symmetric matrix A is positive definite if and only if its eigenvalues
are all positive.

Ex. 3.5.24. Show that if Q is an N × N orthogonal matrix, then Q is an isometry on
RN. That is, for any x, y ∈ RN, we have ‖Qx−Qy‖ = ‖x− y‖.

Ex. 3.5.25. Let P be an N × N matrix that is symmetric and idempotent. Let S :=
colspace P. Show that P is precisely the orthogonal projection mapping onto S. (That
is, for any given y ∈ RN, the vector Py is the closest point in S to y.)

Ex. 3.5.26. Consider theorem 3.3.2 on page 61. If N = K, what does x̂ reduce to?
Interpret.

Ex. 3.5.27. Let S be a linear subspace of RN and let P = proj S. Show that trace P =
dim S without using the idempotence connection in fact 3.3.3.

Ex. 3.5.28. Show that when N × K matrix B is full column rank, the matrix BᵀB is
nonsingular.5

Ex. 3.5.29. Let A be an N × N matrix.

(i) Show that if I−A is idempotent, then A is idempotent.

(ii) Show that if A is both symmetric and idempotent, then the matrix I − 2A is
orthogonal.

Ex. 3.5.30. Prove theorem 3.3.1 on page 58. (This takes a bit of work, of course.)

Ex. 3.5.31. Let P = B(BᵀB)−1Bᵀ, as in theorem 3.3.1, and let M be the residual
projection. Show that MB = 0 using matrix algebra.

5. Hint: In view of fact 3.2.9, it suffices to show that BᵀB is positive definite.

preliminary draft 70



Ch. 3

Ex. 3.5.32. Let A be an N × K matrix with linearly independent columns and QR
factorization A = QR. (See §3.3.3.) Fix b ∈ RN. Show that x̂ defined in (3.12) can
also be written as x̂ = R−1Qᵀb.

Ex. 3.5.33. Let’s prove the Cauchy–Schwarz inequality |xᵀy| 6 ‖x‖‖y‖ from fact 2.1.2
on page 12 via the orthogonal projection theorem. Let y and x be nonzero vectors in
RN (since if either equals zero then the inequality is trivial), and let span(x) be all
vectors of the form αx for α ∈ R.

(i) Letting P be the orthogonal projection onto span(x), show that

Py =
xᵀy
xᵀx

x

(ii) Using this expression and any relevant properties of orthogonal projections
(see theorem 2.2.2 on page 30), confirm the Cauchy–Schwarz inequality.

Ex. 3.5.34. Prove the claim made after theorem 3.3.2 regarding failure of unique-
ness without full column rank. In particular, let A be N × K with linearly dependent
columns, and let Pb be the closest point to b in colspace A. Prove that there are
infinitely many x ∈ RK such that Pb = Ax.

Ex. 3.5.35. Let A be symmetric and idempotent. Show that every eigenvalue of A is
either 0 or 1.

Ex. 3.5.36. Show that if A is positive definite, then there exists a symmetric matrix
C such that CAC = I.6

3.5.1 Solutions to Selected Exercises

Solution to Ex. 3.5.1. Let A be a nonsingular matrix. Being nonsingular, A is invert-
ible, with inverse A−1. By the definition of the inverse, it satisfies AA−1 = A−1A =
I, where I is the identity. This tells us directly that A is an inverse for A−1. Hence
A−1 is invertible, which is equivalent to nonsingularity.

Solution to Ex. 3.5.2. Let A be positive definite and consider the following: If A is
singular, then there exists nonzero x with Ax = 0 (see fact 3.1.3 on page 48). But
then xᵀAx = 0 for nonzero x. Contradiction.

Solution to Ex. 3.5.3. If x = en, then xᵀAx = ann. The claim follows.

6. Hint: Look at fact 3.3.9 and the argument that follows it.
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Solution to Ex. 3.5.4. Let A, x and z be as stated in the question. Suppose to the
contrary that Ax = Az. Then A(x− z) = 0, which, by fact 3.1.2 on page 47, implies
x− z = 0, or x = z. Contradiction.

Solution to Ex. 3.5.5. Let A be a nonsingular matrix and let T be the linear map
associated with A via Tx = Ax. Since A is nonsingular, T is also, by definition,
nonsingular, and hence, by fact 2.1.9 on page 25, has a nonsingular inverse T−1.
Being nonsingular, T−1 is necessarily linear, and hence, by theorem 3.1.1 on page 46,
there exists a matrix B such that T−1x = Bx for all x. By the definition of the inverse
we have ABx = T(T−1(x)) = x = Ix. Since this holds for any x, we have AB = I
(see ex. 3.5.13). A similar argument shows that BA = I.

Regarding the second claim, A−1b is a solution to Ax = b, since AA−1b = Ib = b.
Uniqueness follows from fact 3.1.3 (and in particular the fact that nonsingularity of
A includes the implication that the map x 7→ Ax is one-to-one).

Solution to Ex. 3.5.8. Since the columns of A consist of K vectors in RN, the fact
that K > N implies that not all of the columns of A are linearly independent. (Recall
theorem 2.1.3 on page 19.) It follows that Az = 0 for some nonzero z in RK, and
hence Aλz = 0 for any scalar λ. Now suppose that some x solves Ax = b. Then, for
any λ ∈ R, we have Ax + Aλz = A(x + λz) = b. This proves the claim.

Solution to Ex. 3.5.14. The solutions are as follows: (1) I is full column rank because
its columns are the canonical basis vectors, which are independent. (2) By definition,
B is the inverse of A if BA = AB = I. It follows immediately that I is the inverse
of itself. (3) A sufficient condition is α > 0. If this holds, then given x 6= 0, we have
xᵀαIx = α‖x‖2 > 0.

Solution to Ex. 3.5.15. First, X is symmetric because

Xᵀ
= (I− 2uuᵀ

)
ᵀ
= I− 2(uuᵀ

)
ᵀ
= I− 2(uᵀ

)
ᵀuᵀ

= I− 2uuᵀ
= X

Second, XX = I because

XX = (I− 2uuᵀ
)(Iᵀ − 2uuᵀ

) = II− 2I2uuᵀ
+ (2uuᵀ

)(2uuᵀ
)

= I− 4uuᵀ
+ 4uuᵀuuᵀ

= I− 4uuᵀ
+ 4uuᵀ

= I

The second last equality is due to the assumption that uᵀu = ‖u‖2 = 1.

Solution to Ex. 3.5.17. Let A be N × N and let I be the N × N identity. We have

det(A− λI) = 0 ⇐⇒ A− λI is singular
⇐⇒ ∃ x 6= 0 s.t. (A− λI)x = 0 ⇐⇒ ∃ x 6= 0 s.t. Ax = λx
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In other words, λ is an eigenvalue of A.

Solution to Ex. 3.5.19. Suppose that A is both idempotent and nonsingular. From
idempotence we have AA = A. Premultiplying by A−1 gives A = I.

Solution to Ex. 3.5.21. The claim is true because

(A + UW)

[
A−1 −A−1U

(
I + WA−1U

)−1
WA−1

]
= I + UWA−1 − (U + UWA−1U)(I + WA−1U)−1WA−1

= I + UWA−1 −U(I + WA−1U)(I + WA−1U)−1WA−1

= I + UWA−1 −UWA−1 = I

Solution to Ex. 3.5.22. Let Q be an orthogonal matrix with columns u1, . . . , uN. By
the definition of matrix multiplication, the m, n-th element of QᵀQ is uᵀ

mun, which is
1 if m = n and zero otherwise. Hence QᵀQ = I. It follows from fact 3.1.4 on page 49
that Qᵀ is the inverse of Q.

To see that det Q ∈ {−1, 1}, apply the results of fact 3.1.6 (page 50) and fact 3.2.5
(page 53) to the equality QᵀQ = I to obtain det(Q)2 = 1. The claim follows.

Solution to Ex. 3.5.23. Suppose that A is symmetric with eigenvalues λ1, . . . , λN.
By theorem 3.3.4 we can decompose it as A = QΛQᵀ, where Λ is the diagonal
matrix formed from eigenvalues and Q is an orthogonal matrix. Fixing x ∈ RN and
letting y := Qᵀx, we have

xᵀAx = (Qᵀx)ᵀΛ(Qᵀx) = yᵀ
Λy = λ1y2

1 + · · ·+ λNy2
N (3.19)

Suppose that all eigenvalues are positive. Take x to be nonzero. The vector y must
be nonzero (why?), and it follows from (3.19) that xᵀAx > 0. Hence A is positive
definite as claimed.

Conversely, suppose that A is positive definite. Fix n 6 N and set x = Qen. Evi-
dently x is nonzero (why?). Hence xᵀAx > 0. Since Qᵀ is the inverse of Q, it follows
that

λn = eᵀnΛen = (Qᵀx)ᵀΛQᵀx = xᵀQΛQᵀx = xᵀAx > 0

Since n was arbitrary, all eigenvalues are positive.

Solution to Ex. 3.5.24. Fixing x, y ∈ RN and letting z := x− y we have

‖Qx−Qy‖2 = ‖Qz‖2 = (Qz)ᵀQz = zᵀQᵀQz = zᵀz = ‖z‖2 = ‖x− y‖2
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Solution to Ex. 3.5.26. If N = K, then, in view of the full column rank assump-
tion and theorem 3.1.2 on page 49, the matrix A is nonsingular. By fact 3.2.5 on
page 53, Aᵀ is likewise nonsingular. Applying the usual rule for inverse of products
(fact 3.1.5 on page 49), we have

x̂ = (AᵀA)−1Aᵀb = A−1(Aᵀ
)−1Aᵀb = A−1b

This is the solution to the system Ax = b when A is square and invertible.

Solution to Ex. 3.5.27. Let S and P be as in the statement of the exercise and let
K := dim S. We aim to show that trace P = K. Let B be a matrix such that its columns
form a basis for S. By the definition of dimension, B has K columns. Applying (3.8),
we have

trace P = trace(B(BᵀB)−1Bᵀ
)

Recalling fact 3.2.3, we can rearrange to get

trace[B(BᵀB)−1Bᵀ
] = trace[(BᵀB)−1BᵀB] = trace I

where I is the K× K identity. The claim follows.

Solution to Ex. 3.5.28. Let A = BᵀB. It suffices to show that A is positive defi-
nite, since this implies that its determinant is strictly positive, and any matrix with
nonzero determinant is nonsingular. To see that A is positive definite, pick any
b 6= 0. We must show that bᵀAb > 0. To see this, observe that

bᵀAb = bᵀBᵀBb = (Bb)ᵀBb = ‖Bb‖2

By the properties of norms, the last term is zero only when Bb = 0. But this is not
true because b 6= 0 and B is full column rank (see theorem 2.1.1).

Solution to Ex. 3.5.30. Let S and P be as stated in theorem 3.3.1 and let B be a matrix
such that the columns of B form a basis of S. Fix y ∈ RN. The claim is that ŷ :=
B(BᵀB)−1Bᵀy is the orthogonal projection of y onto S. To verify this, we need to
show that

(i) ŷ ∈ S, and

(ii) y− ŷ ⊥ S.

Part (i) is true because ŷ can be written as ŷ = Bx where x := (BᵀB)−1Bᵀy. The
vector Bx is a linear combination of the columns of B. Since these columns form a
basis of S they must lie in S. Hence ŷ ∈ S as claimed.
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Regarding (ii), from the assumption that B gives a basis for S, all points in S have
the form Bx for some x ∈ RK. Thus (ii) translates to the claim that

y− B(BᵀB)−1Bᵀy ⊥ Bx for all x ∈ RK

This is true because if x ∈ RK, then

(Bx)ᵀ[y− B(BᵀB)−1Bᵀy] = xᵀ[Bᵀy− BᵀB(BᵀB)−1Bᵀy] = xᵀ[Bᵀy− Bᵀy] = 0

Solution to Ex. 3.5.31. These are straightforward. For example,

MB = B− B(BᵀB)−1BᵀB = 0

Solution to Ex. 3.5.32. Let A, Q, R and b ∈ RN be as in the statement of the exercise.
The claim is that x̂ defined in (3.12) is equal to x̃ := R−1Qᵀb. To show this, in view
of linear independence of the columns of A, it suffices to show that Ax̃ = Ax̂, or

A(AᵀA)−1Aᵀb = QRR−1Qᵀb

After simplifying, we see it suffices to show that A(AᵀA)−1Aᵀ = QQᵀ. Since A and
Q have the same column space, this follows from theorem 3.3.1 on page 58.

Solution to Ex. 3.5.33. Regarding (i), the expression for Py given in exercise 3.5.33
can also be written as x(xᵀx)−1xᵀy. Since x is a basis for span(x), the validity of this
expression as the projection onto span(x) follows immediately from theorem 3.3.1.
Regarding (ii), recall that orthogonal projections contract norms, so that, in particu-
lar, ‖Py‖ 6 ‖y‖ must hold. Using our expression for Py from (i) and rearranging
gives the desired bound |xᵀy| 6 ‖x‖‖y‖.

Solution to Ex. 3.5.34. By the definition of orthogonal projection we have Pb ∈
colspace A, and hence there exists a vector x such that Pb = Ax. Since A has lin-
early dependent columns, there exists a nonzero vector a such that Aa = 0. Hence
Aλa = 0 for all λ ∈ R. For each such λ we have Pb = Ax = Ax+Aλa = A(x+λa).
This proves the claim.

Solution to Ex. 3.5.35. By the spectral decomposition theorem (page 64) we know
that A = QΛQᵀ where Q is an orthogonal matrix and Λ is the diagonal matrix
formed from the eigenvalues of A. It follows (see page 63) that A2 = QΛ2Qᵀ, and,
since A is idempotent, that QΛQᵀ = QΛ2Qᵀ. From this we obtain Λ = Λ2. For
diagonal matrices, powers are obtained by taking powers of the diagonal elements,
from which we get λn = λ2

n for any eigenvalue λn. Hence λn ∈ {0, 1} as claimed.
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Chapter 4

Foundations of Probability

Probability theory is one of the foundation stones of statistics and econometrics.
Every detail you can internalize will prove an excellent investment. We’ll start at
the basics but move relatively quickly.

4.1 Probabilistic Models

Probability is a technically demanding field. The main reason is that we want to
assign probabilities to all manner of events. The set of possible events can be very
large and we need ways to manage this complexity. In this and the next few sections
we’ll review the basic machinery involved and why this machinery is necessary.
At the same time, we’ll skip several details that would take us too far away from
econometric theory. This will cost little in terms of understanding.

One concept worth mentioning before we start is countable and uncountable sets.
In essence, a nonempty set S is called countable if it is either finite or can be repre-
sented as a sequence, and uncountable if is not countable. In probability theory this
distinction is important. A quick review can be found in §15.1.3.

4.1.1 Sample Spaces and Events

In setting up a probabilistic model, we start with the notion of a sample space,
which we think of as being a “list” of all possible outcomes in a given random ex-
periment. In general, the sample space can be any nonempty set, and is usually
denoted Ω. A typical element of Ω is denoted ω. The general idea is that a realiza-
tion of uncertainty will lead to the selection of a particular ω ∈ Ω.
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A

Ω
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event A occurs A does not occur

Figure 4.1

Example 4.1.1. In a random experiment that involves rolling a dice once, the set of
possible outcomes is naturally represented by Ω := {1, . . . , 6}.

Example 4.1.2. Imagine that Burton Malkiel’s blindfolded monkey throws darts at a
dartboard of radius 1. To record the outcome we impose ordinary Cartesian coordi-
nates with origin at the center of the board. Let (h, v) be a typical location measured
on the horizontal and vertical coordinates respectively. A natural sample space is
Ω := {(h, v) ∈ R2 : ‖(h, v)‖ 6 1}. This set is also called the unit disk in R2.

Example 4.1.3. Consider an experiment where we roll a dice twice. A suitable sam-
ple space is the set of integer pairs (i, j) with 1 6 i, j 6 6. The first element i repre-
sents the outcome of the first roll, while the second element j represents the outcome
of the second roll. Thus, Ω := {(i, j) : i, j ∈ {1, . . . , 6}} = {1, . . . , 6} × {1, . . . , 6}.

Once we have a sample space in place we can start to think about events. In the
language of probability theory, an event is just a subset of Ω (with some caveats
that will be addressed below). An event A occurs whenever the individual ω ∈ Ω
selected in the random experiment happens to lie in A. Figure 4.1 illustrates.

4.1.1.1 Probabilities and Events

The next thing we need to do is to assign probabilities to outcomes. One idea is to
start by assigning appropriate probabilities to every ω in Ω. We could then derive
the probability of events by looking at the probabilities attached to points contained
in those events. It turns out, however, that this is not the best approach, at least if we
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want to consider uncountable Ω. Rather, the standard approach is to directly assign
probabilities to subsets of Ω instead.

To see why the first approach is problematic, consider the dart throwing model in
example 4.1.2, where Ω is the unit disk in R2. Imagine that hitting any point in Ω is
“equally likely.” We can model this by assuming that the probability the dart lands
in some region A of the dartboard (some A ⊂ Ω) is simply proportional to the area
of A when regarded as a subset of the plane.

Consider now the probability of hitting some individual point ω ∈ Ω. Intuitively,
this should be less than the probability of hitting any region A containing ω. By
choosing A to be sufficiently small in area, we can show that the probability of
hitting ω is less than ε for any given ε > 0. We are forced to conclude that the
probability of hitting the individual point ω is zero.1

This example shows that in many sensible models the probability assigned to in-
dividual points in the sample space must be zero. If you reflect on this for even a
moment you will agree that there is no way to build up a useful probabilistic model
with such information alone. Hence, we must assign probabilities directly to the
events themselves.

4.1.1.2 Choosing the Set of Events

Should we assign probabilities to every possible event—that is, to every possible
subset of Ω? In the dart model above, we could say that the probability the dart
lands in any region A ⊂ Ω is equal to the area of A divided by the area of Ω itself,
which is π. In symbols,

P(A) =
λ(A)

π
where λ(A) := the area of set A (4.1)

This seems sensible enough. For example, if A = Ω, then P(A) = π/π = 1, as it
should be. If A is the top half of the dartboard then P(A) = 0.5, and so on.

Unfortunately, if we think carefully about this approach, some cracks start to appear.
What exactly do we mean by “area of A”? If A is a circle, then its area is π times the
square of its radius. If A is a rectangle, then its area is the product of its two sides.
But how about the area of more general subsets of Ω?

It turns out that assigning area to all subsets of Ω in a consistent way is problematic.
The reason is that Ω contains an awful lot of subsets, and some of them can be
manipulated to exhibit very strange phenomena. (If you are curious, look up the
Banach-Tarski paradox for a hint of the problems that can occur when we try to

1. If p is a nonnegative number satisfying p > 0 and p 6 ε for all ε > 0, then p = 0 must hold.
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assign notions like area or volume to arbitrary sets.) We can dream up all sorts of
strange events that confound our ability to construct a sensible probabilistic model.

Because of this, when Ω is uncountable (see §15.1.3 for a definition), we usually
resist taking the set of events to be all subsets of Ω. Instead we take them to be
some family of “well behaved” subsets of Ω, denoted below by F , and only assign
probabilities to elements of F .

There is of course a trade-off here. If we restrict F to be a small fraction of the sub-
sets of Ω, then assigning probabilities becomes easy and we can eliminate strange
behavior. But if we make F too small, then we might not be able to assign prob-
abilities to events that we care about. For example, in the dartboard model, if we
restrict F to be the set of rectangles, then we can easily measure area and hence
assign probabilities via (4.1). But this excludes interesting events such as the dart
landing in the top half of the board.

How can we ensure that F is “large enough?” To think about this in a systematic
way, suppose that A ∈ F , and that P(A) is well-defined and represents the “prob-
ability of event A.” Now, given that we can assign a probability to the event A, it
would be unfortunate if we couldn’t assign a probability to the event “not A”, which
corresponds to Ac. So normally we require that if A ∈ F , then Ac ∈ F . When this
is true, we say that F is “closed under the taking of complements”.

Also, suppose that A and B are both in F , and we can assign probabilities to these
events. In this case, it would be natural to think about the probability of the event
“A or B”, which corresponds to A ∪ B. So we also require that if A and B are in F ,
then A∪ B is likewise in F . We say that F is “closed under the taking of unions.” In
fact for technical reasons it turns out that we prefer F to be closed under the taking
of countable unions, which means that if A1, A2, . . . is a sequence of sets in F , then
its union is likewise in F .

A set F of subsets of a given set Ω that satisfies all these properties is called a σ-
algebra. Formally, F is a σ-algebra on Ω if

(i) A ∈ F =⇒ Ac ∈ F

(ii) A1, A2, . . . ∈ F =⇒ ∪∞
n=1An ∈ F

(iii) Ω ∈ F

Note that (i) and (iii) together imply that ∅ ∈ F . In this context, the empty set
∅ is called the impossible event. On the other hand, Ω is called the certain event
because it always occurs (regardless of which outcome ω is selected, ω ∈ Ω is true
by definition).

The σ-algebra of events F we choose to pair with a given Ω can vary from problem
to problem. There is however one particular σ-algebra that you should know at least
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something about, and that is the standard σ-algebra we use to pair with ordinary
vector space RN. This σ-algebra is called the Borel sets.

To understand the idea, consider the following: The property of F being a σ-algebra
seems to imply that F is a relatively rich class of sets. After all, we can take com-
plements and unions (and intersections too—see ex. 4.4.1) without ever leaving F .
However, there are trivial examples of σ-algebras, such as F := {∅, Ω}. So if we
want to pin down a large and useful class of events, the best way to proceed is to
assume not only that F is a σ-algebra, but also that F contains some fundamental
sets that we are likely to want to attach probabilities to, such as intervals, rectangles,
etc.

In this connection, the Borel subsets of RN are defined as the smallest σ-algebra of
subset of RN that contains all rectangles in RN. (See §15.1.1 if you wish to learn
more about rectangles.) This definition turns out to be highly successful: Restricting
attention to Borel sets does a great job of excluding the kind of strange behavior
found in the Banach-Tarski paradox, and, moreover, every subset of RN we need to
deal with in day to day analysis is a Borel set. These include planes and hyperplanes,
circles, spheres, polygons, finite sets, sequences of points, etc. In what follows we
use B(RN) to represent the Borel sets of RN.

4.1.2 Probabilities

Now let’s take a σ-algebra of events as given and consider how to assign probabil-
ities to elements of F . For given event B, the symbol P(B) will be interpreted as
representing “the probability that event B occurs.” The way you should think about
it is this:

P(B) represents the probability that when uncertainty is resolved and
some ω ∈ Ω is selected by “nature,” the statement ω ∈ B is true.

In order to make sure our model of probability is well behaved, we need to put
certain restrictions on P. For example, it wouldn’t do to have a B with P(B) = −93,
since negative probabilities don’t make sense. The standard restrictions are imposed
in the next definition:

Let Ω be a nonempty set and let F be a σ-algebra of subsets of Ω. A probability P
on (Ω, F ) is a function from F to [0, 1] that satisfies

(i) P(Ω) = 1, and

(ii) P(∪∞
n=1An) = ∑∞

n=1P(An) for any disjoint sequence of sets A1, A2, . . . ∈ F .
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In this context P is also called a probability measure. Together, the triple (Ω, F ,P)
is called a probability space.

In the definition, axiom (i) is straightforward. We require P(Ω) = 1 because, by
construction, every possible ω lies in the set Ω. Axiom (ii) is called countable ad-
ditivity. The concept of disjointness in the statement of the axiom is pairwise: Any
distinct pair Ai, Aj share no points in common. By taking some of the sets as empty
it can be shown to imply finite additivity, which requires that

P(A1 ∪ · · · ∪ AK) = P(A1) + · · ·+P(AK) (4.2)

whenever A1, . . . , AK are disjoint.

The general notion of additivity is a very natural requirement for probabilistic mod-
els. It says that to find the probability of a given event, we can determine all the
different (think “disjoint”) ways that the event could occur, and then sum their prob-
abilities. Probabilists boost this up to countable additivity because it helps certain
limiting arguments work smoothly.

Figure 4.2 gives an illustration of additivity. Suppose that the N dots in the figure
are the only possible outcomes. Suppose that each of these occurs with probability
1/N, and hence the probability of an event is the number of dots it contains divided
by N. Hence P(A) = 2/N, P(B) = 4/N and P(C) = 3/N. In addition, there are 9
dots in A ∪ B ∪ C, so

P(A ∪ B ∪ C) =
9
N

= P(A) +P(B) +P(C)

Notice how disjointness is important in making additivity work here: If the sets
were not disjoint we would run the risk of double counting on the right hand side
of this sum, breaking the equality.

Example 4.1.4. Let Ω := {1, . . . , 6} represent the six different faces of a dice, as in
example 4.1.1. Since Ω is finite we can and do take F to be the set of all subsets of
Ω. We define a probability P : F → [0, 1] by

P(A) :=
|A|
6

where |A| := number of elements in set A (4.3)

For example, P{2, 4, 6} = 3/6 = 1/2. It’s easy to see that 0 6 P(A) 6 1 for
any A ∈ F , and that P(Ω) = 1. Regarding additivity, suppose that A and B are
two disjoint subsets of {1, . . . , 6}. Then |A ∪ B| = |A|+ |B|, since, by disjointness,
the number of elements in the union is just the number contributed by A plus the
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Ω

C

A

B
P(B) = 4

N

P(A) = 2
N

P(C) = 3
N

Figure 4.2: Each of the N dots occurs with probability 1/N

number contributed by B. Hence,

P(A ∪ B) =
|A ∪ B|

6
=
|A|+ |B|

6
=
|A|
6

+
|B|
6

= P(A) +P(B)

This proves additivity for pairs of sets. An analogous argument confirms additivity
for any finite collection, in the sense that (4.2) holds. Finite additivity is in this case
equivalent to countable additivity, since the total number of distinct events is finite.

Example 4.1.5. Continuing example 4.1.4, if we roll the dice, the probability of get-
ting an even number should be equal to the probability of getting a 2 plus that of
getting a 4 plus that of getting a 6. This works because of additivity. Formally,

P{2, 4, 6} = P[{2} ∪ {4} ∪ {6}] = P{2}+P{4}+P{6} = 1/2

Example 4.1.6. Imagine flipping a coin N times and recording the outcome of each
flip. One sample space for this experiment is

Ω0 := {(b1, . . . , bN) : bn ∈ {heads, tails} for each n}

Letting zero represent tails and one represent heads yields the more practical space

Ω := {0, 1}N := {(b1, . . . , bN) : bn ∈ {0, 1} for each n}

Thus, Ω is the set of all binary sequences of length N. Since Ω is again finite we take

preliminary draft 82



Ch. 4

F to be the set of all subsets of Ω. As our probability, we define

P(A) := 2−N|A|

where |A| is again the number of distinct elements in A. This is a kind of uniform
probability, where all outcomes are equally likely. Indeed, if (b1, . . . , bN) is any com-
plete sequence of flips and A ∈ F is the singleton set containing just this draw, then
P(A) = 2−N. Hence all such sequences have the same probability under P.

Regarding the axioms on page 80, it is not hard to check that 0 6 P(A) 6 1 for all
A ⊂ Ω and P(Ω) = 1 (note that the number of distinct binary sequences of length
N is 2N). In addition P is additive. Exercise 4.4.8 asks you to confirm this.

Example 4.1.7. Consider again the dartboard model from example 4.1.2, where Ω
is the unit disk in R2. For the event space, the set of all subsets of Ω is problematic
(see §4.1.1), so instead we take F to be the set of Borel subsets of R2 that lie inside
Ω. For P we follow the “uniform” probability assignment given in (4.1). That is,
P(B) = λ(B)/π for every B ∈ F . The function λ that assigns area to Borel sets
is known to be countably additive, in that λ(∪n An) = ∑∞

n=1 λ(An) whenever these
sets are disjoint. From this it follows thatP is likewise countably additive. Evidently
P(Ω) = 1.

The function λ from example 4.1.7 that maps Borel sets to their “area” is formally
known as the Lebesgue measure. §15.1.3.1 provides a brief introduction to this
concept.

4.1.2.1 Implications of the Axioms

Now let’s go back to the general case, where (Ω, F ,P) is an arbitrary probability
space. From the axioms on page 80, we can derive a surprising number of proper-
ties. Let’s list the key ones, starting with the next fact.

Fact 4.1.1. Let (Ω, F ,P) be a probability space, and let A, B ∈ F . If A ⊂ B, then

(i) P(B \ A) = P(B)−P(A)

(ii) P(A) 6 P(B)

(iii) P(Ac) = 1−P(A)

(iv) P(∅) = 0

(Here Ac = Ω \ A. See §15.1.1 for a review of set theoretic operations.)
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To prove fact 4.1.1, note that when A ⊂ B we have B = (B \ A)∪ A. Since B \ A and
A are disjoint, additivity of P now gives

P(B) = P(B \ A) +P(A) (whenever A ⊂ B)

This equality implies (i)–(iv) of fact 4.1.1. Rearranging gives (i), while nonnegativity
of P gives (ii). Specializing to B = Ω gives (iii), and setting B = A gives (iv).

The property A ⊂ B =⇒ P(A) 6 P(B) is called monotonicity, and is both
fundamental and intuitive: If A ⊂ B, then we know that B occurs whenever A
occurs, since ω lands in B whenever it lands in A. Hence, the probability of B should
be larger. Many results in probability turn on this idea.

Fact 4.1.2. If A and B are any (not necessarily disjoint) events, then

P(A ∪ B) = P(A) +P(B)−P(A ∩ B)

Exercise 4.4.2 asks you to prove this. It follows from fact 4.1.2 that for any A, B ∈ F ,
we have P(A ∪ B) 6 P(A) +P(B). This inequality is called subadditivity. Thus,
probabilities are subadditive over arbitrary pairs of events and additive over disjoint
pairs.

4.1.2.2 Dependence and Independence

If A and B are events, then the conditional probability of A given B is

P(A | B) :=
P(A ∩ B)
P(B)

(4.4)

It represents the probability that A will occur, given the information that B has oc-
curred. For the definition to make sense, it requires that P(B) > 0. Events A
and B are called independent if P(A ∩ B) = P(A)P(B). More generally, events
A1, . . . , AN ∈ F are called independent if

P
(
∩N

n=1An

)
=

N

∏
n=1

P(An) (4.5)

Note that if A and B are independent, then the conditional probability of A given B
is just the probability of A.

Example 4.1.8. Recall example 4.1.3, where we roll a dice twice. The sample space
is Ω := {(i, j) : i, j ∈ {1, . . . , 6}}. Since Ω is finite we can again take F to be the set
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of all subsets of Ω. For our probability, we define P(E) := |E|/36. (Here elements
of E are pairs, so |E| is the number of pairs in E.) Now consider the events

A := {(i, j) ∈ Ω : i is even} and B := {(i, j) ∈ Ω : j is even}

In this case we have

A ∩ B = {(i, j) ∈ Ω : i and j are even}

The events A and B are independent underP. To check this, recall the basic principle
for counting ordered tuples: The total number of possible tuples is the product of
the number of possibilities for each element. For example, the number of distinct
tuples

(i, j, k) where i ∈ I, j ∈ J and k ∈ K

is |I| × |J| × |K|. Hence, the number of elements in A is 3× 6 = 18, the number of
elements in B is 6× 3 = 18, and the number of elements in A ∩ B is 3× 3 = 9. As a
result,

P(A ∩ B) = 9/36 = 1/4 = (18/36)× (18/36) = P(A)P(B)

This confirms that A and B are independent as claimed.

To state the next result we need the concept of a partition of Ω, by which we mean
a countable set of events {Bm}m>1 with the property that distinct pairs are disjoint
and ∪m>1Bm = Ω.

Example 4.1.9. Let Ω = (0, ∞) and Bm = (m − 1, m] for all m ∈ N. The events
{Bm}m>1 form a partition of Ω.

The following fact is known as the law of total probability.

Fact 4.1.3. Let {Bm}m>1 be a partition of Ω and let A be any event. If P(Bm) > 0 for
all m, then

P(A) = ∑
m>1

P(A | Bm) ·P(Bm)

The proof is as follows: It is a basic result from set theory that A∩ (∪mBm) = ∪m(A∩
Bm). From this equality, the definition of a partition and countable additivity of P
we get

P(A) = P[A ∩ (∪m>1Bm)] = P[∪m>1(A ∩ Bm)] = ∑
m>1

P(A ∩ Bm)

Applying (4.4) completes the proof.
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Example 4.1.10. Consider a bank that lends to two types of customers, type A and
type B. Types are not observable to the bank. Type A customers have a default prob-
ability of 5%. Type B customers have a default probability of 10%. 90% of potential
customers are of type B, and 10% are of type A. Given a randomly selected customer,
we wish to calculate on behalf of the bank the default probability associated with
this customer.

To this end, let D be the event that the customer defaults, let A be the event that the
customer is of type A, and let B be the event that the customer is of type B. Since the
customer must be one of these two types, we have, by the law of total probability,

P(D) = P(D | A)P(A) +P(D | B)P(B)

The right hand side evaluates to 0.05× 0.1 + 0.1× 0.9 = 0.005 + 0.09 = 0.095.

Another useful result concerning conditional probability is Bayes’ rule, which states
that for any events A and B with positive probability,

P(A | B) = P(B | A)P(A)

P(B)
(4.6)

To prove (4.6), observe that, from the definition of conditional probability,

P(A | B) = P(A ∩ B)
P(B)

and P(B | A) =
P(A ∩ B)
P(A)

Hence P(A ∩ B) = P(A | B)P(B) = P(B | A)P(A). Rearranging yields (4.6).

Example 4.1.11. Banks use automated systems to detect fraudulent or illegal trans-
actions. Consider a test that responds to each transaction with P or N, where P
means “positive” (transaction flagged as fraudulent) and N means “negative” (trans-
action flagged as normal). Letting F mean fraudulent, suppose that

• P(P | F) = 0.99 (the test flags 99% of fraudulent transactions)

• P(P | Fc) = 0.01 (rate of false positives)

• P(F) = 0.001 (prevalence of fraud)

We want to know the probability of fraud given a positive test. To answer this
question we use Bayes’ rule

P(F | P) = P(P | F)P(F)
P(P)
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and the law of total probability P(P) = P(P | F)P(F) +P(P | Fc)P(Fc) to get

P(F | P) = 0.99× 0.001
0.99× 0.001 + 0.01× 0.999

=
11

122
≈ 1

11

Less than one in ten positives are actually fraudulent.

4.1.3 Random Variables

In elementary probability courses, a random variable is defined as a “value that
changes randomly,” or something to that effect. This is a fairly useless definition. A
better definition of a random variable is a function x from a sample space Ω into R.
Think of it this way:

(i) “Nature” picks out an element ω in Ω according to some probability.

(ii) The random variable x sends this ω into numerical value x(ω).

Thus a random variable is a map x that converts outcomes in sample space—which
can be any kind of object—into numerical outcomes. This is valuable because numeri-
cal outcomes are easy to order, add, subtract, etc. In other words, random variables
“report” the outcome of an experiment in a format amenable to further analysis.

Example 4.1.12. Consider an experiment where we flip a coin until we get heads.
Let 0 represent tails and 1 represent heads. As our sample space we take the set of
infinite binary sequences

Ω := {(b1, b2, . . .) : bn ∈ {0, 1} for each n}

Here’s a random variable giving the number of flips until the first heads:

x(ω) = x(b1, b2, . . .) = min{n ∈ N : bn = 1}

Suppose that we also wish to know whether any heads occur in the first 10 flips. If
so we can introduce a new random variable

y(ω) = y(b1, b2, . . .) := min

{
10

∑
n=1

bn, 1

}
(4.7)

that returns a 1 when this event occurs and zero otherwise. As per the definition, x
and y are functions from Ω into R.2

2. Is this true? What if ω = ω0 is an infinite sequence containing only zeros? Then {n ∈ N : bn =
1} = ∅. What is x(ω0) in this case? The convention here is to set min ∅ = ∞. This is reasonable,
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The random variable y in (4.7) is an example of a binary (or Bernoulli) random
variable, which is a random variable taking values in the set {0, 1}. There is a generic
way to create binary random variables that often comes in handy, using indicator
functions. If Q is a statement, such as “on the planet Uranus, there exists a tribe of
three-headed monkeys,” then 1{Q} is considered as equal to 1 when the statement
Q is true, and zero when the statement Q is false. Another common variation on the
notation is, for arbitrary A ∈ F ,

1A(ω) := 1{ω ∈ A} :=

{
1 if ω ∈ A
0 otherwise

So defined, 1A is a binary random variable. In fact, any binary random variable x
can be expressed as 1A by setting A := {ω ∈ Ω : x(ω) = 1}.
Fact 4.1.4. If A1, . . . , AN are subsets of Ω, then

(i) 1∩N
n=1 An

= ∏N
n=1 1An .

(ii) 1∪N
n=1 An

= ∑N
n=1 1An whenever the sets are disjoint.

Here equality means when evaluated at any ω ∈ Ω. See exercise 4.4.5.

4.1.3.1 Notational Conventions

Given random variable x, you will often see notation such as

{x has some property}

This is a shorthand for the event

{ω ∈ Ω : x(ω) has some property}

Example 4.1.13. Consider the claim that, for any random variable x,

P{x 6 a} 6 P{x 6 b} whenever a 6 b (4.8)

The proof goes as follows: Pick any a, b ∈ R with a 6 b. The symbol {x 6 a} is
shorthand for the event {ω ∈ Ω : x(ω) 6 a}. Likewise, {x 6 b} is shorthand for
{ω ∈ Ω : x(ω) 6 b}. Since a 6 b we have

{ω ∈ Ω : x(ω) 6 a} ⊂ {ω ∈ Ω : x(ω) 6 b}
but now x is not a map into R, because it can take the value ∞. However, in most applications this
event has probability zero, and hence we can ignore it. For example, we can set x(ω0) = 0 without
changing anything significant. Now we’re back to a well-defined function from Ω toR.
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(Any ω giving x(ω) 6 a must also give x(ω) 6 b.) The result in (4.8) now follows
from monotonicity of P (fact 4.1.1 on page 83).

Example 4.1.14. Recall example 4.1.6, with sample space Ω := {0, 1}N, events F :=
all subsets of Ω and P(A) := 2−N|A|. Consider a random variable x on Ω that
returns the first element of any given sequence. That is,

x(ω) = x(b1, . . . , bN) = b1

The probability that x = 1 is 1/2. Indeed,

P{x = 1} := P{ω ∈ Ω : x(ω) = 1} = P{(b1, . . . , bN) ∈ Ω : b1 = 1}

Because the number of length N binary sequences with b1 = 1 is 2N−1, we have
P{x = 1} = 2−N2N−1 = 1/2.

Another notational convention you should be aware of is that, for random variables,
equalities, inequalities and arithmetic operations should be interpreted pointwise.
For example,

• x 6 y ⇐⇒ x(ω) 6 y(ω) for all ω ∈ Ω

• x = y ⇐⇒ x(ω) = y(ω) for all ω ∈ Ω

• z = αx + βy ⇐⇒ z(ω) = αx(ω) + βy(ω) for all ω ∈ Ω

and so on.

4.1.3.2 Random Variables are Measurable Functions

We’ve omitted a technical detail in our construction of random variables. It arises
because we cannot always take the set of events F to be the set of all subsets of Ω
(since assigning probabilities to arbitrarily complex sets causes problems—see the
discussion in §4.1.1).

To explain, let (Ω, F ,P) be any probability space. Let B be any subset of R and
consider evaluating the probability

P{x ∈ B} := P{ω ∈ Ω : x(ω) ∈ B}

Here x is some function from Ω to R. Now observe that if we put no restrictions on
x, we might end up in a mess. The reason is that we have no way of being sure that
the set {ω ∈ Ω : x(ω) ∈ B} is in fact an element of F . Since P is only defined over
elements of F (that is, for bona fide events), it is possible thatP{x ∈ B} is undefined.
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To prevent such embarrassment, it’s standard to put some restrictions both on x and
B that ensure {x ∈ B} ∈ F . For B we naturally restrict attention to B(R), the
Borel subsets of R, since we know these sets to be both relatively well behaved and
common enough to satisfy our purposes (see §4.1.1). For x we simply require that
{x ∈ B} ∈ F whenever B is a Borel set. Thus, our formal definition is that a random
variable on (Ω, F ) is a function x : Ω→ R satisfying

{ω ∈ Ω : x(ω) ∈ B} ∈ F for all B ∈ B(R) (4.9)

These kinds of functions are also sometimes called F -measurable functions. In
other texts you will see (4.9) expressed using preimage notation. In the preimage
notation, x−1(B) is all ω ∈ Ω such that x(ω) ∈ B. This is just the left hand side of
(4.9), so we can rewrite (4.9) as

x−1(B) ∈ F for all B ∈ B(R)

Thus x “pulls back” Borel sets to events.

4.1.3.3 Measurable Transformations

So far so good. If x is a random variable then {x ∈ B} is a well-defined event for
every B ∈ B(R). But suppose now that we want to discuss some transformation
of x. For example, we might be interested in the properties of y := ex. Is y also a
random variable? That is, is {y ∈ B} always a well-defined event?

The answer to this question is affirmative provided that our transformation satisfies
a regularity condition called Borel measurability. Formally, f : R → R is called
Borel measurable, or B-measurable, if

f−1(B) ∈ B(R) for all B ∈ B(R) (4.10)

Thus, f “pulls back” Borel sets to Borel sets. Although we omit the details, the
class of B-measurable functions is vast (any continuous function, any increasing
function, etc., etc.), and all transformations we work with below are B-measurable.

So why is B-measurability of f the key to ensuring that y = f (x) is a random
variable? Suppose that f is B-measurable and that x is a random variable. We
claim that {y ∈ B} ∈ F for all B ∈ B(R). This holds because

{y ∈ B} = { f (x) ∈ B} = {x ∈ f−1(B)} (4.11)

for all B ∈ B(R). By (4.10) we know that f−1(B) is a Borel set. Since x is a random
variable, it follows that {x ∈ f−1(B)} is an element of F .
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4.1.4 Expectations

Our next task is to define expectations of random variables and state their basic
properties. Elementary probability courses define expectations by summing or in-
tegrating functions over densities. The view of a random variable as a function on a
sample space plays no part in these definitions. However, when we move to more
sophisticated arguments, particularly those involving a large number of random
variables, we need a better definition. This section outlines the modern treatment of
expectations found in probability and statistics. As we’ll see later, the definition in
this section is a generalization of the elementary definition. The two agree whenever
the latter is well defined.

For finite random variables (i.e., random variables with finite range) the expectation
is just the sum of all possible values of the variable, weighted by the corresponding
probabilities. More formally, given probability space (Ω, F ,P) and random vari-
able x taking only finitely many distinct values s1, . . . , sJ , the expectation of x is
defined as

Ex =
J

∑
j=1

sjP{x = sj} (4.12)

Example 4.1.15. Let’s apply this definition to the simplest possible case, which is
a random variable x satisfying x(ω) = α for all ω ∈ Ω, where α is some constant
scalar value. In this case the sum in (4.12) has only one term, and

Ex = αP{x = α} = αP{ω ∈ Ω : x(ω) = α} = αP(Ω) = α

Example 4.1.16. To evaluate the expectation of a binary random variable x we apply
(4.12) to obtain

Ex = 1×P{x = 1}+ 0×P{x = 0} = P{x = 1} (4.13)

Example 4.1.17. Recall example 4.1.14, which models N flips of a fair coin. The sam-
ple space is Ω := {0, 1}N, the events are F := all subsets of Ω and P(A) := 2−N|A|
for all A ∈ F . Let x(ω) = x(b1, . . . , bN) = ∑N

n=1 bn. This value corresponds to the
number of “heads” observed in one possible outcome (b1, . . . , bN). The probability
P we’ve assigned makes all draws equally likely. Hence a good guess is that half
the flips will come up heads, or Ex = N/2. Let’s try to obtain this from (4.12).

Observe first that 0 6 x 6 N. Also, by the definition of P, for any k we have
P{x = k} = 2−N|Ak| where

Ak := {x = k} =
{
(b1, . . . , bN) ∈ Ω :

N

∑
n=1

bn = k

}
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Ω

xn

x

Figure 4.3: Finite approximation to a general random variable

It is a standard result from combinatorics that |Ak| = (N
k ), where the right hand side

is the so-called binomial coefficient for N, k. One identity it satisfies is ∑N
k=0 k(N

k ) =
N2N−1 for all N. Combining this identity with (4.12), the expectation of x is

Ex =
N

∑
k=0

k 2−N|Ak| = 2−N
N

∑
k=0

k
(

N
k

)
=

N
2

4.1.4.1 Expectations for Arbitrary Random Variables

Definition (4.12) only applies for random variables with finite range. We still need
to define expectation for general x. This is done by bootstrapping up from the finite
case. The procedure is based on approximating arbitrary random variables with fi-
nite random variables. One finite approximation xn to an arbitrary random variable
x is shown in figure 4.3. The approximation can be improved without limit if we
allow xn to take a larger and larger number of distinct values. This process yields
a sequence of finite random variables xn converging to x (see, e.g., Çinlar (2011),
lemma 2.16). The expectation of x is then defined as

Ex := lim
n→∞

Exn (4.14)

The valueEx is also referred to as the Lebesgue integral of x with respect toP, with
the alternative notation Ex =

∫
x(ω)P(dω).

Can we be sure that the limit in (4.14) makes sense? Suppose first that x is non-
negative (i.e., x(ω) > 0 for all ω ∈ Ω). It can be shown that the sequence {xn}
approximating x can then be chosen so that Exn is monotone increasing and hence
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convergent, and that the limiting value does not depend on the particular approx-
imating sequence {xn}. See, for example Dudley (2002), proposition 4.1.5. Hence
Ex is well defined, although we cannot rule out divergence of the sequence, which
gives Ex = ∞.

We’ve assumed that x is nonnegative. If we drop this assumption, we can still
treat x with similar methods by writing it as the difference between two nonneg-
ative random variables. Typically this is done by writing x = x+ − x− where
x+ := max{x, 0} and x− := −min{x, 0}. Both x+ and x− are nonnegative random
variables. The expectation can then be defined as

Ex := Ex+ −Ex− (4.15)

This is fine except that (4.15) might have the form ∞−∞, which isn’t well-defined.
For this reason we often restrict attention to integrable random variables, which are
all random variables x such that E |x| < ∞. Since x+ 6 |x| and x− 6 |x| this is
enough to ensure that (4.15) is well-defined.

The definition of E given in this section doesn’t really tell us how to calculate Ex in
specific instances, but we’ll see how to do so in §4.2.5.

4.1.4.2 Properties of Expectation

Let’s summarize the main results concerning expectations and list some properties
of this operation.

Fact 4.1.5. Given any probability space (Ω, F ,P), there exists a uniquely defined
function E that maps each integrable random variable x on (Ω, F ,P) into a value

Ex =
∫

x(ω)P(dω) (4.16)

inR, called the expectation of x underP. The function has the following properties:

(i) Eα = α for all α ∈ R.

(ii) E1A = P(A) for all A ∈ F .

(iii) x 6 y =⇒ Ex 6 Ey.

(iv) E [αx + βy] = αEx + βEy for all integrable x, y and constants α, β.

If we need to remind ourselves of the underlying probability measure P we will
write EPx instead of Ex.
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Since we only know how to take expectations of random variables, the expression
Eα in part (i) should be understood as the expectation of a constant random variable
everywhere equal to α. (We could write this object more precisely as α1Ω.) That the
expectation equals α was already established in example 4.1.15. It also follows from
(ii) and (iv), by taking x = 1Ω and β = 0.

Part (ii) follows from example 4.1.16. It is restated here to emphasize this fun-
damental link between probabilities and expectations. Part (iii) is called mono-
tonicity of expectations. The statement x 6 y means that x(ω) 6 y(ω) for all
ω ∈ Ω. Exercise 4.4.23 asks you to prove this monotonicity in a special case.
For a general proof see lemma 4.1.9 of Dudley (2002). Part (iv) is called linear-
ity of expectations. Here αx + βy should be understood as the random variable
(αx + βy)(ω) := αx(ω) + βy(ω). Exercises 4.4.13 and 4.4.14 ask you to check linear-
ity in some special cases. For the general case see theorem 4.1.10 of Dudley (2002).

As an exercise, let’s use these results to prove that if x is a finite random variable
with range {sj}J

j=1 and h is any B-measurable function, then the transformation
h(x) has expectation

Eh(x) =
J

∑
j=1

h(sj)P{x = sj} (4.17)

First observe that ∑J
j=1 1{x = sj} = 1, and hence we can write h(x) as

h(x) = h(x)
J

∑
j=1
1{x = sj} =

J

∑
j=1

h(sj)1{x = sj}

Using linearity of expectations then gives

Eh(x) =
J

∑
j=1

h(sj)E1{x = sj}

Applying part (ii) of fact 4.1.5 leads to (4.17).

The next result is another useful link between probabilities and expectations, typi-
cally called Chebyshev’s inequality.

Fact 4.1.6. For any nonnegative random variable x and any δ > 0, we have

P{x > δ} 6 Ex
δ

(4.18)
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A common variation of Chebyshev’s inequality is the bound

P{|x| > δ} 6 Ex2

δ2 (4.19)

Exercise 4.4.29 asks you to check both (4.18) and (4.19).

4.1.5 Moments and Co-Moments

Let x be a random variable and let k ∈ N. If xk is integrable then

• Exk is called the k-th moment of x.

• E(x−E [x])k is called the k-th central moment of x.

If E |x|k = ∞, then the k-th moment is said not to exist. For some random variables
even the first moment does not exist. For others every moment exists.

Fact 4.1.7. If the k-th moment of x exists, then so does the j-th for all j 6 k.

Exercise 4.4.24 asks you to confirm this. The next fact is called the Cauchy–Schwarz
inequality for random variables. Its proof will be given later, once we’ve covered
orthogonal projection (ex. 5.4.15).

Fact 4.1.8. If x and y are random variables with finite second moment, then

|E [xy] | 6
√
E [x2]E [y2] (4.20)

The second central moment of x is called the variance of x:

var x := E [(x−E [x])2]

This gives a measure of the dispersion of x. The standard deviation of x is

σx :=
√

var x

The covariance of random variables x and y is defined as

cov[x, y] := E [(x−E [x])(y−E [y])]

Fact 4.1.9. If x and y have finite second moments, then

(i) var x and cov[x, y] are finite.

(ii) var x = E [x2]− [Ex]2.
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(iii) cov[x, y] = E [xy]−E [x]E [y].

Part (i) follows from (ii)–(iii), the Cauchy–Schwarz inequality and fact 4.1.7. Parts
(ii)–(iii) follow from linearity of E and some simple manipulations.

Fact 4.1.10. If x1, . . . , xN are random variables and α0, α1, . . . , αN are constant scalars,
then

var

[
α0 +

N

∑
n=1

αnxn

]
=

N

∑
n=1

α2
n var[xn] + 2 ∑

n<m
αnαm cov[xn, xm]

Some simple implications of this fact are that

(i) var[α + βx] = β2 var[x].

(ii) var[αx + βy] = α2 var[x] + β2 var[y] + 2αβ cov[x, y].

The correlation of x and y is defined as

corr[x, y] :=
cov[x, y]

σx σy

If corr[x, y] = 0, we say that x and y are uncorrelated. Positive correlation means
that corr[x, y] is positive, while negative correlation means that corr[x, y] is negative.
The first part of the next fact follows immediately from fact 4.1.8, while the second
is just algebra.

Fact 4.1.11. Given any two random variables x, y and positive constants α, β, we
have

−1 6 corr[x, y] 6 1 and corr[αx, βy] = corr[x, y]

4.1.5.1 Best Linear Predictors

As an application of covariance and a prelude to our discussion of prediction, let’s
consider the problem of predicting the value of a random variable y given knowl-
edge of the value of a second random variable x (and also knowledge of the un-
derlying probability distributions, which makes this a problem in probability rather
than statistics). Thus, we seek a function f such that f (x) is close to y on average.
To measure the latter we will use mean squared error, which amounts in this case
to

E [(y− f (x))2]

As we’ll see in §5.2.5, the minimizer of the mean squared deviation over all func-
tions of x is obtained by choosing f (x) = E [y | x], where the right hand size is the
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conditional expectation of y given x. Here we’ll consider the simpler problem of
finding a good predictor of y within the class of “linear” functions

H` := { all functions of the form `(x) = α + βx}

(We defer to common usage and call such functions linear in this context, despite
the fact that they are, in general, affine. See example 2.1.23.) Thus, we consider the
problem

min
`∈H`

E [(y− `(x))2] = min
α,β∈R

E [(y− α− βx)2] (4.21)

If α and β solve (4.21), then the function

`∗(x) := α∗ + β∗x (4.22)

is called the best linear predictor of y given x.

Example 4.1.18. In finance, the relationship between returns on a given asset Ra
and returns on a market benchmark Rm is called the beta of the asset. It measures
exposure to systemic risk, as opposed to idiosyncratic risk specific to the asset. The
beta of Ra is often defined as the coefficient β∗ in the best linear prediction (4.22)
when x is returns on the market benchmark and y = Ra.

To solve (4.21) we expand the square on the right hand side and use linearity of E
to write the objective function as

ψ(α, β) := E [y2]− 2αE [y]− 2βE [xy] + 2αβE [x] + α2 + β2E [x2]

Computing the derivatives and solving the first order conditions yields (ex. 4.4.27)
the minimizers

β∗ :=
cov[x, y]

var[x]
and α∗ := E [y]− β∗E [x] (4.23)

If you’ve studied simple linear least squares regression before, you might realize
that α∗ and β∗ are the “population” counterparts of coefficient estimates in an em-
pirical setting. In example 4.1.18, this allows us to take the coefficient β∗ as the
definition of an asset’s beta, independent of any particular data set. If we wish to
evaluate β∗, however, we need to use data, since the underlying probabilities, and
hence the expectation operator E , are not observable. It is at this stage that the pop-
ulation regression is replaced by simple linear least squares using data. More on this
below.
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4.2 Distributions

Any random variable x on a given probability space (Ω, F ,P) assigns to each Borel
set B ⊂ R a numberP{x ∈ B} indicating the probability that x lies in B. While this is
an important construction, as a means of specifying probabilities for outcomes inR,
it is somewhat indirect. When building statistical models, it’s often more convenient
to assign probabilities to subsets of R directly. This is typically done by specifying
a distribution over R. In this section we look at how one might go about specifying
such distributions.

4.2.1 Defining Distributions on R

How can we specify probabilities over subsets of R? In §4.1.1.2–§4.1.2 we learned
how to construct a set of events F on an arbitrary sample space Ω and define a
probability measure P on F . If we want to describe probabilities over R, then the
natural thing to do is to repeat the process with Ω specialized to R. For the set of
events over R we take the Borel sets B(R), as discussed in §4.1.1.2. A probability
measure defined over B(R) is called a law or distribution.

Distributions will be represented by symbols such as P and Q. Referring back to the
definition on page 80, a distribution P is a map from B(R) to [0, 1] such that

(i) P(R) = 1 and

(ii) P(∪∞
n=1Bn) = ∑∞

n=1 P(Bn) for any disjoint sequence {Bn}.

Being a probability measure, P satisfies all the properties in fact 4.1.1 on page 83. If
there exists a Borel set S with P(S) = 1, then we say that P is supported on S.

Probability measures are both general and comprehensive, in the sense that they
pin down probabilistic information for every event in R we might care about in
econometrics or statistics. At the same time, this kind of generality can also be a
hindrance. For example, it’s not trivial to assign a specific value P(B) to every single
Borel set, or to specify a parametric class of probability measures having certain
properties.

Fortunately we can characterize distributions more succinctly. To begin, we recall
the notion of a cumulative distributed function, or CDF, which is any function
F : R→ [0, 1] satisfying

(i) monotonicity: s 6 s′ implies F(s) 6 F(s′).

(ii) right-continuity: F(sn) ↓ F(s) whenever sn ↓ s.
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(iii) lims→−∞ F(s) = 0 and lims→∞ F(s) = 1.

CDFs and distributions on R can be put in one to one correspondence as follows:
First, it’s true by definition that any two distributions Q and P satisfying Q(B) =
P(B) for all B ∈ B(R) are the same distribution, but it’s also true that if Q(B) =
P(B) for all sets B of the form (−∞, s] then Q and P are again the same distribution.
In other words, a distribution P is entirely characterized by the values of the function

F(s) := P((−∞, s]) (4.24)

as s ranges over R. Moreover, this function turns out to have properties (i)–(iii)
above. The next fact summarizes the relationship between F and P.

Fact 4.2.1. The following statements are true:

(i) If P is any distribution on R, then the function F in (4.24) is a CDF.

(ii) Given any CDF F onR, there exists exactly one distribution P satisfying (4.24).

For a full proof, see, for example, Williams (1991), lemma 1.6, or Dudley (2002),
theorem 9.1.1. Here let’s restrict ourselves to showing that the function F in (4.24)
satisfies part (i) of the definition of a CDF. To see why (i) holds for this F, observe
that s 6 s′ implies (−∞, s] ⊂ (−∞, s′]. Part (ii) of fact 4.1.1 on page 83 then gives
P((−∞, s]) 6 P((−∞, s′]). Hence F(s) 6 F(s′) as claimed.

CDFs are relatively easy to specify and work with. Here are some examples.

Example 4.2.1. The univariate normal distributions or Gaussian distributions re-
fer to the class of distributions identified by CDFs of the form

F(s) =
1√
2πσ

∫ s

−∞
exp

{
− (t− µ)2

2σ2

}
dt (s ∈ R)

where µ ∈ R and σ > 0. We represent the distribution associated with (µ, σ) by
N(µ, σ2). The distribution N(0, 1) is called the standard normal distribution. We
use the symbol Φ for the corresponding CDF. Examples of normal CDFs are shown
in figure 4.4.

Example 4.2.2. The Pareto distributions are the univariate distributions with CDFs
of the form

F(s) =

{
0 if s < s0

1−
( s0

s
)α if s0 6 s

where s0 and α are positive parameters. Pareto distributions are often used to model
phenomena with heavy right hand tails, such as the distribution of wealth or in-
come.
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Figure 4.4: Normal CDFs

Example 4.2.3. The class of beta CDFs is given by

F(s) =


0 if s 6 0

1
B(α,β)

∫ s
0 uα−1(1− u)β−1 du if 0 < s < 1

1 if 1 6 s

where α, β > 0. See figure 4.5. In this example B(α, β) is the beta function

B(α, β) :=
Γ(α)Γ(β)

Γ(α + β)
where Γ(a) :=

∫ ∞

0
ua−1e−u du

The function Γ is called the gamma function.

Example 4.2.4. The class of Cauchy CDFs is given by

F(s) =
1
π

arctan
(

s− τ

γ

)
+

1
2

(s ∈ R)

The parameters τ ∈ R and γ > 0 are the location and scale parameters respectively.
If τ = 0 and γ = 1, then F is called standard Cauchy. See figure 4.6.

Example 4.2.5. Given a < b, the uniform CDF on [a, b] is the CDF

F(s) =


0 if s 6 a
s−a
b−a if a < s < b
1 if b 6 s
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Figure 4.5: Beta CDFs
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Figure 4.6: Cauchy CDFs
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We represent this distribution symbolically by U[a, b].

4.2.2 Densities and PMFs

There are two important sub-cases for distributions: the discrete case and the abso-
lutely continuous case. As we’ll see, in these two sub-cases distributions have nice
visual representations and expectations are easy to compute. Almost all “named”
distributions fall into one of these two categories.

4.2.2.1 The Discrete Case

Let P be a distribution over the Borel sets (see §4.2.1). The distribution P is called
discrete if it is supported on a countable set; that is, if there exists a countable set
{sj}j>1 with P({sj}j>1) = 1. For such a P let

pj := P{sj} := P({sj}) = probability mass on the single point sj

Property (ii) of P on page 98 and P({sj}j>1) = 1 imply that ∑j>1 pj = 1 (ex. 4.4.15).
Hence {pj}j>1 is an example of a probability mass function, or PMF, which is any
nonnegative sequence (finite or infinite) that sums to unity.

Together {sj}j>1 and {pj}j>1 characterize the underlying distribution. For example,
we can express the CDF corresponding to P via (4.24) as

F(s) = ∑
j>1
1{sj 6 s}pj (4.25)

This is intuitive: F(s) represents the probability of an outcome in (−∞, s] under P.
Since P puts all its probability mass on {sj}j>1, this should equal the sum of the
probabilities of hitting sj over all sj 6 s.

Figure 4.7 gives a visualization when {sj}j>1 = {s1, s2}. F is a step function, with a
jump up of size pj at point sj. The CDF is right continuous but not continuous.

Example 4.2.6. Given N ∈ N and π ∈ (0, 1), the sequence {p0, . . . , pN} defined by

pj =

(
N
j

)
π j(1− π)N−j

is called the binomial PMF, and written B(N, π). The value pj represents the proba-
bility of j successes in N independent trials, each having success probability π.
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Figure 4.7: Discrete CDF
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Figure 4.8: The binomial PMF with N = 100 and π = 0.6
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4.2.2.2 The Absolutely Continuous Case

Another case of interest is what elementary books on probability call the “continu-
ous” case, where distributions can be described by densities. A density is a nonneg-
ative function p on R that integrates to 1. We say that distribution P is represented
by density p (or has density p) if p is a density and

P(B) =
∫

B
p(s)ds for all B ∈ B(R) (4.26)

Here the integral over B can be understood as∫
B

p(s)ds :=
∫ ∞

−∞
1B(s)p(s)ds

Recall from our discussion in §4.2.1 that distributions are characterized by their val-
ues on simple sets, like half lines of the form (−∞, s]. Thus if p is a density and

P((−∞, s]) =
∫ s

−∞
p(t)dt for all s ∈ R (4.27)

then (4.26) also holds.

Not every distribution has a density representation. An exact necessary and suffi-
cient condition for existence is absolute continuity. A distribution P on the Borel
subsets of R is called absolutely continuous if P(B) = 0 whenever B has Lebesgue
measure zero. A definition of the latter property is given in §15.1.3.1, although for
us it is enough to know that any countable subset of R has Lebesgue measure zero.
This leads to the following fact:

Fact 4.2.2. If P is absolutely continuous, then P(C) = 0 whenever C is countable.

Compare with the discrete distributions, which put all mass on a countable set. One
important implication of fact 4.2.2 is that individual points receive no probability
mass under absolute continuity, and the corresponding CDF contains no jumps. In
fact, when (4.27) holds, the fundamental theorem of calculus tells us that F(s) =
P((−∞, s]) is differentiable at all continuity points of p, and, in particular,

F′(s) = p(s) for all s ∈ R such that p is continuous at s

Example 4.2.7. The normal CDFs from example 4.2.1 are differentiable for all µ, σ,
with density

p(s) = F′(s) =
1√
2πσ

exp
{
− (s− µ)2

2σ2

}
See figure 4.9. We reserve the symbol φ for the standard normal density.
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Figure 4.9: Normal densities

Example 4.2.8. The Cauchy CDF from example 4.2.4 has density

p(s) =
1

πγ

[
1 +

(
s− τ

γ

)2
]−1

The Cauchy densities are more peaked around their modes and have greater mass
in their tails than normal densities. See figure 4.10.

Example 4.2.9. The beta CDFs from example 4.2.3 have densities given by

p(s) =
sα−1(1− s)β−1

B(α, β)
(α, β > 0)

when 0 < s < 1 and zero elsewhere.

Example 4.2.10. The U[a, b] distribution (see page 100) is represented by the density

p(s) =
1

b− a
1{a 6 s 6 b}

Example 4.2.11. The gamma distribution with shape parameter α and scale param-
eter β is the distribution with density

p(s) =
sα−1e−s/β

βαΓ(α)
(α, β > 0)
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Figure 4.10: Cauchy densities

when 0 < s < 1 and zero elsewhere. We represent this distribution with the symbol
Gamma(α, β).

Example 4.2.12. The chi-squared distribution with k degrees of freedom is the dis-
tribution with density

p(s) :=
1

2k/2Γ(k/2)
sk/2−1e−s/2 (s > 0)

This distribution is often represented by the symbol χ2(k). Figure 4.11 illustrates.

Example 4.2.13. Student’s t-distribution with k degrees of freedom, or, more sim-
ply, the t-distribution with k degrees of freedom, is the distribution on R with den-
sity

p(s) :=
Γ( k+1

2 )

(kπ)1/2Γ( k
2)

(
1 +

s2

k

)−(k+1)/2

(s ∈ R)

Example 4.2.14. The F-distribution with parameters k1, k2 is the distribution with
the unlikely looking density

p(s) :=

√
(k1s)k1kk2

2 /[k1s + k2]k1+k2

sB(k1/2, k2/2)
(s > 0)

The F-distribution arises in a number of hypothesis tests, as discussed below.
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Figure 4.11: Chi-squared densities

4.2.3 Integrating with Distributions

We all understand what it means to take the ordinary integral
∫ b

a h(s)ds of a well-
behaved function h on some interval [a, b]. We might also want to weight this inte-
gral, assigning more mass to different regions of [a, b]. This leads to integrals such
as
∫ b

a h(s)p(s)ds. For example, h could be a welfare function and p might record the
density of agents of a certain type. In a probabilistic context, p might be a density
indicating probabilities of outcomes, h might be a payoff function and

∫ b
a h(s)p(s)ds

would be expected payoff.

We now wish to give meaning to expressions of the form
∫

h(s)P(ds) that can be
viewed as generalizations of these integrals. The nature of the generalization is
that the probability P might not have a density, and yet we still want to compute a
weighted integral using P. As motivation we’ll continue with the previous example,
where h(s) is the payoff from outcome s ∈ R, and the likelihood of outcomes is
determined by probability measure P. To provide some basic regularity, we assume
that h is a B-measurable function R.

Actually our task is straightforward given the foundations already laid. In particu-
lar, we already have a general notion of integration suitable for understanding the
expression

∫
h(s)P(ds). In §4.1.4 we saw how to take an arbitrary probability space

(Ω, F ,P) and construct an expectation operator E that assigns to any integrable
random variable a notion of expectation. Expectations can be thought of as inte-
grals, as suggested by the alternative notation

∫
x(ω)P(dω) for Ex used in (4.16)

on page 93.

So now take our distribution P on R and consider (R, B(R), P) as a probability
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space. This new probability space has its own expectation operatorEP . (See fact 4.1.5
if you wish to refresh your memory on this point.) Moreover, we can use it to take
the expectation of the payoff function h, which, being a B-measurable function on
R, is by definition a random variable on (R, B(R), P). This gives us a value EP h,
which is exactly the integral we’re after:

EP h :=:
∫

h(s)P(ds) := the expectation of h under P

While the preceding discussion gives a neat definition of
∫

h(s)P(ds), it would
be disappointing if this definition didn’t lead us back to familiar expressions like∫

h(s)p(s)ds when P has a density. Fortunately, it does:

Fact 4.2.3. Let h : R → R be B-measurable and let P be a distribution on R. If P is
discrete, with PMF {pj}j>1 and support {sj}j>1, then∫

h(s)P(ds) = ∑
j>1

h(sj)pj (4.28)

On the other hand, if P is absolutely continuous with density p, then∫
h(s)P(ds) =

∫ ∞

−∞
h(s)p(s)ds (4.29)

For a proof of fact 4.2.3, see, e.g., §6.12 of Williams (1991).

4.2.4 Distributions of Random Variables

In §4.1.3 we defined random variables. Over the last few sections we’ve defined and
discussed distributions over the Borel subsets ofR. Our next job is to connect them.
We’ll see that the connection runs in both directions: Every random variable defines
a distribution on R. Conversely, given any distribution, we can reverse engineer a
random variable having that distribution.

To begin, let x be a random variable on some probability space (Ω, F ,P). By con-
struction, the probability P{x ∈ B} is well-defined for every B ∈ B(R) (see (4.9)).
The values obtained from this expression when x is held fixed and B is varied is
called the distribution of x. In particular, the set function P defined by

P(B) = P{x ∈ B} (B ∈ B(R)) (4.30)

is both the distribution of x and also a distribution in the sense of §4.1.3 (i.e., a
probability measure over the Borel subsets of R). It records the probabilities of all
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outcomes of interest for the variable x when regarded as a single entity. (When we
want to combine x with other random variables we’ll need their joint distribution,
to be discussed in §5.1.3.)

In what follows we write L(x) for the distribution (or “law”) of x. The relationship
in (4.30) is summarized by writing L(x) = P.

It is true by definition (see eq. (4.24)) that the CDF of the distribution P of x satisfies

F(s) := P{x 6 s} (s ∈ R) (4.31)

Sometimes F is called the distribution function or just distribution of x. Since F
characterizes P, we also write L(x) = F to indicate that F represents the distribution
of F.

Fact 4.2.4. If L(x) = F, then P{a < x 6 b} = F(b)− F(a) for any a 6 b.

Indeed, if a 6 b, then {a < x 6 b} = {x 6 b} \ {x 6 a} and {x 6 a} ⊂ {x 6 b}.
Applying fact 4.1.1 on page 83 gives

P{a < x 6 b} = P{x 6 b} −P{x 6 a} = F(b)− F(a)

From (4.31) we get for each random variable a uniquely defined CDF. It’s also true
that for every CDF F, there exists a probability space (Ω, F ,P) and a random vari-
able x : Ω→ R such that L(x) = F. §7.4.1 outlines one construction.

In what follows, if L(x) = P and P has density p, we’ll say that x has density p.
If the distribution of x is discrete, we’ll call x a discrete random variable. In the
former case, where the distribution of x is absolutely continuous, no probability
mass is placed on finite sets, leading to the next fact.

Fact 4.2.5. If x has a density, then P{x = s} = 0 for all s ∈ R, and, for any a < b,

P{a < x < b} = P{a < x 6 b} = P{a 6 x < b} = P{a 6 x 6 b}

4.2.4.1 Distributions of Transformations

One often needs to obtain the distribution of the transform of a random variable.
This is easy in the monotone case.

Fact 4.2.6. If L(x) = F and y := ψ(x) where ψ : R → R is strictly increasing, then
L(y) = G where G(s) := F(ψ−1(s)).
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To see why, observe that under these hypotheses ψ−1 exists and is (weakly) increas-
ing. Hence

P{y 6 s} = P{ψ(x) 6 s} = P{x 6 ψ−1(s)} = F(ψ−1(s))

Note how monotonicity is used in the second equality. (A related result can be
derived for the strictly decreasing case, where the direction of the inequality flips.)

Example 4.2.15. If L(x) = F and y := exp(x), then the CDF of y is G(s) := F(ln(s)).

An important related question is to determine when y = ψ(x) has a density, and
what the form of this density is.

Fact 4.2.7. If x has density p onR and y := ψ(x) where ψ is a diffeomorphism onR,
then the distribution of y is absolutely continuous, with density

q(s) = p(ψ−1(s))
∣∣∣∣dψ−1(s)

ds

∣∣∣∣ (4.32)

Exercise 5.4.1 asks you to confirm (4.32). The term diffeomorphism just means that
ψ is a bijection on R and both ψ and its inverse are differentiable.

Example 4.2.16. If x has density p and µ and σ are constants with σ > 0, then the
density of y := µ + σx is

q(s) = p
(

s− µ

σ

)
1
σ

When x is standard normal, this implies y := µ + σx is N(µ, σ2), as can be seen by
taking p to be the standard normal density φ and comparing with the expression for
the N(µ, σ2) density on page 104.

Fact 4.2.7 can be generalized significantly. See, e.g., theorem 15.5 of Schilling (2005).

4.2.5 Expectations from Distributions

Let x be a random variable on probability space (Ω, F ,P). The distribution of x
encodes all the information necessary to calculate expectations of x or of any B-
measurable transformation h(x). This is clearest when x is finite. For example,
suppose that L(x) = P, that h : R → R is any B-measurable function, and that P
puts all mass on finite set {sj}J

j=1. Let {pj} be the PMF of P, so that pj = P{sj}.
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Applying the definition of expectations (see in particular (4.17) on page 94) and
using P{x = sj} = P{sj} gives

Eh(x) =
J

∑
j=1

h(sj)P{x = sj} =
J

∑
j=1

h(sj)P{sj} =
J

∑
j=1

h(sj)pj (4.33)

Comparing this with (4.28) on page 108, we can also write Eh(x) =
∫

h(s)P(ds).
Put differently, the expectation of h(x) on (Ω, F ,P) is equal to the expectation of h
on (R, B(R), P). This is also true in the infinite case (see, e.g., theorem 5.2 of Çinlar
(2011)), as stated in the next fact.

Fact 4.2.8. Let x be a random variable on some probability space (Ω, F ,P), let
L(x) = P and let h be a B-measurable function such that h(x) is integrable. The
expectation Eh(x) is entirely determined by h and P. In particular,

Eh(x) =
∫

h(s)P(ds)

where
∫

h(s)P(ds) is the expectation of h on (R, B(R), P).

Example 4.2.17. Let x be a random variable whose distribution P is the uniform dis-
tribution on [a, b]. Applying the definition of the uniform density in example 4.2.10,
we obtain

Ex =
∫

sP(ds) =
∫

sp(s)ds =
∫ ∞

−∞

s
b− a

1{a 6 s 6 b} ds

Solving the integral gives Ex = µ := a+b
2 . The variance is

var[x] =
∫
(s− µ)2P(ds) =

∫ b

a

(
s− a + b

2

)2 1
b− a

ds =
1

12
(b− a)2

Example 4.2.18. Suppose that L(x) = N(µ, σ). In the case where σ > 0, the mean
can be computed via

Ex =
∫ ∞

−∞
s

1√
2πσ

exp
{
− (s− µ)2

2σ2

}
ds = µ

The variance is given by

var[x] =
∫ ∞

−∞
(s− µ)2 1√

2πσ
exp

{
− (s− µ)2

2σ2

}
ds = σ2

For a discussion of how these integrals are solved see §9.4 of Dudley (2002).
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4.2.5.1 Moments from Distributions

In §4.1.5 we defined moments of random variables. For example, Exk is the k-th
moment of x, assuming it exists. It is clear from fact 4.2.8 that any two random
variables with the same distribution share the same moments. Hence moments are
best thought of as a property of the distribution, not the random variable. Thus we
define

• the mean of P as µ =
∫

sP(ds)

• the k-th moment of P as
∫

skP(ds)

• the variance of P as
∫
(s− µ)2P(ds)

and so on.

4.2.6 Quantile Functions

In this section it will be convenient to describe distributions in terms of CDFs. So let
F be a CDF on R, which, for the moment, we assume to be strictly increasing. Given
τ ∈ (0, 1), the τ-th quantile of F is the ξ ∈ R that solves F(ξ) = τ. Under our as-
sumptions on F, such a ξ exists and is uniquely defined. The 0.5-th quantile is called
the median of F. It provides a measure of central tendency for the distribution.

We can of course express the τ-th quantile of F using the inverse function:

F−1(τ) := the unique ξ such that F(ξ) = τ (0 < τ < 1) (4.34)

Not surprisingly, the inverse of F is also called the quantile function. As we’ll see,
it has many applications in econometrics and statistics.

Example 4.2.19. The quantile function associated with the standard Cauchy distri-
bution (see page 100) is F−1(τ) = tan[π(τ − 1/2)]. Figure 4.12 illustrates. The
horizontal axis is τ ∈ (0, 1).

If F is not strictly increasing, then there exist at least two distinct points s, s′ such that
F(s) = F(s′), and hence F−1 in (4.34) is not well-defined. This problem is negotiated
by setting

F−1(τ) := inf{s ∈ R : F(s) > τ} (0 < τ < 1) (4.35)

(See §15.1.4.1 for a definition of inf.) In the case where F is strictly increasing, (4.35)
reduces to (4.34).

The quantile function is used in hypothesis testing to determine critical values. Let’s
outline a common scenario.
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Figure 4.12: Cauchy quantile function

Fact 4.2.9. Let x be a random variable with density p. If p is symmetric, then the
CDF G of y := |x| is given by

G(s) := P{y 6 s} =
{

2F(s)− 1 if s > 0
0 otherwise

Here symmetry of p means that p(s) = p(−s) for all s ∈ R. This is equivalent to
F(s) = 1− F(−s), as can be seen by differentiating or integrating. Exercise 4.4.18
asks you to prove fact 4.2.9.

Now take a random variable x with L(x) = F and constant α ∈ (0, 1) as given and
consider the c that solves P{−c 6 x 6 c} = 1− α.

Fact 4.2.10. If L(x) = F, x has a symmetric density and F is strictly increasing, then

c = F−1(1− α/2) =⇒ P{−c 6 x 6 c} = 1− α (4.36)

To see this, fix α ∈ (0, 1) and let c be as in (4.36). From fact 4.2.9, we have

P{|x| 6 c} = 2F(c)− 1 = 2F[F−1(1− α/2)]− 1 = 1− α

In the case where F is the standard normal CDF Φ, this value c is usually denoted by
zα/2. We will adopt the same notation:

zα/2 := Φ−1(1− α/2) (4.37)

See figure 4.13.
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Figure 4.13: Critical values for the standard normal density

4.3 Further Reading

The modern axiomatic treatment of probability based on measure theory was for-
mulated in the 1930s by Andrei N. Kolmogorov. A discussion of his life and work
can be found in Kendall et al. (1990). Nice introductory texts on measure-theoretic
probability include Williams (1991) and Rosenthal (2006). Beautiful expositions at a
slightly higher level can be found in Dudley (2002), Çinlar (2011) and Pollard (2002).

4.4 Exercises

Ex. 4.4.1. Show that if F is a σ-algebra and A, B ∈ F , then A ∩ B ∈ F also holds.3

Ex. 4.4.2. Prove fact 4.1.2: P(A ∪ B) = P(A) +P(B)−P(A ∩ B) for any A, B.4

Ex. 4.4.3. Given sample space Ω := {1, 2, 3}, let A := {1}, B := {2} and C := {3}.
Let P(A) = P(B) = 1/3. Compute P(C), P(A ∪ B), P(A ∩ B), P(Ac), P(Ac ∪ Bc)
and P(A | B). Are A and C independent?

Ex. 4.4.4. A dice is designed so that the probability of getting face m is qm, where
m ∈ {1, . . . , 6} and q is a constant. Compute q.

Ex. 4.4.5. Prove the claims in fact 4.1.4 on page 88.

3. Hint: See the rules concerning set theoretic operations in fact 15.1.1 on page 405.
4. Hint: Sketching the Venn diagram, convince yourself that A = [(A ∪ B) \ B] ∪ (A ∩ B). Finish

the proof using the definition of a probability and fact 4.1.1 (page 83).

preliminary draft 114



Ch. 4

Ex. 4.4.6. Let Ω be a nonempty finite set, and let ω0 be a fixed element of Ω. For
each A ⊂ Ω, define P(A) := 1{ω0 ∈ A}. Is P a probability on Ω? Why or why not?

Ex. 4.4.7. Let Ω be any sample space, and letP be a probability on the subsets F . Let
A ∈ F . Show that if P(A) = 0 or P(A) = 1, then A is independent of every other
event in F . Show that if A is independent of itself, then either P(A) = 0 or P(A) =
1. Show that if A and B are independent, then Ac and Bc are also independent.

Ex. 4.4.8. Let P and Ω be defined as in example 4.1.6. Show that P is additive, in
the sense that if A and B are disjoint events, then P(A ∪ B) = P(A) +P(B).

Ex. 4.4.9. Let P and Ω be defined as in example 4.1.6. Let A be the event that the
first flip is heads, and let B be the event that the second flip is heads. Show that A
and B are independent under P.

Ex. 4.4.10. Show that when Ω is finite, each random variable on Ω is finite.5

Ex. 4.4.11. Show that any finite random variable can be expressed as

x =
J

∑
j=1

sj1Aj (4.38)

where the scalars {sj} are distinct and the sets {Aj} are events that partition Ω.

Ex. 4.4.12. For the generic finite random variable x defined in exercise 4.4.11, show
that Ex := ∑J

j=1 sjP(Aj).

Ex. 4.4.13. Fact 4.1.5 on page 93 states, among other things, that if x is a random
variable and α is a constant, then E [αx] = αE [x]. Prove this for the case where x is
a finite random variable using the definition (4.12).

Ex. 4.4.14. Fact 4.1.5 on page 93 states that, among other things, if x and y are two
random variables, then E [x + y] = E [x] +E [y]. Prove this for the binary random
variables

x(ω) = 1A(ω) and y(ω) = 1B(ω) (4.39)

using the definition (4.12).

Ex. 4.4.15. Let P be a discrete distribution with P({sj}j>1) = 1, and let pj := P{sj}.
Show that ∑j>1 pj = 1.

Ex. 4.4.16. Let P, sj and pj be as in exercise 4.4.15. Show that if F is the CDF of P,
then F(s) = ∑j>1 1{sj 6 s}pj for all s ∈ R.

Ex. 4.4.17. Let P, sj and pj be as in exercise 4.4.15. Show that lims→∞ F(s) = 1.

5. Hint: Review the definition of a function in §15.1.2.
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Ex. 4.4.18. Prove the claim in fact 4.2.9 on page 113.

Ex. 4.4.19. Let x be a discrete random variable taking values s1, . . . , sJ , and let pj :=
P{x = sj}. Show that 0 6 pj 6 1 for each j, and ∑J

j=1 pj = 1.

Ex. 4.4.20. Let L(x) = F where F is the uniform CDF on [0, 1]. Give an expression
for the CDF G of the random variable y = x2.

Ex. 4.4.21. Let F be the CDF on R defined by F(s) = es/(1 + es) for s ∈ R.

(i) Obtain the quantile function corresponding to F.

(ii) Let L(x) = F and compute P{0 6 x 6 ln 2}.
Ex. 4.4.22. Let L(y) = F, where F is a CDF. Show that F(s) = E1{y 6 s} for any s.

Ex. 4.4.23. Confirm monotonicity of expectations (see fact 4.1.5 on page 93) for the
special case where x and y are the random variables in (4.39).

Ex. 4.4.24. Prove fact 4.1.7 (existence of k-th moment implies existence of j-th mo-
ment for all j 6 k).

Ex. 4.4.25. Confirm the expression for variance of linear combinations in fact 4.1.10.

Ex. 4.4.26. Let x and y be scalar random variables. With reference to fact 4.1.11 on
page 96, is it true that corr[αx, βy] = corr[x, y] for any constant scalars α and β? Why
or why not?

Ex. 4.4.27. Confirm the solutions in (4.23).

Ex. 4.4.28. Consider the setting of §4.1.5. Let α∗, β∗ and `∗ be as defined there. Let
the prediction error u be defined as u := y− `∗(x). Show that

(i) E`∗(x) = Ey

(ii) var[`∗(x)] = corr[x, y]2 var[y]

(iii) cov[`∗(x), u] = 0

(iv) var[u] = (1− corr[x, y]2) var[y]

Ex. 4.4.29. Prove the Chebyshev inequalities (4.18) and (4.19).

4.4.1 Solutions to Selected Exercises

Solution to Ex. 4.4.1. Let F be a σ-algebra and let A, B ∈ F . The claim is that
A ∩ B ∈ F . To see this, note that by the definition of a σ-algebra we must have
Ac ∈ F and Bc ∈ F . Since F is closed under the taking of unions, this means
that Ac ∪ Bc ∈ F . Applying fact 15.1.1 on page 405 gives (A ∩ B)c ∈ F . But then
A ∩ B ∈ F , as was to be shown.
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Solution to Ex. 4.4.2. Pick any sets A, B ∈ F . To show that

P(A ∪ B) = P(A) +P(B)−P(A ∩ B)

we start by decomposing A into the union of two disjoint sets: A = [(A ∪ B) \ B] ∪
(A ∩ B). Using additivity of P, we then have

P(A) = P[(A ∪ B) \ B] +P(A ∩ B)

Since B ⊂ (A ∪ B), we can apply part 1 of fact 4.1.1 (page 83) to obtain

P(A) = P(A ∪ B)−P(B) +P(A ∩ B)

Rearranging this expression gives the result that we are seeking.

Solution to Ex. 4.4.3. First, P(C) = 1/3 as 1 = P(Ω) = P(A ∪ B ∪ C) = P(A) +
P(B) +P(C) = 1/3+ 1/3+P(C), and henceP(C) = 1/3. In addition,P(A∪ B) =
2/3, P(A ∩ B) = 0, P(Ac) = 2/3, P(Ac ∪ Bc) = P((A ∩ B)c) = P(Ω) = 1, and
P(A ∩ C) = 0 6= 1/9 = P(A)P(C). Therefore A is not independent of C.

Solution to Ex. 4.4.4. When the dice is rolled one face must come up, so the sum of
the probabilities is one. More formally, letting Ω = {1, . . . , 6} be the sample space,
we have

P{1, . . . , 6} = P∪6
m=1 {m} =

6

∑
m=1

P{m} =
6

∑
m=1

qm = 1

Solving the last equality for q, we get q = 1/21.

Solution to Ex. 4.4.5. Let A1, . . . , AN be subsets of Ω. Pick any ω ∈ Ω. Regarding
part (i), suppose first that 1∩N

n=1 An
(ω) = 1. Then ω ∈ ∩N

n=1An, and hence ω ∈ An

for all n. But then ∏N
n=1 1An(ω) = 1. Conversely, if 1∩N

n=1 An
(ω) = 0, then ω is not in

at least one An, so ∏N
n=1 1An(ω) = 0. This verifies part (i) of fact 4.1.4. The proof of

(ii) is similar.

Solution to Ex. 4.4.6. To show that P is a probability on Ω we need to check that

(i) 1{ω0 ∈ A} ∈ [0, 1] for every A ⊂ Ω.

(ii) 1{ω0 ∈ Ω} = 1.

(iii) If A ∩ B = ∅, then 1{ω0 ∈ A ∪ B} = 1{ω0 ∈ A}+ 1{ω0 ∈ B}.
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Part (i) is immediate from the definition of an indicator function. Part (ii) holds
because ω0 ∈ Ω. Regarding (iii), pick any disjoint A and B. If ω0 ∈ A, then ω0 /∈ B,
and we have

1{ω0 ∈ A ∪ B} = 1 = 1{ω0 ∈ A}+ 1{ω0 ∈ B}
If ω0 ∈ B, then ω0 /∈ A, and once again we have

1{ω0 ∈ A ∪ B} = 1 = 1{ω0 ∈ A}+ 1{ω0 ∈ B}

Finally, if ω0 is in neither A nor B, then

1{ω0 ∈ A ∪ B} = 0 = 1{ω0 ∈ A}+ 1{ω0 ∈ B}

We have shown that (i)–(iii) hold, and hence P is a probability on Ω.

Solution to Ex. 4.4.7. Suppose that P(A) = 0 and that B ∈ F . We claim that
P(A ∩ B) = P(A)P(B), or, in this case, P(A ∩ B) = 0. Using nonnegativity and
monotonicity of P (fact 4.1.1), we obtain

0 6 P(A ∩ B) 6 P(A) = 0

Therefore P(A ∩ B) = 0 as claimed.

Now suppose that P(A) = 1. We claim that P(A ∩ B) = P(A)P(B), or, in this case,
P(A ∩ B) = P(B). In view of fact 4.1.2 on page 84, we have

P(A ∩ B) = P(A) +P(B)−P(A ∪ B)

Since P(A) = 1, it suffices to show that P(A ∪ B) = 1. This last equality is implied
by monotonicity of P, because 1 = P(A) 6 P(A ∪ B) 6 1.

Next, suppose that A is independent of itself. ThenP(A) = P(A∩A) = P(A)P(A) =
P(A)2. If a = a2, then either a = 0 or a = 1.

Finally, let A and B be independent. We have

P(Ac ∩ Bc) = P((A ∪ B)c) = 1−P(A ∪ B)

Applying fact 4.1.2 and independence, we can transform the right hand side to ob-
tain

P(Ac ∩ Bc) = (1−P(A))(1−P(B)) = P(Ac)P(Bc)

In other words, Ac and Bc are independent.

Solution to Ex. 4.4.8. The proof is almost identical to the proof of additivity in ex-
ample 4.1.5 (page 82).
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Solution to Ex. 4.4.9. The proof of independence is essentially the same as the proof
of independence of A and B in example 4.1.8 (page 84).

Solution to Ex. 4.4.11. Let x be finite-valued, with range {s1, . . . , sJ}. Let Aj :=
{x = sj}. By the definition of a function (see §15.1.2), each ω ∈ Ω lies in exactly
one Aj. Hence A1, . . . , AJ is a partition of Ω, and x = ∑J

j=1 sj1Aj .

Solution to Ex. 4.4.12. Clearly x is finite-valued, so, by (4.12), the expectation is
given by Ex = ∑J

j=1 sjP{x = sj}. Hence to confirm Ex := ∑J
j=1 sjP(Aj) we need

only show that {x = sj} = Aj. That the last statement is true follows from (4.38)
and the fact that A1, . . . , AJ is a partition of Ω.

Solution to Ex. 4.4.13. Let x be finite with range {s1, . . . , sJ} and let α be any con-
stant. We claim that E [αx] = αE [x]. If α = 0 the result is trivial, as both sides are
clearly zero. If not then αx = αsj if and only if x = sj. Hence, applying (4.12),

E [αx] =
J

∑
j=1

αsjP{x = sj} = α

[
J

∑
j=1

sjP{x = sj}
]
= αE [x]

Solution to Ex. 4.4.14. Consider the sum x + y. By this, we mean the random vari-
able (x + y)(ω) := x(ω) + y(ω). We claim that E [x + y] = E [x] +E [y]. To see this,
note first that

(x + y)(ω) = 1A\B(ω) + 1B\A(ω) + 21A∩B(ω)

(To check this, just go through the different cases for ω, and verify that the right
hand side of this expression agrees with x(ω) + y(ω). Sketching a Venn diagram
will help.) Therefore, by the definition of expectation,

E [x + y] = P(A \ B) +P(B \ A) + 2P(A ∩ B) (4.40)

Now observe that A = (A \ B) ∪ (A ∩ B) and hence, by disjointness,

E [x] := P(A) = P(A \ B) +P(A ∩ B)

Performing a similar calculation with y produces

E [y] := P(B) = P(B \ A) +P(A ∩ B)

Summing these equations produces the value on the right hand side of (4.40), thereby
confirming E [x + y] = E [x] +E [y].
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Solution to Ex. 4.4.15. Let P({sj}j>1) = 1 and pj := P{sj} as stated in the exercise.
The set {sj}j>1 can be written as ∪∞

j=1{sj}. Since P is a distribution it is countably
additive (see page 98) and hence 1 = P(∪∞

j=1{sj}) = ∑∞
j=1 P{sj} = ∑∞

j=1 pj.

Solution to Ex. 4.4.16. Using additivity and the fact that P{sj}j>1 = 1, we have

F(s) = P(−∞, s] = P

 ⋃
j s.t. sj6s

{sj}
 = ∑

j s.t. sj6s
P{sj} =

J

∑
j=1
1{sj 6 s}pj

Solution to Ex. 4.4.17. We are assuming that x has finite range, and hence takes only
finitely many different values. Let m be the largest such value. For this m, we have

lim
s→∞

Fx(s) > Fx(m) = P{ω ∈ Ω : x(ω) 6 m} = P(Ω) = 1

(The inequality is due to the fact that Fx is increasing.) On the other hand,

lim
s→∞

Fx(s) = lim
s→∞

P{x 6 s} 6 lim
s→∞

P(Ω) = 1

From these two inequalities we get 1 6 lims→∞ Fx(s) 6 1, which is equivalent to
lims→∞ Fx(s) = 1.

Solution to Ex. 4.4.18. Fix s > 0. Using additivity over disjoint sets, we have

F|x|(s) := P{|x| 6 s} = P{−s 6 x 6 s} = P{x = −s}+P{−s < x 6 s}

By assumption, P{x = −s} = 0. Applying fact 4.2.4 on page 109 then yields

F|x|(s) = P{−s < x 6 s} = F(s)− F(−s)

As discussed after fact 4.2.9, symmetry is equivalent to F(−s) = 1− F(s). Plugging
this in to the right hand side of the previous expression gives F|x|(s) = 2F(s)− 1.

Solution to Ex. 4.4.19. That 0 6 pj 6 1 for each j follows immediately from the
definition of P. In addition, using additivity of P, we have

J

∑
j=1

pj =
J

∑
j=1
P{x = sj} = P∪J

j=1 {x = sj} = P(Ω) = 1 (4.41)

(We are using the fact that the sets {x = sj} disjoint. Why is this always true? Look
carefully at the definition of a function given in §15.1.2.)
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Solution to Ex. 4.4.20. Evidently G(s) = 0 when s < 0. For s > 0 we have

P{x2 6 s} = P{|x| 6
√

s} = P{x 6
√

s} = F(
√

s)

Thus, G(s) = F(
√

s)1{s > 0}.

Solution to Ex. 4.4.23. If x(ω) := 1{ω ∈ A} 6 1{ω ∈ B} =: y(ω) for any ω ∈ Ω,
then A ⊂ B. (If ω ∈ A, then x(ω) = 1. Since x(ω) 6 y(ω) 6 1, we then have
y(ω) = 1, and hence ω ∈ B.) Using fact 4.1.5 and monotonicity of P, we then have

Ex = E1{ω ∈ A} = P(A) 6 P(B) = E1{ω ∈ B} = Ey

as was to be shown.

Solution to Ex. 4.4.24. Let a be any nonnegative number, and let j 6 k. If a > 1,
then aj 6 ak. If a < 1, then aj 6 1. Thus, for any a > 0, we have aj 6 ak + 1, and for
any random variable x we have |x|j 6 |x|k + 1. Using linearity and monotonicity of
expectations (see fact 4.1.5 on page 93) andE1 = 1, we then haveE |x|j 6 E |xk|+ 1.
Hence the j-th moment exists whenever the k-th moment exists.

Solution to Ex. 4.4.25. We have

var

[
N

∑
n=1

αnxn

]
= E

( N

∑
n=1

αnxn −E
[

N

∑
n=1

αnxn

])2


= E

( N

∑
n=1

αn(xn −E[xn])

)2


= E

[
N

∑
n=1

α2
n(xn −E[xn])

2 + 2 ∑
n<m

αnαm(xn −E[xn])(xm −E[xm])

]

=
N

∑
n=1

α2
n var[xn] + ∑

n<m
αnαm cov[xn, xm]

as required.

Solution to Ex. 4.4.29. Pick any nonnegative random variable x and δ > 0. By con-
sidering what happens at an arbitrary ω ∈ Ω, you should be able to convince your-
self that

x = 1{x > δ}x + 1{x < δ}x > 1{x > δ}δ
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Using the results in fact 4.1.5 (page 93) and rearranging gives (4.18). Regarding
(4.19), observe that

x2 = 1{|x| > δ}x2 + 1{|x| < δ}x2 > 1{|x| > δ}δ2

Proceeding as before leads to (4.19).

preliminary draft 122



Chapter 5

Modeling Dependence

To study relationships between random variables we need to add more concepts to
our toolkit. In this chapter we review multivariate distributions and give a rigorous
construction of conditional expectation.

5.1 Random Vectors and Matrices

Let’s begin with random vectors and matrices.

5.1.1 Random Vectors

In §4.1.3 we defined a random variable to be a function x : Ω→ Rwith the property
that {x ∈ B} is an event for any Borel set B ∈ B(R). The definition of a random
vector is analogous. A random vector x in RN is a function from Ω to RN with the
property that

{ω ∈ Ω : x(ω) ∈ B} ∈ F for all B ∈ B(RN) (5.1)

This is just (4.9) on page 90 with B(RN) replacing B(R). In statistical applications
we can almost always cook up a sample space Ω and a set of events F on Ω such
that all random vectors we care about satisfy (5.1).1

It’s also possible to define a random vector x inRN as a tuple of N random variables
(x1, . . . , xN). The two definitions are equivalent. As with ordinary vectors, random
vectors have no intrinsic shape, and we’ll write them in rows or columns according
to convenience. However, in expressions involving matrix multiplication, random
vectors will default to column vectors unless otherwise stated.

1. For technical details on these constructions see, for example, chapter 4 of Çinlar (2011).
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Example 5.1.1. Recall the blindfolded monkey experiment from page 77. The sam-
ple space is the unit disk Ω := {(h, v) ∈ R2 : ‖(h, v)‖ 6 1} and the event space
is the Borel sets in Ω. If x is the identity on Ω, then it simply reports the outcome
(h, v). This is one instance of a random vector.

Example 5.1.2. Consider a random sample listing the income yn of n = 1, . . . , N in-
dividuals from a given population. The vector (y1, . . . , yN) that reports the outcome
of this sampling can be regarded as a random vector in RN.

The definition of a random vector ensures that {x ∈ B} is a well-defined event for
every B ∈ B(RN). If we want to ensure that some transformation y = f (x) is
likewise a random vector, we need a restriction on f so that {y ∈ B} is also a well-
defined event. The appropriate restriction is B-measurability, which, analogous to
the scalar case (see page 90), means that f : RN → RM satisfies f−1(B) ∈ B(RN)
for all B ∈ B(RM). As in the scalar case, every kind of transformation we use in
this text is B-measurable, so the restriction is never binding.

Expectations of random vectors are defined element-by-element. In particular, if
x = (x1, . . . , xN) is a random vector in RN, then its expectation Ex is defined as the
vector of expectations

Ex = E


x1
x2
...

xN

 :=


Ex1
Ex2

...
ExN


An M× N random matrix X is an M× N array of random variables. Its expectation
is defined as

EX :=

Ex11 · · · Ex1N
...

...
ExM1 · · · ExMN


Fact 5.1.1. If X and Y are random matrices or vectors and A and B are constant and
conformable, then

E [AX + BY] = AE [X] + BE [Y]

Fact 5.1.1 is obtained by repeated application of the linearity of scalar expectations
stated in fact 4.1.5.

The variance-covariance matrix of a random vector x in RN with µ := Ex is the
N × N matrix

var[x] := E [(x− µ)(x− µ)
ᵀ
] (5.2)
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Expanding this out gives

var[x] =

 E [(x1 − µ1)(x1 − µ1)] · · · E [(x1 − µ1)(xN − µN)]
...

...
E [(xN − µN)(x1 − µ1)] · · · E [(xN − µN)(xN − µN)]


The j, k-th term is the scalar covariance between xj and xk and the principal diagonal
contains the variance of each xn.

Fact 5.1.2. For any random vector x with E [xᵀx] < ∞,

(i) var[x] exists and is nonnegative definite.

(ii) var[x] = E [xxᵀ]− µµᵀ.

(iii) var[Ax + b] = A var[x]Aᵀ (any A, b constant and conformable).

The cross-covariance between random vectors x and y is defined as

cov[x, y] := E [(x−E [x])(y−E [y])ᵀ]

Evidently var[x] = cov[x, x].

Here’s a useful fact concerning expectations of quadratic forms. The proof is a
solved exercise (see ex. 5.4.7).

Fact 5.1.3. If z is a random vector inRN satisfying E [zzᵀ] = I and A is any constant
N × N matrix, then

E [zᵀAz] = trace A

5.1.2 Multivariate Distributions

Let’s first discuss distributions on RN as entities in their own right, similar to our
discussion of distributions onR in §4.2.1, and then connect them to random vectors.

The definition of a distribution overRN is essentially the same as a distribution over
R as described in 4.2.1. In particular, a distribution P onRN is a probability measure
over B(RN). By definition it satisfies P(RN) = 1 and P(∪∞

n=1Bn) = ∑∞
n=1 P(Bn)

for any disjoint sequence {Bn} in B(RN). See also the properties of probability
measures listed in fact 4.1.1 on page 83.

Figure 5.1 shows a visualization of a distribution P onR2, with hot colors indicating
regions of high probability. (The distribution is multivariate Gaussian, to be defined
below.) The sets A and B are typical Borel sets. In the figure, B has the same area as
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Figure 5.1: An example distribution and events A and B

A but is assigned greater probability by P. By additivity, we know that P(A ∪ B) =
P(A) + P(B) must hold.

As was the case for R, distributions on RN are fully characterized by their values
on certain more elementary families of subsets of RN. For example, for any two
distributions Q, P on RN

P(I) = Q(I) for all I ∈ R =⇒ P(B) = Q(B) for all B ∈ B(RN)

where R denotes the family of all cylinder sets

C = B1 × · · · × BN, Bn ∈ B(R), n = 1, . . . , N

or, specializing further, the family of all rectangles2

I = (−∞, s1]× · · · × (−∞, sN], sn ∈ R, n = 1, . . . , N

(See prop 3.7 of Çinlar (2011).) Figure 5.2 shows an example set I = (−∞, s1] ×
(−∞, s2] in the case of R2.

Thus, analogous to (4.24), any distribution P onRN is characterized by the function

F(s) := F(s1, . . . , sN) := P
(
×N

n=1(−∞, sn]
)

(s ∈ RN) (5.3)

This is an example of a multivariate cumulative distribution function, which is a

2. See page 406 for more discussion of rectangles.
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Figure 5.2: Distributions are characterized by their values on elements of R

function F : RN → [0, 1] that is

(i) right-continuous in each of its arguments,

(ii) increasing in each of its arguments, and

(iii) satisfies

F(sj)→ 1 as sj → ∞ and F(s1, . . . , snj, . . . , sN)→ 0 as snj → −∞

In parallel with the one-dimensional case, we call P discrete if P is supported on
a countable subset of RN, and absolutely continuous if P(B) = 0 whenever B has
zero Lebesgue measure. The latter condition is again necessary and sufficient for
existence of a density representation, which means that there exists a density p on
RN such that

P(B) =
∫

B
p(s) ds for all B ∈ B(RN) (5.4)

The right hand side of (5.4) is a multivariate integral that we can write out more
explicitly as ∫ ∞

−∞
· · ·

∫ ∞

−∞
1B(s1, . . . , sN)p(s1, . . . , sN)ds1 · · ·dsN (5.5)

Conversely, if p is any density on RN, then (5.4) defines a distribution.

Example 5.1.3. The multivariate normal density or multivariate Gaussian density
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Figure 5.3: Bivariate standard normal density

on RN is a function p of the form

p(s) = (2π)−N/2 det(Σ)−1/2 exp
{
−1

2
(s− µ)

ᵀ
Σ−1(s− µ)

}
(5.6)

where µ is any N × 1 vector and Σ is a positive definite N × N matrix. In symbols,
we represent this distribution by N(µ, Σ). The case N(0, I) is called the multivariate
standard normal distribution. Figure 5.3 shows the standard normal density when
N = 2.

Let’s describe one simple but important way to construct multivariate distributions.

Fact 5.1.4. Given distributions P1, . . . , PN onR, there exists a unique and well-defined
distribution P̊ on RN such that

P̊(B1 × · · · × BN) =
N

∏
n=1

Pn(Bn) for all Bn ∈ B(R), n = 1, . . . , N

This distribution is called the product distribution of P1, . . . , PN. If Pn = P for all
n, then we’ll call P̊ the N-th product of P. The uniqueness part of fact 5.1.4 follows
from the claim above that distributions on RN are uniquely pinned down by their
values on cylinder subsets of RN. As we’ll see, product distributions correspond to
joint distributions of independent random variables.
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Figure 5.4: Bivariate joint density and its two marginals

5.1.2.1 Marginals of Multivariate Distributions

Given any distribution P onRN, the n-th marginal distribution of P is the distribu-
tion on R defined by

Pn(B) = P(R× · · · ×R× B×R× · · · ×R)

Here B is the n-th element of the Cartesian product. We can also write this as

Pn(B) = P{x ∈ RN : xᵀen ∈ B}

The term xᵀen returns the n-th element of x, and is sometimes called the n-th coordi-
nate projection ontoRN. The n-th marginal tells us the probabilistic implications of
P when we only concern ourselves with the outcomes for the n-th coordinate. From
Pn we can also extract the marginal CDF Fn via (4.24) on page 99.

If Pn is absolutely continuous it has density pn. When the joint distribution P has a
density p, the marginal distribution Pn has a density, and pn can be obtained directly
from p by integrating out the other variables. For example, in the bivariate case,

p1(s1) =
∫ ∞

−∞
p(s1, t2)dt2

Figure 5.4 shows a bivariate joint density represented by contours and the two
marginals obtained from projecting onto each axis.

In general, the joint distribution P cannot be determined from the marginals P1, . . . , PN
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alone, since the marginals do not tell us about the interactions across coordinates.
The exception is when there is no interaction. This is the case for product distribu-
tions, as described in fact 5.1.4 and further discussed in §5.1.4.

5.1.3 Distributions of Random Vectors

Let x be a random vector in RN. The distribution of x is the probability measure P
on B(RN) defined by

P(B) = P{x ∈ B} (B ∈ B(RN)) (5.7)

In this context, P is also called the joint distribution of x1, . . . , xN, and we write
L(x) = P. The joint distribution can also be represented by the multivariate CDF

F : RN → [0, 1] defined by (5.3), which in the present case can be written as F(s1, . . . , sN) :=
P{x1 6 s1, . . . , xN 6 sN}, or, in vector notation,

F(s) = P{x 6 s} (s ∈ RN)

It follows from (5.4) that when the distribution P of x is absolutely continuous, there
exists a nonnegative function p on RN satisfying∫

B
p(s)ds = P{x ∈ B} (B ∈ B(RN)) (5.8)

Here
∫

B is a multivariate integral over the region B. The function p is called either
the density or joint density of x. For (5.8) to hold it suffices that∫ sN

−∞
· · ·

∫ s1

−∞
p(t1, . . . , tN)dt1 · · ·dtN = F(s1, . . . , sN) (5.9)

for all sn ∈ R, n = 1, . . . , N.

5.1.3.1 Joint vs Marginal

If x = (x1, . . . , xN) is a random vector in RN, then each xn is a random variable on
R. Let Pn = L(xn), so that

Pn(B) = P{xn ∈ B} (B ∈ B(R), n = 1, . . . , N) (5.10)

This is of course the marginal distribution relative to the joint distribution of x, as
introduced in §5.1.2.1. In this context it is called the marginal distribution of xn
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in order to distinguish it from the (joint) distribution of x. From a mathematical
perspective, the marginal distribution of xn and the distribution of xn are identical.

If P1 = P2 = · · · = PN then we say that x1, . . . , xN are identically distributed.

5.1.3.2 Gaussian Random Vectors

Let z be standard normal on R. A random variable x is said to be normally dis-
tributed if x = µ + σz for some σ > 0, and we write L(x) = N(µ, σ). Here we ex-
plicitly allow the possibility that σ = 0, in which case var[x] = 0 and P{x = µ} = 1.

A random vector x in RN is called multivariate normal or multivariate Gaussian
if there exists a K× 1 standard normal random vector z, an N × K matrix C and an
N × 1 vector µ such that

x = µ + Cz (5.11)

Once again we explicitly allow degenerate cases, since they occur frequently in
statistics. If x is multivariate normal, then we write L(x) = N(µ, Σ), where

µ := Ex and Σ := var x

In the case of (5.11) we have Σ = CCᵀ. See fact 5.1.2 on page 125.

Be aware that L(x) = N(µ, Σ) does not imply that x has the multivariate normal
density in (5.6). The reason is that the distribution of x can fail to be absolutely
continuous. For example, if C = 0 in (5.11), then x puts all mass on a single point in
RN. Without absolute continuity, no density representation can exist.

Absolute continuity of the distribution of x coincides with the setting where Σ :=
var x is nonsingular. (Perhaps because of this, the scenario where a random vector
has a density is sometimes called the “nonsingular case” by econometricians.) For
x defined in (5.11), nonsingularity of Σ will be true if and only if Cᵀ has full column
rank (see ex. 3.5.28 on page 70).

Fact 5.1.5. Let x be a random vector in RN. The following statements are true:

(i) The vector x is multivariate normal if and only if aᵀx is normally distributed
in R for every constant N × 1 vector a.

(ii) If L(x) = N(µ, Σ), then

L(Ax + b) = N(Aµ + b, AΣAᵀ
)

for all constant conformable A, b.
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One corollary of fact 5.1.5 is that if x = (x1, . . . , xN) is multivariate normal, then the
marginal distribution of xn is univariate normal. This can be seen by taking a = en
in part (i). In fact the rule in part (ii) implies that

L(xn) = L(eᵀnx) = N(eᵀn µ, eᵀnΣen) = N(µn, σ2
n) (5.12)

where σ2
n is the n, n-th element of Σ.

Here’s a common exam question: Is it true that the joint distribution of N univari-
ate normal random variables is always multivariate normal? The answer is no. A
counterexample is given in §5.1.5. See also fact 5.1.14 below.

5.1.3.3 Expectations from Distributions

Let h : RN → R be any B-measurable function and let P be a distribution onRN. In
§4.2.3 we saw that one can assign meaning to the expression

∫
h(s)P(ds) by treat-

ing h as a random variable on (R, B(R), P) and taking its expectation. We can
do exactly the same thing in RN, with h now regarded as a random variable on
(RN, B(RN), P). Its expectation will be written as

EP h :=:
∫

h(s)P(ds) (5.13)

Here’s a multivariate version of fact 4.2.3 on page 108:

Fact 5.1.6. Let h : RN → R be B-measurable and let P be a distribution on RN. If P
is discrete, with PMF {pj}j>1 and support {sj}j>1, then∫

h(s)P(ds) = ∑
j>1

h(sj)pj (5.14)

On the other hand, if P is absolutely continuous with density p, then∫
h(s)P(ds) =

∫
h(s)p(s)ds (5.15)

The right hand side of (5.15) should be understood as∫ ∞

−∞
· · ·

∫ ∞

−∞
h(s1, . . . , sN) p(s1, . . . , sN) ds1 · · ·dsN

In §4.2.5 we saw that expectations of functions of random variables can be computed
from their distributions. The same is true for functions of random vectors. In partic-
ular, suppose we wish to compute Eh(x), where h : RN → R is B-measurable. We
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can do this either by evaluating the expectation of h(x) on the original probability
space (Ω, F ,P), or we can take the distribution P of x and compute the expectation
of h on (RN, B(RN), P). This is formalized in the following extension to fact 4.2.8
on page 111.

Fact 5.1.7. If L(x) = P and h : RN → R is a B-measurable function such that h(x) is
integrable, then

Eh(x) =
∫

h(s)P(ds)

where
∫

h(s)P(ds) is the expectation of h on (RN, B(RN), P).

As in the univariate case, this means that objects like moments are properties of the
distribution. For example, let x be a random vector in RK with L(x) = P. The
variance-covariance matrix var[x] of x has i, j-th element E [xixj]− E [xi]E [xj]. We
can write this in terms of P. In particular, if

ΣP = (σij) where σij :=
∫
(sisj)P(ds)−

∫
siP(ds) ·

∫
sjP(ds) (5.16)

then ΣP = var[x].

5.1.4 Independence

A collection of N random variables x1, . . . , xN is said to be independent if

P

N⋂
n=1

{xn ∈ Bn} =
N

∏
n=1

P{xn ∈ Bn} (5.17)

for any B1, . . . , BN, where each Bn is a Borel subset of R. In view of the definition
of independence of events on page 84, the random variables x1, . . . , xN are indepen-
dent precisely when sets of the form {x1 ∈ B1}, . . . , {xN ∈ BN} are all independent
events.

An infinite set of random variables {xn}∞
n=1 is called independent if any finite sub-

set of {xn}∞
n=1 is independent in the sense of the preceding definition. We use the

abbreviation IID for collections of random variables that are both independent and
identically distributed. If we say that {xn}∞

n=1 are IID copies of x we mean that the
random variables {xn}∞

n=1 are IID with the same distribution as x.

There are a number of equivalent ways that we can rephrase the definition of in-
dependence. Since ∩N

n=1{xn ∈ Bn} = {(x1, . . . , xN) ∈ B1 × · · · × BN}, a direct
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translation of (5.17) using (5.7) and (5.10) gives

P(B1 × · · · × BN) =
N

∏
n=1

Pn(Bn) (5.18)

Here P is the joint distribution of x = (x1, . . . , xN) and Pn is its n-th marginal. Thus,
the elements of a random vector are independent if and only if their joint distribu-
tion equals the product distribution formed from their marginals (see fact 5.1.4).

The left and right hand sides of (5.18) agree for all B1, . . . , BN if they agree on certain
families of sets, like the rectangles discussed in §5.1.2. For this reason, a necessary
and sufficient condition for independence of x1, . . . , xN is

F(s1, . . . , sN) =
N

∏
n=1

Fn(sn) (5.19)

for all (s1, . . . , sN) ∈ RN, where F is the CDF of x and F1, . . . , FN are the marginal
CDFs . If the distribution of x is absolutely continuous we can also test independence
via its density:

Fact 5.1.8. If x = (x1, . . . , xN) has joint density p and marginals p1, . . . , pN, then
x1, . . . , xN are independent if and only if

p(s1, . . . , sN) =
N

∏
n=1

pn(sn) for all (s1, . . . , sN) ∈ RN

Example 5.1.4. Let L(x) = L(x1, . . . , xN) = N(µ, Σ). Suppose in addition that Σ is
diagonal, with n-th diagonal component σn > 0. Then x1, . . . , xN are independent.
To see this observe that for any s = (s1, . . . , sN) ∈ RN we have

p(s) = (2π)−N/2 det(Σ)−1/2 exp
{
−1

2
(s− µ)

ᵀ
Σ−1(s− µ)

}
=

1
(2π)N/2 ∏N

n=1 σn
exp

{
−1

2

N

∑
n=1

(sn − µn)
2σ−2

n

}

where the computation of the determinant and inverse of Σ used facts 3.2.1 and 3.2.2
(see page 51). The last expression can be factored further, leading to

p(s) =
N

∏
n=1

1
(2π)1/2σn

exp
{−(sn − µn)2

2σ2
n

}
=

N

∏
n=1

pn(sn)

where pn is the density of N(µn, σ2
n). Independence now follows from fact 5.1.8.
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The next fact is true in general but most easily verified in the density case, where
you can apply (5.15) and fact 5.1.8.

Fact 5.1.9. If x1, . . . , xN are independent and each xn is integrable, then

E

[
N

∏
n=1

xn

]
=

N

∏
n=1

E [xn]

The definition of independence of random vectors is almost identical to the scalar
case. Random vectors x1, . . . , xN in RK are called independent if

P

N⋂
n=1

{xn ∈ Bn} =
N

∏
n=1

P{xn ∈ Bn} (5.20)

for any B1, . . . , BN, where each Bn is a Borel subset of RK.

Fact 5.1.10. If x1, . . . , xN are independent random vectors in RK and f1, . . . , fN are
any B-measurable functions, then f1(x1), . . . , fN(xN) are also independent.

To see why, observe that fn(xn) ∈ Bn if and only if xn ∈ f−1(Bn), as follows from
the definition of preimage of a set (see 15.1.2). This leads to

N⋂
n=1

{ fn(xn) ∈ Bn} =
N⋂

n=1

{xn ∈ f−1(Bn)}

Applying independence of x1, . . . , xN now gives

P

N⋂
n=1

{ fn(xn) ∈ Bn} =
N

∏
n=1

P{xn ∈ f−1(Bn)} =
N

∏
n=1

P{ fn(xn) ∈ Bn}

This completes the proof of fact 5.1.10.

Fact 5.1.11. If x and y are independent, then cov(x, y) = 0.

Note that the converse is not true: One can construct examples of dependent ran-
dom variables with zero covariance. However,

Fact 5.1.12. If x is multivariate Gaussian and A and B are conformable constant
matrices, then Ax and Bx are independent if and only if cov(Ax, Bx) = 0.

We already proved a simple version of this in example 5.1.4. A full proof can be put
together using the theory of characteristic functions (see, e.g., ch. 5 of Gut (2009)).
Below are two useful related results. The first one links orthogonal projection and
multivariate Gaussians (ex. 5.4.11 requests a proof).
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Fact 5.1.13. Let S be any linear subspace of RN, let P := proj S and let M be the
residual projection. If L(z) = N(0, σ2I) in RN for some σ2 > 0, then Pz and Mz are
independent.

Fact 5.1.14. If w1, . . . , wN are independent with L(wn) = N(µn, σ2
n) for all n, then

L
[

α0 +
N

∑
n=1

αnwn

]
= N

(
α0 +

N

∑
n=1

αnµn,
N

∑
n=1

α2
nσ2

n

)

This last fact is important because sums of arbitrary normals are not always normal.
What is required is a multivariate normal distribution. Fact 5.1.14 works because
independence pins down the joint distribution as multivariate normal. In partic-
ular, L(w1, . . . , wN) = N(µ, Σ) where eᵀn µ = µn and Σ = diag(σ2

1 , . . . , σ2
N). The

expression for the variance in fact 5.1.14 follows from fact 4.1.10 on page 96.

5.1.5 Copulas

A copula C on RN is a multivariate CDF (see page 127) supported on the unit hy-
percube [0, 1]N with the property that all its marginals are uniform on [0, 1]. In other
words, C is a function of the form

C(s1, . . . , sN) = P{u1 6 s1, . . . , uN 6 sN} (5.21)

where 0 6 sn 6 1 and L(un) = U[0, 1] for all n. There are many possible copulas be-
cause, while each un has its marginal distribution pinned down, there are infinitely
many ways to specify the joint distribution.

Example 5.1.5. The function C(s1, s2) = s1s2 on [0, 1]2 is called the independence
copula. The marginal distributions are C(s1, 1) = s1 and C(1, s2) = s2 as required.
(These are CDFs for the U[0, 1] distribution).

Example 5.1.6. The Gumbel copulas are the class of functions on [0, 1]2 defined by

C(s1, s2) = exp
{
−
[
(− ln s1)

θ + (− ln s2)
θ
] 1

θ

}
(θ > 1)

The Clayton copulas are given by

C(s1, s2) =
{

max
[
s−θ

1 + s−θ
2 − 1, 0

]}− 1
θ

(θ > −1, θ 6= 0)

Both of these belong to a general class called the Archimedean copulas.
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One reason that copulas are useful is that we can take univariate CDFs F1, . . . , FN
and a copula C and create a multivariate CDF on RN via

F(s1, . . . , sN) = C(F1(s1), . . . , FN(sN)) (sn ∈ R, n = 1, . . . , N) (5.22)

The benefit of creating a multivariate CDF using this two step procedure is that
in specifying a multivariate distribution we can separate out specification of the
marginals, which give probabilities for isolated coordinates, and specification of the
joint distribution, which defines the interactions.

Example 5.1.7. Bonhomme and Robin (2009) use copulas to model one component
of earnings dynamics in a study based on three-year panels from the French Labor
Force Survey. The cross-sections are relatively large (around 30,000), allowing for
flexible modeling of the marginal distributions via a mixture of normals. On the
other hand, the time series dimension is short, so a one-parameter family of copulas
is used to bind the marginals across time in a parsimonious way.

How rich is the set of multivariate CDFs we can create via (5.22)? It is universal. This
is one part of a well-known theorem due to Sklar (1959):

Theorem 5.1.1. If F is any CDF on RN with marginals F1, . . . , FN, then there exists a
copula C such that (5.22) holds. If each Fn is continuous, then this representation is unique.

Copulas can be used to clarify a point raised in §5.1.3.2, namely, that normal marginals
are not sufficient for the multivariate normal property. If F1, . . . , FN are univariate
normal, then C(F1(s1), . . . , FN(sN)) will equal the multivariate normal CDF for one
choice of copula, called the Gaussian copula. Other choices lead to different distri-
butions. Figure 5.5 shows an illustration where the top two distributions are multi-
variate normal and the bottom two are created by pairing the Clayton copula with
univariate normal marginals. The distributions are represented as densities.

A related point is that while linear combinations of normal random variables are
often thought to be normal, this isn’t true unless the original random variables are
multivariate normal (cf., fact 5.1.5 on page 131) or independent (which is a special
case of multivariate normal). As an example, figure 5.6 shows a histogram of draws
from w = x − y when (x, y) is distributed according to the density in the lower
right panel of figure 5.5. For comparison, a normal density with the same mean and
standard deviation is plotted.

5.1.6 Properties of Named Distributions

Here are some useful facts relating independence and certain common distributions.
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Figure 5.5: Bivariate Gaussian (top) and non-Gaussian (bottom)
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Figure 5.6: Normality is not necessarily preserved under linear transformations

Fact 5.1.15. If x1, . . . , xN are independent with L(xn) = χ2(kn) for each n, then
L(∑n xn) = χ2(∑n kn).

Fact 5.1.16. If z and x are independent with L(z) = N(0, 1) and L(x) = χ2(k), then

z

√
k
x

is t distributed with k degrees of freedom

Fact 5.1.17. If x1 and x2 are independent with xi ∼ χ2(ki) for i = 1, 2, then

x1/k1

x2/k2
is F distributed with parameters k1, k2

Let’s note some facts connecting chi-squared and normal random variables. First,
if L(x) = N(0, 1), then L(x2) = χ2(1). Exercise 5.4.4 asks you to prove this. Sec-
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ond, if a collection of standard normals are independent, then so are their squares
(fact 5.1.10). Applying fact 5.1.15 then gives

Fact 5.1.18. If L(z1, . . . , zN) = N(0, I), then L(∑N
n=1 z2

n) = χ2(N).

The next result generalizes fact 5.1.18 and crops up frequently in statistics.

Fact 5.1.19. If L(z) = N(0, I) and A is symmetric and idempotent, then

L
(
zᵀAz

)
= χ2(K) where K := trace A

We can obtain fact 5.1.19 from fact 5.1.18 as follows. Since A is symmetric we use
the spectral decomposition theorem (page 64) to write it as A = QΛQᵀ, where Q is
an orthogonal matrix and Λ = diag(λ1, . . . , λN) with λn := the n-th eigenvalue of
A. Setting y := Qᵀz, we have

zᵀAz = zᵀQΛQᵀz = yᵀ
Λy =

N

∑
n=1

λny2
n

By exercise 3.5.35, idempotence of A implies all eigenvalues lie in {0, 1}. By fact 3.2.7
on page 55, the number of nonzero eigenvalues is equal to trace A. It follows that
zᵀAz is the sum of y2

n over K := trace A nonzero terms. By fact 5.1.18, a random
variable with this property is χ2(K) whenever y is standard normal. Combining
L(z) = N(0, I) and fact 5.1.5 on page 131 we have L(y) = N(0, QᵀQ). But Q is an
orthogonal matrix, so QᵀQ = I.

5.2 Conditioning and Expectation

Conditional expectation is one of the most important concepts in both economic
theory and econometrics. This section gives a construction of expectation based
around projection, which, in my view, is more intuitive and rewarding than both
the elementary treatments using conditional distributions and the advanced treat-
ments using Radon-Nykodym derivatives. The construction begins by formalizing
the concepts of information and conditioning. We then build on our knowledge of
orthogonal projection from §3.3 to frame conditional expectation as optimal predic-
tion given limited information.

5.2.1 Conditional Distributions

Let’s briefly discuss conditional distributions, focusing on the density case. Let x1
and x2 be random variables. The conditional density of x2 given x1 = s1 is defined
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as

p(s2 | s1) :=
p(s1, s2)

p(s2)
(5.23)

whenever the denominator is nonzero. Here p stands in for either joint, marginal or
conditional density, with the type determined by the argument. (For example, p(si)
is the marginal density of xi evaluated at si.)

The law of total probability (see page 85) extends to the density case as follows: If
(x1, x2) is a random vector on R2, then

p(s2) =
∫ ∞

−∞
p(s2 | s1)p(s1)ds1 (s2 ∈ R) (5.24)

To see this, fix s2 ∈ R and integrate the joint density to get the marginal, giving

p(s2) =
∫ ∞

−∞
p(s1, s2)ds1

Combining this with p(s2 | s1) = p(s1, s2)/p(s1) yields (5.24). Bayes’ rule (see page 86)
also extends to the density case, giving

p(s2 | s1) =
p(s1 | s2)p(s2)

p(s1)
(5.25)

The same ideas extend to additional arguments in a natural way. For example, the
conditional density of xk+1, . . . , xN given x1 = s1, . . . , xk = sk is defined by

p(sk+1, . . . , sN | s1, . . . , sk) =
p(s1, . . . , sN)

p(s1, . . . , sk)
(5.26)

Rearranging this expression we obtain a useful decomposition of the joint density:

p(s1, . . . , sN) = p(sk+1, . . . , sN | s1, . . . , sk)p(s1, . . . , sk) (5.27)

5.2.2 The Space L2

Suppose we want to predict random variable y using another variable x. In this
case we should choose x such that x and y are expected to be close under most
realizations of uncertainty. But what does “expected to be close” mean?

Perhaps the most common measure of distance between random variables is mean
squared error (MSE), which is defined in this case as E [(x− y)2]. We met this con-
cept previously in the linear prediction problem of §4.1.5. A common variation on
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MSE is root mean squared error, which, as the name suggests, is defined as

‖x− y‖ :=
√
E [(x− y)2] (5.28)

On the right hand side of (5.28) we have a measure of distance between random
variables. On the left hand side we have used the same symbol as we used for
Euclidean norm distance between two vectors. This is both deliberate and conven-
tional, as there are many parallels between ordinary vector space with Euclidean
norm and the set of random variables combined with the “norm” defined in (5.28).
Let’s now clarify and formalize these ideas.

The first geometric concept we defined for vectors was inner product. Analogously,
we define here the inner product between two random variables x and y as

〈x, y〉 := E [xy] (5.29)

Of course we want this definition to make sense, and the Cauchy–Schwarz inequal-
ity for random variables (page 95) tells us that E [xy] will be finite and well-defined
whenever x and y both have finite second moments. Hence we restrict attention to
this set, which is commonly denoted L2. That is,

L2 := { all random variables x on (Ω, F ,P) with E [x2] < ∞}

Here’s a list of some of the ways that L2 inner product is similar to the Euclidean
inner product on RN.

Fact 5.2.1. For any α, β ∈ R and any x, y, z ∈ L2, the following statements are true:

(i) 〈x, y〉 = 〈y, x〉
(ii) 〈αx, βy〉 = αβ 〈x, y〉

(iii) 〈x, αy + βz〉 = α 〈x, y〉+ β 〈x, z〉

If you compare fact 5.2.1 with fact 2.1.1 on page 10 you’ll see that the correspondence
is essentially one-to-one. The properties in fact 5.2.1 follow from the definition of the
inner product and linearity of E (see fact 4.1.5 on page 93).

Analogous to the Euclidean vector norm, we define the L2 norm by

‖x‖ :=
√
〈x, x〉 :=

√
E [x2] (x ∈ L2) (5.30)

From this norm we get a notion of distance ‖x− y‖ between random variables that
agrees with the notion of root MSE in (5.28). As with inner product, the properties
of the L2 norm and vector norm are largely identical. (Compare the following with
fact 2.1.2 on page 12.)
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Fact 5.2.2. For any α ∈ R and any x, y ∈ L2, the following statements are true:

(i) ‖x‖ > 0 and ‖x‖ = 0 if and only if x = 0

(ii) ‖αx‖ = |α|‖x‖
(iii) ‖x + y‖ 6 ‖x‖+ ‖y‖
(iv) | 〈x, y〉 | 6 ‖x‖‖y‖

Point (i) requires a clarification, which is given below. Property (ii) is immediate
from (5.30) and the linearity of E . Property (iii) is called the triangle inequality,
as in the vector case. Property (iv) is just the Cauchy–Schwarz inequality from
page 95, restated in new notation. As in the vector case, the triangle inequality can
be proved from the Cauchy–Schwarz inequality (cf. page 12). For a proof of the
latter see exercise 5.4.15.

Returning to (i), it isn’t true that ‖x‖ = 0 implies x(ω) = 0 for all ω ∈ Ω. What
we can say is that if ‖x‖ = 0 then P{x = 0} = 1 (see, e.g., Williams (1991), §5.2).
If we agree not to distinguish between random variables that only differ with zero
probability, then (i) is valid. This is the standard convention when dealing with L2.

5.2.2.1 Linear Subspaces in L2

From (ii) and (iii) of fact 5.2.2, we see that if α, β ∈ R and x, y ∈ L2, then αx + βy also
has finite norm, and is therefore in L2. More generally, any linear combination

α1x1 + · · · αKxK, αk ∈ R, xk ∈ L2

is again in L2. As in the vector case (see §2.1.2), when X is a subset of L2, the set of
finite linear combinations that can be formed from elements of X is called the span
of X, and denoted by span X.

Example 5.2.1. If x ∈ L2 and 1 := 1Ω is the constant random variable always equal
to 1, then span{1, x} is the set of random variables

α + βx := α1+ βx for scalars α, β (5.31)

This is the set L introduced on page 97 when we discussed best linear predictors.

A subset S of L2 is called a linear subspace of L2 if it is closed under addition and
scalar multiplication. That is, for each x, y ∈ S and α, β ∈ R, we have αx + βy ∈ S.

Example 5.2.2. The span of any set of elements of L2 is a linear subspace in L2.
(Compare with example 2.1.9 on page 19.)
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Example 5.2.3. The set Z := {x ∈ L2 : Ex = 0} is a linear subspace of L2 because

x, y ∈ Z and α, β ∈ R =⇒ E [αx + βy] = αE [x] + βE [y] = 0

As inRN, an orthonormal basis of a linear subspace S of L2 is a set {u1, . . . , uK} ⊂ S
with the property that〈

uj, uk
〉
= 1{j = k} and span{u1, . . . , uK} = S

Example 5.2.4. Let x ∈ L2 so that S := span{1, x} is as in (5.31). If we define

u1 := 1 and u2 :=
x− µ

σx

Then

〈u1, u2〉 = E [u1u2] = E

[
x− µ

σx

]
= 0

Clearly ‖u1‖ = ‖u2‖ = 1, so this pair is orthonormal. It’s also straightforward to
show that span{u1, u2} = span{1, x}, so {u1, u2} is an orthonormal basis for S.

5.2.3 Projections in L2

Given that inner products and norms in L2 share so many properties with their
Euclidean cousins, it’s not surprising that many results about RN carry over to L2.
Often we can just lift the proofs across with barely a change to notation. We know
a great deal about vectors and Euclidean space, so this process yields many insights
about random variables. Let’s illustrate this in the context of orthogonal projection.

As in the Euclidean case, if 〈x, y〉 = 0, then we say that x and y are orthogonal, and
write x ⊥ y. This terminology is used frequently in econometrics. Its importance
stems partly from the next fact, the proof of which is a short exercise.

Fact 5.2.3. If x, y ∈ L2 and Ex = 0 or Ey = 0 then x ⊥ y ⇐⇒ cov[x, y] = 0.

Now consider the following problem. Given y ∈ L2 and linear subspace S ⊂ L2,
we seek the closest element ŷ of S to y. Closeness is in terms of L2 norm, so ŷ is the
minimizer of ‖y− z‖ over all z ∈ S. That is, we seek

ŷ = argmin
z∈S

‖y− z‖ = argmin
z∈S

√
E [(y− z)2] (5.32)

The next theorem mimics theorem 2.2.1 on page 28. A nice treatment that covers the
current setting can be found in chapter 2 of Cheney (2001).
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Theorem 5.2.1 (Orthogonal Projection Theorem IV). Let y ∈ L2 and let S be any
nonempty closed linear subspace of L2. The following statements are true:

(i) The optimization problem (5.32) has exactly one solution.

(ii) ŷ ∈ L2 is the unique solution3 to (5.32) if and only if ŷ ∈ S and y− ŷ ⊥ S.

The statement that S is closed means that {xn} ⊂ S and x ∈ L2 with ‖xn − x‖ → 0
implies x ∈ S. This condition is true for all the linear subspaces we want to work
with.

Analogous with the case of RN, the random variable ŷ in theorem 5.2.1 is called the
orthogonal projection of y onto S. Holding S fixed, we can think of the operation

y 7→ the orthogonal projection of y onto S

as a function from L2 to L2. The function will be denoted by P, so that, for each
y ∈ L2, the symbol Py represents the image of y under P, which is the orthogonal
projection ŷ. As before, P is called the orthogonal projection onto S, and we write
P = proj S. Since Py solves (5.32), we can and do interpret Py as the best predictor of
y from within the collection of random variables contained in S.

Fact 5.2.4. Let S be any linear subspace of L2, and let P = proj S. The following
statements are true:

(i) P is a linear function.

Moreover, for any y ∈ L2, we have

(ii) Py ∈ S.

(iii) y− Py ⊥ S.

(iv) ‖y‖2 = ‖Py‖2 + ‖y− Py‖2.

(v) ‖Py‖ 6 ‖y‖.
(vi) Py = y if and only if y ∈ S.

Compare with theorem 2.2.2 on page 30. In (i), the statement that P is linear means
that P(αx + βy) = αPx + βPy for all x, y ∈ L2 and α, β ∈ R.

The next two results are L2 versions of fact 2.2.7 on page 31 and fact 2.2.6 on page 30
respective. The proofs are essentially the same.

3. Uniqueness is a probability one statement: Any two solutions ŷ1 and ŷ2 satisfyP{ŷ1 = ŷ2} = 1.
We’ve already agreed not to distinguish between such elements. See the discussion after fact 5.2.2.
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Fact 5.2.5. Let Si be a linear subspace of L2 for i = 1, 2 and let Pi = proj Si. If S1 ⊂ S2,
then P1P2y = P1y for all y ∈ L2.

Fact 5.2.6. If {u1, . . . , uK} is an orthonormal basis of S, then, for all y ∈ L2,

Py =
K

∑
k=1
〈y, uk〉 uk (5.33)

Example 5.2.5. The mean of a random variable x can be thought of as the “best
predictor of x within the set of constants.” To see this from a new perspective let
S := span{1}, where 1 := 1Ω and let P := proj S. The object Px is precisely the
best predictor of x within the class of constant random variables. Not surprisingly,
Px = µ1 where µ := Ex. The easiest way to check this is to observe that {1} is an
orthonormal set spanning S, and hence, by (5.33),

Px = 〈x,1〉 1 = E [x1]1 = E [x]1 = µ 1

You can also check the claim that µ1 is the projection of x onto S by verifying the
conditions in (ii) of theorem 5.2.1.

Example 5.2.6. Let’s revisit the problem of best linear predictors from §4.1.5, estab-
lishing the same result in a different way. Fix x, y ∈ L2 and consider projecting y
onto S := span{1, x}. The set S is as given in (5.31). The problem of projecting y
onto S is equivalent to the best linear prediction problem in (4.21) on page 97. To
implement the projection recall from example 5.2.4 that

u1 := 1 and u2 :=
x− µ

σx

form an orthonormal basis for S. Hence, letting P = proj S and applying (5.33),

Py = 〈y, u1〉u1 + 〈y, u2〉u2 = E [y] +
cov[x, y]

var[x]
(x−E [x])

Alternatively, we can write

Py = α∗ + β∗x where β∗ :=
cov[x, y]

var[x]
and α∗ := E [y]− β∗E [x]

These are the same solutions we obtained using calculus in §4.1.5.

5.2.3.1 Population regression

Let’s consider an extension of the best linear prediction problem of example 5.2.6 to
a more general setting, where the information for predicting y is a random vector
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x in RK. As before, prediction will be linear, with the aim of minimizing squared
error. Hence the object we seek is the L2 orthogonal projection of y onto the linear
subspace

span{x} := all random variables of the form xᵀb for some b ∈ RK

To make sure that span{x} ⊂ L2, we will assume that E [xᵀx] < ∞.

Fact 5.2.7. If E [xxᵀ] is positive definite, then the projection Py of any y ∈ L2 onto
span{x} is given by

ŷ = xᵀb∗ where b∗ := E [xxᵀ]−1E [xy] (5.34)

Exercise 5.4.16 asks you to prove this. Positive definiteness of E [xxᵀ] ensures in-
vertibility, without which the vector b∗ is not uniquely defined (see ex. 3.5.34). Note
that, by the definition of orthogonal projections, b∗ necessarily satisfies

b∗ = argmin
a∈RK

E [(y− xᵀa)2]

The linear prediction problem considered here is also called population linear re-
gression. The “population” qualifier is because we are using the true joint distribu-
tion of (x, y) when we compute expectations. Population regression has a sample
counterpart called multivariate linear regression, based on observations of (x, y).
We will discuss it at length in chapter 11.

5.2.4 Measurability

While the use of projections to obtain best linear predictors in example 5.2.6 and
fact 5.2.7 is elegant and useful, we don’t always want to constrain ourselves to linear
predictions. To drop the linearity requirement, we change the linear subspaces used
for projection from the set of linear functions of x to the set of arbitrary functions
of x. As we now show, the best predictor that results is exactly the conditional
expectation with respect to x.

The key to this process is defining the subspace to project onto. In the language
of probability, the subspace of arbitrary real-valued functions of x is called the x-
measurable functions. Let’s take these ideas one step at a time, starting with the
notion of measurability with respect to information sets.

Let G := {x1, . . . , xD} be any set of random variables, and let z be any other random
variable. The variable z is said to be G-measurable if there exists a B-measurable
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function g : RD → R such that

z = g(x1, . . . , xD) (5.35)

As usual, this equality between random variables should be interpreted pointwise,
so the more explicit version is

z(ω) = g(x1(ω), . . . , xD(ω)) for all ω ∈ Ω (5.36)

In this context, G is sometimes referred to as the information set. When convenient
we’ll also write x = (x1, . . . , xD) and say that z is x-measurable. Similar terminology
will be used for scalars and matrices. For example, if X is a random matrix, then X-
measurability means G-measurability when G lists all elements of X.

The intuitive meaning of G-measurability of z is that z is completely determined
by the elements in G. Imagine it like this: When uncertainty is realized, some ω is
selected from Ω. We don’t get to view ω itself, but we do get to observe the realized
values x1(ω), . . . , xD(ω) on the right hand side of (5.36). If z is G-measurable, we
can now calculate the realized value z(ω) of z, even without knowing ω.

Example 5.2.7. Let x, y and z be random variables and let α and β be scalars. If
z = αx + βy, then z is {x, y}-measurable (take g(s, t) := αs + βt).

Example 5.2.8. If x1, . . . , xN are random variables and G := {x1, . . . , xN}, then the
sample mean x̄N := 1

N ∑N
n=1 xn is G-measurable.

Example 5.2.9. Let x and y be independent and non-degenerate. Then y is not x-
measurable, for if it were, then we would have y = g(x) for some function g, con-
tradicting independence of x and y.4

Example 5.2.10. Let y be a noisy signal of x, in the sense that y = x + u where x and
u are independent and u is non-degenerate. Then y is not x-measurable. Intuitively,
even if we know the value of x, the realization of y cannot be computed until we
know the value of the disturbance term u. More formally, if y is x-measurable, then
y = g(x) for some g, in which case u = g(x) − x. But then u is x-measurable,
contradicting independence.

Example 5.2.11. Let y = α, where α is a constant. This degenerate random variable
is G-measurable for any information set G, because y is already deterministic. For
example, if G = {x1, . . . , xp}, then we can take y = g(x1, . . . , xp) = α + ∑

p
i=1 0xi.

If x and y are known given the information in G, then a third random variable that
depends only on x and y is likewise known given G. Hence G-measurability is
preserved under the taking of sums, products, etc. In particular,

4. A tighter proof can be given using the language of σ-algebras, although the intuition is less
immediate.
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Fact 5.2.8. Let α, β be any scalars, and let x and y be random variables. If x and y are
both G-measurable, then u := xy and v := αx + βy are also G-measurable.

Suppose now that G ⊂ L2, which just means that all the random variables in G have
finite second moment. Consider the set

L2(G) := {the set of all G-measurable random variables in L2}

In view of fact 5.2.8, we have the following result:

Fact 5.2.9. For any G ⊂ L2, the set L2(G) is a linear subspace of L2.

This furnishes us with a subspace to project onto, allowing us to define conditional
expectations. But before we do so let’s cover ordering of information sets by set
inclusion.

Fact 5.2.10. If G ⊂ H and z is G-measurable, then z isH-measurable.

This is intuitive: If z is known once the variables in G are known, then it is certainly
known when the extra information provided byH is available.

Example 5.2.12. Let x1, x2 and y be random variables, and let

G := {x1} ⊂ {x1, x2} =: H

If y is G-measurable, then y = g(x1) for some B-measurable g. But then y will
also be H-measurable. For example, we can write y = h(x1, x2) where h(x1, x2) =
g(x1) + 0x2.

The next result is immediate from fact 5.2.10.

Fact 5.2.11. If G ⊂ H, then L2(G) ⊂ L2(H).

Incidentally, most advanced probability texts give a definition of G-measurability
framed in terms of σ-algebras. This is necessary if you wish to work through all
related proofs. But the definition given here is equivalent and intuitive. See theo-
rem 4.4 of Çinlar (2011) if you wish to learn more.

5.2.5 Conditional Expectation

Now it is time to define conditional expectations. Let G ⊂ L2 and y be some random
variable in L2. The conditional expectation of y given G is written as E [y | G] or
EG [y], and defined as the closest G-measurable random variable to y. More formally,

E [y | G] := argmin
z∈L2(G)

‖y− z‖ (5.37)
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This definition makes a lot of sense. Our understanding of the conditional expec-
tation E [y | G] is that it is the best predictor of y given the information contained in
G. The definition in (5.37) says the same thing. It simultaneously restricts E [y | G] to
be G-measurable, so we can actually compute it once the variables in G are realized,
and selects E [y | G] as the closest such variable to y in terms of RMSE.

But does the minimizer generally exist? And is it unique? The answer to both
questions is yes. Comparing (5.37) and (5.32), we see that

E [y | G] = Py when P := proj L2(G)

By theorem 5.2.1, the projection exists and is unique. Theorem 5.2.1 also character-
izes E [y | G] as the unique point in L2 such that

E [y | G] ∈ L2(G) and y−E [y | G] ⊥ z for all z ∈ L2(G)

Rewriting these conditions in a slightly different way, we can give an alternative
(and equivalent) definition of conditional expectation: E [y | G] ∈ L2 is the condi-
tional expectation of y given G if

(i) E [y | G] is G-measurable, and

(ii) E [E [y | G] z] = E [yz] for all G-measurable z ∈ L2.

When convenient we’ll also use symbols like E [y | x1, . . . , xD] or E [y | x]. These are
the same as E [y | G] when G is defined as the information set containing the vari-
ables we condition on.

Example 5.2.13. If x and u are independent, Eu = 0 and y = x + u, then E [y | x] =
x. To prove this we need to show that x satisfies (i)–(ii) above. Clearly x is x-
measurable. For (ii) we need to show that E [x z] = E [y z] for all x-measurable z.
This translates to the claim that

E [xg(x)] = E [(x + u)g(x)]

for any B-measurable g, which is true from independence and Eu = 0.

Fact 5.2.12. Given x ∈ RD and y in L2, there exists a B-measurable function f ∗ : RD →
R such that E [y | x] = f ∗(x).

This is obvious because E [y | x] is by definition x-measurable. A prediction of y
given x has to be a deterministic function of x. The particular function f ∗ satisfying
f ∗(x) = E [y | x] is called the regression function of y given x. It is, by construction,
the best predictor of y given x in terms of mean squared error.
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The next example shows that when x and y are linked by a conditional density,
then our definition of conditional expectation reduces to the one seen in elementary
probability texts. The proof of the claim in the example is the topic of exercise 5.4.23.

Example 5.2.14. If x and y are random variables and p(y | x) is the conditional den-
sity of y given x, then

E [y | x] =
∫

tp(t | x)dt

Here are some goodies we can harvest using the fact that E [· | G] = proj L2(G).

Fact 5.2.13. Let x and y be random variables in L2, let α and β be scalars, and let G
andH be subsets of L2. The following properties hold.

(i) Linearity: E [αx + βy | G] = αE [x | G] + βE [y | G].
(ii) If G ⊂ H, then E [E [y | H] | G] = E [y | G] and E [E [y | G]] = E [y].

(iii) If y is independent of the variables in G, then E [y | G] = E [y].

(iv) If y is G-measurable, then E [y | G] = y.

(v) If x is G-measurable, then E [xy | G] = xE [y | G].

These results follow fairly directly from the definition and from the properties of
projections. For example, in (iv) we are saying that if y ∈ L2(G), then y is projected
into itself. This is immediate from (vi) in fact 5.2.4. Other parts of fact 5.2.13 are
covered as solved exercises.

Part (ii) is called the the law of iterated expectations. The law follows from the
property of orthogonal projections given in fact 2.2.7 on page 31: Projecting onto the
bigger subspace L2(H) and from there onto L2(G) is the same as projecting directly
onto the smaller subspace L2(G).
Part (v) is called conditional determinism. It says that if x is known given G then
we can treat it as a constant in the conditional expectation.

5.2.5.1 Conditional Expectations and Prediction

To recap, given y ∈ L2 and random vector x in RD, the conditional expectation
E [y | x] is a function f ∗ of x such that f ∗(x) is the best predictor of y in terms of
MSE. In other words,

f ∗ = argmin
g∈G

E [(y− g(x))2] (5.38)
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where G is the functions from RD to R with g(x) ∈ L2. In fact a more explicit result
can be obtained: For any g ∈ G, we have

E [(y− g(x))2] = E [( f ∗(x)− g(x))2] +E [(y− f ∗(x))2] (5.39)

This implies (5.38) because ( f ∗(x)− g(x))2 > 0.

To prove (5.39), let f ∗ be the regression function, pick any g ∈ G and observe that

(y− g(x))2 = (y− f ∗(x) + f ∗(x)− g(x))2

= (y− f ∗(x))2 + 2(y− f ∗(x))( f ∗(x)− g(x)) + ( f ∗(x)− g(x))2

Consider the expectation of the cross-product term. From the law of iterated expec-
tations,

E{(y− f ∗(x))( f ∗(x)− g(x))} = E{E [(y− f ∗(x))( f ∗(x)− g(x)) | x] } (5.40)

Using conditional determinism we can re-write the term inside the curly brackets
on the right hand side of (5.40) as ( f ∗(x)− g(x))E [(y− f ∗(x)) | x]. For the second
term in this product we have

E [y− f ∗(x) | x] = E [y | x]−E [ f ∗(x) | x] = E [y | x]− f ∗(x) = 0

Hence the expectation in (5.40) is zero. Equation (5.39) now follows.

5.2.6 The Vector Case

Conditional expectations of random matrices are defined using the notion of condi-
tional expectations for scalar random variables. For example, given random matri-
ces X and Y, we set

E [Y |X] :=

 E [y11 |X] · · · E [y1K |X]
...

...
E [yN1 |X] · · · E [yNK |X]


We also define

(i) cov[x, y |Z] := E [xyᵀ |Z]−E [x |Z]E [y |Z]ᵀ

(ii) var[x |Z] := E [xxᵀ |Z]−E [x |Z]E [x |Z]ᵀ

Using the definitions, one can show that the properties of scalar conditional expec-
tations in fact 5.2.13 carry over to the matrix setting. Here’s a partial list:
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Fact 5.2.14. If X, Y and Z are random matrices and A and B are constant and con-
formable, then

(i) E [Y |Z]ᵀ = E [Yᵀ |Z].
(ii) E [AX + BY |Z] = AE [X |Z] + BE [Y |Z].

(iii) E [E [Y |X]] = E [Y] and E [E [Y |X, Z] |X] = E [Y |X].
(iv) If X and Y are independent, then E [Y |X] = E [Y].

(v) If g(X) is a matrix depending only on X, then

(a) E [g(X) |X] = g(X)

(b) E [g(X)Y |X] = g(X)E [Y |X] and E [Y g(X) |X] = E [Y |X] g(X)

Part (v) shows examples of conditional determinism in the matrix case.

5.3 Further Reading

Comprehensive treatments of multivariate distributions can be found in monographs
such as Izenman (2008) and Joe (1997). Beautiful treatments of conditional expecta-
tion via orthogonal projection in L2 can be found in Williams (1991), Taylor (1997),
Schilling (2005) and Çinlar (2011).

5.4 Exercises

Ex. 5.4.1. Confirm the expression for the density q of y = ψ(x) in (4.32) in the case
where ψ is strictly increasing.5

Ex. 5.4.2. Let x1 and x2 be random variables with joint density p and marginals p1
and p2. Show that x1 and x2 are independent in the sense that (5.19) holds whenever
p(s1, s2) = p1(s1)p2(s2) for every (s1, s2) ∈ R2.6

Ex. 5.4.3. Let p : R2 → R be defined by

p(s1, s2) =

{
exp(s1 + s2) if s1 6 0 and s2 6 0
0 otherwise

Let x1, x2 have joint density p. Show that x1 and x2 are independent.

5. Hint: Use fact 4.2.6 on page 109.
6. Hint: Apply (5.9) on page 130.
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Ex. 5.4.4. Show that if L(x) = N(0, 1), then L(x2) = χ2(1).7

Ex. 5.4.5. Confirm fact 5.1.11: If x and y are independent, then cov[x, y] = 0.

Ex. 5.4.6. Let x and y be independent uniform random variables on [0, 1]. Let z :=
max{x, y}. Compute the CDF, density and mean of z.8 In addition, compute the CDF

of w := min{x, y}.

Ex. 5.4.7. Confirm fact 5.1.3 on page 125.

Ex. 5.4.8. Let x be a random vector. Confirm the claim in fact 5.1.2 that var[x] is
nonnegative definite.

Ex. 5.4.9. Let L(x) = L(x1, . . . , xN) = N(0, I).

(i) What is the distribution of x2
1/x2

2?

(ii) What is the distribution of x1[2/(x2
2 + x2

3)]
1/2?

(iii) What is the distribution of ‖x‖2?

(iv) If a is an N × 1 constant vector, what is the distribution of aᵀx?

Ex. 5.4.10. Let x and y be independent random variables taking values in {0} ∪N
with PMFs p = {p(j)} and q = {q(j)} respectively. (I’m using function rather than
subscript style notation for this exercise to make the arguments a bit easier to follow.)
The convolution of p and q is the PMF p ? q defined by

(p ? q)(j) = ∑
k>0

p(j− k)q(k) (5.41)

Show that p ? q is the PMF of z := x+ y when x and y are independent with L(x) = p
and L(y) = q.

Ex. 5.4.11. Prove fact 5.1.13 on page 136.

Ex. 5.4.12. Fix z ∈ L2 with Ez = 0 and let S := {x ∈ L2 : cov[x, z] = 0}. Show that
S is a linear subspace of L2.

Ex. 5.4.13. Let x ∈ L2 with Ex = µ and var[x] = σ2. Let S := span{1}, as in
example 5.2.5 on page 145. Let P := proj S and let M be the residual projection (cf.
page 31) defined by Mx = x− Px. Show that ‖Mx‖ = σ.

7. Hints: You need to match the density in example 4.2.12 when k = 1. Use the fact that Γ(1/2) =√
π. Try to find the CDF of z2 and differentiate it. In finding the CDF, the solution to exercise 4.4.18

on page 116 might be helpful.
8. Hint: Fix s ∈ R and compare the sets {z 6 s} and {x 6 s} ∩ {y 6 s}. What is the relationship

between these two sets?
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Ex. 5.4.14. Let x, y ∈ L2, let S := span{x} and let P := proj S. Show that

Py = E [x2]−1E [xy] x (5.42)

Ex. 5.4.15. Prove the Cauchy–Schwarz inequality for random variables, which was
first stated as fact 4.1.8 on page 95 as |E [xy]| 6 (E [x2]E [y2])1/2 and repeated as part
(iv) of fact 5.2.2. Use the results on orthogonal projections in L2 as found in §5.2.3.9

Ex. 5.4.16. Prove that ŷ in (5.34) is the orthogonal projection of y onto span{x} under
the conditions stated in fact 5.2.7.

Ex. 5.4.17. Let x ∈ RK be a random vector and let ‖ · ‖ be the ordinary vector norm.
Show that if ‖x‖ is in L2, then the random variable z = `(x) is in L2 whenever
` : RK → R is linear.

Ex. 5.4.18. Consider the setting of the population regression discussion in §5.2.3.1.
In particular, let y be an element of L2, let b∗ be the coefficients of the best linear
predictor, as defined in (5.34), let S = span{x} and let f ∗(x) = E [y | x]. Show that
`∗(x) := xᵀb∗ is the orthogonal projection of f ∗(x) onto S.

Ex. 5.4.19. Prove part (iii) of fact 5.2.13 when G = {x}.
Ex. 5.4.20. Prove part (v) of fact 5.2.13.

Ex. 5.4.21. Let var[y | x] := E [y2 | x]− (E [y | x])2. Show that

var y = E [var[y | x]] + var[E [y | x]]

Ex. 5.4.22. Show that the conditional expectation of a constant α is α. In particular,
using the results in fact 5.2.13 (page 150) as appropriate, show that if α is a constant
and G is any information set, then E [α | G] = α.

Ex. 5.4.23. Prove the claim in example 5.2.14.

5.4.1 Solutions to Selected Exercises

Solution to Ex. 5.4.1. Let x, p and y = ψ(x) be as stated in fact 4.2.7 on page 110.
Assume in addition that ψ is strictly increasing. Let F be the CDF of x and let G be
the CDF of y. By fact 4.2.6 on page 109 we have G(s) = F(ψ−1(s)). Differentiating
gives

q(s) = G′(s) = p(ψ−1(s))
dψ−1(s)

ds
Since ψ−1 is increasing, this agrees with (4.32).

9. Hint: Use (5.42) and review the solution to exercise 3.5.33.
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Solution to Ex. 5.4.3. Let p1 be the marginal density of x1 and p2 be the marginal
density of x2. It suffices to show that

p(s1, s2) = p1(s1)p2(s2) for all (s1, s2) ∈ R2 (5.43)

To see that this is the case, first we obtain the marginal distributions by integrating
out the other variable. To start, let s1 6 0 and observe that

p1(s1) =
∫ 0

−∞
p(s1, s2)ds2 =

∫ 0

−∞
es1es2 ds2 = es1

∫ 0

−∞
es2 ds2 = es1

On the other hand, if s1 > 0, then p(s1, s2) = 0 for any s2, and hence

p1(s1) =
∫ 0

−∞
p(s1, s2)ds2 = 0

From this and a symmetric argument in the case of p2 we get

p1(s1) =

{
es1 if s1 6 0
0 otherwise

and p2(s2) =

{
es2 if s2 6 0
0 otherwise

It follows that (5.43) is valid.

Solution to Ex. 5.4.4. Let F(s) be the CDF of x2 and let f be the density. Let Φ and
φ be the N(0, 1) cdf and density respectively. Following arguments similar to the
solution to exercise 4.4.18 we have

F(s) = P{x2 6 s} = P{−
√

s 6 x 6
√

s} = 2Φ(
√

s)− 1

Differentiating with respect to s gives f (s) = φ(
√

s)s−1/2. Plugging in the definition
of the N(0, 1) density and using Γ(1/2) =

√
π gives the density in example 4.2.12

when k = 1.

Solution to Ex. 5.4.6. As in the statement of the exercise, x and y are independent
uniform random variables on [0, 1], z := max{x, y} and w := min{x, y}. As a first
step to the proofs, note that if a, b and c are three numbers, then

• max{a, b} 6 c if and only if a 6 c and b 6 c.

• min{a, b} 6 c if and only if a 6 c or b 6 c.

From these facts we can see that, for any s ∈ R,

{z 6 s} = {x 6 s} ∩ {y 6 s} and {w 6 s} = {x 6 s} ∪ {y 6 s}
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Now, for s ∈ [0, 1], we have

P{z 6 s} = P[{x 6 s} ∩ {y 6 s}] = P{x 6 s}P{y 6 s} = s2

By differentiating we get the density p(s) = 2s, and by integrating
∫ 1

0 sp(s)ds we
get E [z] = 2/3. Finally, regarding the CDF of w, for s ∈ [0, 1] we have

P{w 6 s} = P[{x 6 s} ∪ {y 6 s}]
= P{x 6 s}+P{y 6 s} −P[{x 6 s} ∩ {y 6 s}]

Hence P{w 6 s} = 2s− s2.

Solution to Ex. 5.4.7. Since zᵀAz has the form ∑N
i=1 ∑N

j=1 aijzizj, under the stated as-
sumptions we have

E [zᵀAz] =
N

∑
i=1

N

∑
j=1

aijE [zizj] = trace A

Solution to Ex. 5.4.9. The respective solutions are as follows:

(i) L(x2
1/x2

2) = F(1, 1) by fact 5.1.17.

(ii) L[x1[2/(x2
2 + x2

3)]
1/2] = t(2) by fact 5.1.16.

(iii) L(‖x‖2) = χ2(N) by fact 5.1.18.

(iv) L(aᵀx) = N(0, ‖a‖2) by fact 5.1.5.

Solution to Ex. 5.4.10. Let p ? q be as defined in (5.41), let z := x + y where x and
y are independent and let L(x) = p and L(y) = q. The claim is that (p ? q)(j) =
P{z = j} for any j > 0. To see this, fix any such j and apply the law of total
probability (page 85) to get

P{z = j} = ∑
k>0

P{z = j | y = k}P{y = k} = ∑
k>0

P{x + k = j}q(k)

Using P{x + k = j} = P{x = j− k} = p(j− k) completes the proof.

Solution to Ex. 5.4.11. Let S, P, M and z be as in the statement of the question. In
view of fact 5.1.12, to prove independence of Pz and Mz it suffices to show that
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cov[Pz, Mz] = 0. Since these vectors are zero mean and M is symmetric (see
page 59), the covariance is equal to

E [(Pz)(Mz)ᵀ] = E [PzzᵀM] = PE [zzᵀ]M = σ2PM = 0

The final equality follows from fact 2.2.8 on page 31.

Solution to Ex. 5.4.12. Let z and S be as described in the question. S is a linear
subspace of L2 because if x, y ∈ S and α, β ∈ R, then

cov[αx + βy, z] = αE [xz] + βE [yz] = α cov[x, z] + β cov[y, z] = 0

Solution to Ex. 5.4.13. We saw in example 5.2.5 that Px = µ1, so Mx = x− µ1, or,
written more conventionally, Mx = x−µ. The norm of Mx is ‖Mx‖ =

√
E [(x− µ)2] =

σ, as was to be shown.

Solution to Ex. 5.4.14. Let x, y, S and P be as in the statement of the exercise, and let
Py be as defined in (5.42). As a scalar multiple of x it’s clear that Py ∈ S, so we need
only show that y− Py ⊥ x, or, equivalently, E [xy− xPy] = 0. Substituting in the
expression for Py in (5.42) and using linearity of E confirms this equality.

Solution to Ex. 5.4.16. Assume the conditions of fact 5.2.7 and adopt the notation
stated there. Let y be any element of L2. In view of theorem 5.2.1, to show that
ŷ = Py, we need to show that ŷ ∈ S := span{x} and that y− ŷ ⊥ S. The first part
is trivial, since ŷ = xᵀb∗ where b∗ is the vector E [xxᵀ]−1E [xy]. To prove the second
part it suffices to show that

E [aᵀxy] = E [aᵀxxᵀb∗]

Substituting in the definition of b∗ and some easy manipulations confirm that this
equality holds.

Solution to Ex. 5.4.17. Let z = `(x) where ` is a linear function. The claim is that
z is square integrable. By theorem 3.1.1 on page 46, we can write z as z = xᵀa
for some a ∈ RK. Applying the Cauchy–Schwarz inequality for vectors, we have
z2 6 ‖x‖2 ‖a‖2. Since ‖x‖ is in L2, it follows that E [z2] < ∞.

Solution to Ex. 5.4.18. Adopt the setting and notation of exercise 5.4.18. Let G be the
set of all x-measurable functions in L2. Let S = span{x} = the linear x-measurable
functions in L2. (As in §5.2.3.1, we are assuming that ‖x‖ is in L2, which assures us
that elements of S are in fact in L2. See ex. 5.4.17.) Clearly S ⊂ G. The result now
follows from fact 5.2.5 on page 145.
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Solution to Ex. 5.4.19. Let y be independent of x. From the definition of conditional
expectation, to show that E [y | x] = E [y] we need to show that

(i) E [y] is G-measurable, and

(ii) E [E [y]g(x)] = E [yg(x)] for any B-measurable g.

Part (i) is trivial because E [y] is constant (see example 5.2.11 on page 147). Regard-
ing (ii), if g is any such function, then by facts 5.1.9 and 5.1.10 (see page 135) we have
E [yg(x)] = E [y]E [g(x)]. The result follows.

Solution to Ex. 5.4.20. We need to show that if x is G-measurable, then E [xy | G] =
xE [y | G]. To confirm this, we must show that

(i) xE [y | G] is G-measurable, and

(ii) E [xE [y | G]z] = E [xyz] for any z ∈ L2(G).

Regarding (i), E [y | G] is G-measurable by definition, and x is G-measurable by as-
sumption, so xE [y | G] is G-measurable by fact 5.2.8 on page 148. Regarding (ii), fix
z ∈ L2(G), and let u := xz. Since x ∈ L2(G), we have u ∈ L2(G). We need to show
that

E [E [y | G]u] = E [yu]

Since u ∈ L2(G), this is immediate from the definition of E [y | G].

Solution to Ex. 5.4.22. By fact 5.2.13 (page 150), we know that if α is G-measurable,
thenE [α | G] = α. Example 5.2.11 on page 147 tells us that α is indeed G-measurable.

Solution to Ex. 5.4.23. As in example 5.2.14, let x and y be random variables where
p(y | x) is the conditional density of y given x. Let g(x) :=

∫
tp(t | x)dt. The claim is

that E [y | x] = g(x). To prove this, we need to show that g(x) is x-measurable, and
that

E [g(x)h(x)] = E [yh(x)] for any B-measurable h (5.44)

The first claim is obvious. Regarding (5.44), let h be any such function. Using the
notation in (5.26) on page 140, we can write

E [g(x)h(x)] = E

[∫
tp(t | x)dt h(x)

]
=
∫ ∫

tp(t | s)dt h(s)p(s)ds

=
∫ ∫

t
p(s, t)
p(s)

dt h(s)p(s)ds =
∫ ∫

t h(s)p(s, t)dt ds
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This is equal to the right hand side of (5.44), and the proof is done.
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Chapter 6

Asymptotics

In this chapter we cover some fundamental, elegant and powerful results from prob-
ability theory concerning asymptotics of random sequences.

6.1 LLN and CLT

The law of large numbers and central limit theorem are two of the pillars of econo-
metrics and statistics. Below we review both theorems, starting with the necessary
concepts of convergence in probability and distribution.

6.1.1 Convergence of Random Vectors

A sequence of random vectors {xn}∞
n=1 is said to converge in probability to a ran-

dom vector x if,

for all δ > 0, P{‖xn − x‖ > δ} → 0 as n→ ∞ (6.1)

In symbols, we write xn
p→ x. In the scalar case ‖xn − x‖ reduces to |xn − x|.

Example 6.1.1. If L(xn) = N(0, σnI) and σn → 0, then xn
p→ 0 as n → ∞. Figure 6.1

illustrates this visually for the scalar case. The variance is σn = 1/n. With fixed δ >
0, the probability P{|xn| > δ} is shown for different values of n. This probability
collapses to zero as n → ∞. If we now fix δ at a smaller positive value, P{|xn| > δ}
can again be made arbitrarily small by increasing n. In other words, (6.1) holds.

Fact 6.1.1. The following statements are true:
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Figure 6.1: P{|xn| > δ} → 0 when L(xn) = N(0, 1/n)

(i) xn
p→ x ⇐⇒ ‖xn − x‖ p→ 0.

(ii) xn
p→ x =⇒ g(xn)

p→ g(x) whenever g is continuous at x.

(iii) xn
p→ x and yn

p→ y =⇒ xn + yn
p→ x + y and xᵀnyn

p→ xᵀy.

(iv) xn
p→ x and an → a =⇒ xn + an

p→ x + a and xᵀnan
p→ xᵀa.

(v) xn
p→ x ⇐⇒ aᵀxn

p→ aᵀx for any a ∈ RK.

Part (i) is an immediate consequence of the definition. Other proofs are touched on
in the exercises. For more details, see, for example, Çinlar (2011).

The scalar sequence {xn} is said to converge to x in mean square if

E(xn − x)2 → 0 as n→ ∞ (6.2)

and we write xn
ms→ x. Unlike convergence in probability, for convergence in mean

square to be defined we require that our variables have finite second moments.

Fact 6.1.2. Let {xn} and x have finite second moments and let α be any constant.
The following statements are true:

(i) xn
ms→ x =⇒ xn

p→ x.

(ii) xn
ms→ α ⇐⇒ Exn → α and var[xn]→ 0.
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Part (i) follows from Chebyshev’s inequality (page 95). In particular, from mono-
tonicity of P and (4.19) we get

P{|xn − x| > δ} 6 P{|xn − x| > δ} 6 E(xn − x)2

δ2

Part (ii) is implied by the next fact.

Fact 6.1.3. For any x ∈ L2 and any constant α we have

E [(x− α)2] = var[x] + (E [x]− α)2 (6.3)

As we’ll see later, (6.3) plays an important role in statistics. Its verification is an
exercise. (The proof is straightforward. If you want more of a challenge, try to
obtain it as a consequence of (iv) of fact 5.2.4 on page 144.)

Example 6.1.2. In figure 6.1 we showed visually how L(xn) = N(0, 1/n) implies
xn

p→ 0. This also follows from (i)–(ii) of fact 6.1.2, since Exn = 0 and var[xn] =
1/n→ 0.

6.1.2 The Law of Large Numbers

The law of large numbers (LLN) is one of the most fundamental theorems of both
probability and statistics. As a prelude to the LLN, let’s consider the effects of aver-
aging over independent random quantities. We’ll take the perspective of investors,
who often diversify their portfolios in order to decrease risk. To formalize this idea
let

• xn be the payoff from holding one dollar of asset n,

• Exn = µ and var[xn] = σ2 for all n,

• cov[xj, xk] = 0 when j 6= k.

If we hold just asset 1 then the payoff is x1, the expected payoff is µ and the variance
is σ2. If we diversify by spreading the same wealth evenly over N of these assets
our payoff is

x̄N :=
1
N

N

∑
n=1

xn

The expected payoff is unchanged at

E x̄N = E

[
1
N

N

∑
n=1

xn

]
=

1
N

N

∑
n=1

Exn = µ (6.4)
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On the other hand, the variance declines at rate 1
N because

E(x̄N − µ)2 = E


[

1
N

N

∑
i=1

(xi − µ)

]2


=
1

N2

N

∑
i=1

N

∑
j=1
E(xi − µ)(xj − µ)

=
1

N2

N

∑
i=1
E(xi − µ)2 =

σ2

N

The important equality here is the third one, which holds because of the zero covari-
ance between assets. In this step N2 terms become N terms. To summarize,

E x̄N = µ and var[x̄N] =
σ2

N
for all N (6.5)

Now imagine someone is kind enough to sell us an unlimited quantity of such as-
sets, so we can diversify without limit. By taking N → ∞ and combining (6.5) with
fact 6.1.2 on page 161 we obtain a proof of the law of large numbers:

Theorem 6.1.1. Let {xn} be IID copies of x. If x is integrable, then

1
N

N

∑
n=1

xn
p→ Ex as N → ∞ (6.6)

I told a small lie. We haven’t fully proved the LLN because we assumed existence of
second moments, while theorem 6.1.1 assumes only existence of the first moment.
However, the proof above captures the spirit of the LLN most cleanly. (See theo-
rem 8.3.5 of Dudley (2002) for the general case.)

At first glance, the law of large numbers (6.6) appears to only be a statement about
the sample mean but in fact it’s self-improving: We can go from (6.6) to arbitrary
functions of random variables, or even random vectors. In particular, if x is any
random vector, {xn} are IID copies and h : RN → R is any B-measurable function
such that h(x) is integrable, then

1
N

N

∑
n=1

h(xn)
p→ Eh(x) as N → ∞ (6.7)

This can be confirmed by letting yn := h(xn) and then applying theorem 6.1.1. The
independence of {yn} is confirmed by fact 5.1.10 on page 135. That each yn has the
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same distribution as y := h(x) follows from

P{yn ∈ B} = P{h(xn) ∈ B} = P{xn ∈ h−1(B)} = P{x ∈ h−1(B)}

The law of large numbers applies to probabilities as well as expectations. To see this,
fix B ⊂ B(RN), and consider the probability P{x ∈ B}. Letting h be the indicator
function h(s) = 1B(s) = 1{s ∈ B} and using the principle that expectations of
indicators equal probabilities of events (page 93), we have

Eh(x) = E1{x ∈ B} = P{x ∈ B}

Combining this equality with (6.7), we see that if {xn} is IID with distribution P,
then

1
N

N

∑
n=1

1{xn ∈ B} p→ P(B) (6.8)

In words, the fraction of the sample that falls in B converges to the probability that
the distribution assigns to B.

6.1.2.1 An Illustration

To illustrate the law of large numbers, consider flipping a coin until 10 heads have
occurred. The coin is not fair: The probability of heads is 0.4. Let x be the number
of tails observed in the process. This random variable is known to have the nega-
tive binomial distribution, with Ex = 15. The LLN predicts that if we simulate a
large number of observations of x and take the average, we get a value close to 15.
Running the Julia code in listing 1 confirms this.1

Figure 6.2 shows what can happen when the finite first moment condition in the
LLN is not enforced. The draws are from the standard Cauchy distribution, which
fails to have a finite first moment. The top panel shows observations and the bottom
shows a running sample mean of observations x̄N, with N on the horizontal axis.
A few extreme observations dominate the average and the sample mean does not
converge.2

6.1.3 Convergence in Distribution

As a prelude to the central limit theorem we need to review convergence in dis-
tribution. This is conceptually quite different to convergence of random variables,

1. See johnstachurski.net/emet.html for code. A routine to draw from the negative binomial dis-
tribution is available from the Distributions package but we’ve rolled our own for extra transparency.

2. In fact it can be shown that the sample mean is itself standard Cauchy for all N.

preliminary draft 164



Ch. 6

Listing 1 Illustrates the LLN (Julia)

num_reps = 10ˆ6
outcomes = Array(Float64, num_reps)

for i in 1:num_reps
num_tails = num_heads = 0
while num_heads < 10

b = rand()
num_heads = num_heads + (b < 0.4) # +1 with prob 0.4
num_tails = num_tails + (b >= 0.4) # +1 with prob 0.6

end
outcomes[i] = num_tails

end

println(mean(outcomes))

whether in probability or mean square. For example, the distributions N(0, 1) and
N(10−10, 1) are very close, but independent draws from these respective distribu-
tions need not be.

Let {Pn} and P be distributions onRK in the sense of §5.1.2. To represent the notion
that Pn converges to P we could require that Pn(B) → P(B) for all B ∈ B(RK).
However, this turns out to be rather strict and also indifferent to closeness in the
sense of Euclidean norm. For example, suppose that Pn is a distribution on R that
puts all mass on 1

n , while P puts all mass on 0. Intuition suggests that Pn → P, but if
we take B = (0, ∞) we have Pn(B) = 1 for all n, while P(B) = 0.

For this reason, the common notion of convergence of distributions, which is called
weak convergence, requires only that Pn(B) → P(B) for all “continuity sets” in RK.
There’s an equivalent way to phrase this that’s easier to work with in applications:
We say that {Pn} converges weakly to P if∫

h(s)Pn(ds)→
∫

h(s)P(ds) for all continuous bounded h : RK → R

and write Pn
w→ P. For the definition of these integrals see §5.1.3.3. Continuity of

h enforces respect for the topology on RK, while boundedness is imposed only to
ensure that the integrals are finite.

Fact 6.1.4. Let Fn be the CDF of Pn and let F be the CDF of P. In the univariate case
(K = 1) we have

Pn
w→ P ⇐⇒ Fn(s)→ F(s) for all s at which F is continuous
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Figure 6.2: Samples from the Cauchy distribution and sample mean
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Figure 6.3: t-distribution with k df converges to N(0, 1) as k→ ∞

Example 6.1.3. It can be shown that the t-distribution with k degrees of freedom
converges weakly to the standard normal distribution as k→ ∞. See figure 6.3.

Sometimes densities are easier to work with than CDFs. In this connection, the fol-
lowing sufficient condition can be useful.

Fact 6.1.5. Let {Pn} and P be absolutely continuous probability measures on RK,
with densities pn and p. If pn(s)→ p(s) for all s ∈ RK, then Pn

w→ P.

Let {xn} and x be random vectors. We say that xn → x in distribution if their

respective distributions converge weakly. This convergence is symbolized by xn
d→
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x. Thus,
xn

d→ x ⇐⇒ L(xn)
w→ L(x)

In view of fact 5.1.7 on page 133, this is equivalent to

E [h(xn)]→ E [h(x)] for all continuous bounded h : RK → R

Fact 6.1.6. The following statements are true:

(i) If g : RK → RJ is continuous and xn
d→ x, then g(xn)

d→ g(x).

(ii) If aᵀxn
d→ aᵀx for any a ∈ RK, then xn

d→ x.

(iii) xn
p→ x =⇒ xn

d→ x.

(iv) If a is a constant vector and xn
d→ a, then xn

p→ a.

Part (i) of fact 6.1.6 is called the continuous mapping theorem. Part (ii) is called the
Cramér-Wold theorem, or the Cramér-Wold device. The next result is sometimes
known as Slutsky’s theorem.

Fact 6.1.7. If α is constant, xn
p→ α and yn

d→ y, then xn + yn
d→ α+ y and xnyn

d→ αy.

An immediate but useful consequence is that

Fact 6.1.8. xn
p→ 0 and yn

d→ y =⇒ xnyn
p→ 0.

6.1.4 The Central Limit Theorem

The central limit theorem is among the most striking and important results in all of
mathematics. Relative to the LLN, it requires an additional second moment condi-
tion. Here’s a statement of the theorem in the scalar IID case.

Theorem 6.1.2. Let x have finite second moment and let {xn} be IID copies of x. If µ :=
E [x] and σ2 := var[x], then

√
N(x̄N − µ)

d→ N(0, σ2) as N → ∞ (6.9)

The meaning of d→ here is that the distribution of the left hand side w→ N(0, σ2).
We can interpret (6.9) as follows: On one hand, (x̄N − µ)

p→ 0 by the LLN. On the
other,

√
N → ∞. If we take the product, these two competing terms just balance.
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Figure 6.4: The CLT in action, starting from a beta mixture

Remarkably, the distribution of the product approaches a zero-mean Gaussian as
N → ∞, regardless of the distribution of x.

We’ll skip the proof of the CLT (which provides little intuition) and turn to simula-
tion. For starters, see figure 6.4, where QN := the distribution of the left hand side of
(6.9) for N = 1, . . . , 5. The initial distribution Q = Q1 is multi-modal, and was con-
structed as a convex combination of three beta distributions. The CLT predicts that
QN

w→ N(0, σ2), where σ2 =
∫

s2Q1(ds). Note how quickly the bell shape emerges,
despite the irregularity of the initial distribution.

Another common statement of the central limit theorem is as follows: If all the con-
ditions of theorem 6.1.2 are satisfied, then

zN :=
√

N
{

x̄N − µ

σ

}
d→ N(0, 1) as N → ∞ (6.10)

Exercise 6.4.6 asks you to confirm this.

The convergence in (6.10) is illustrated by listing 2, the output of which is given
in figure 6.5. The listing generates 5,000 observations of the random variable zN
defined in (6.10), where each xn is χ2(5). (The mean of this distribution is 5, and the
variance is 2× 5 = 10.) The observations of zN are stored in the vector outcomes.
The figure histograms this vector and then superimposes the density of the N(0, 1)
distribution.

6.2 Extensions

In this section we cover some extensions to the classical LLN and CLT.
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Listing 2 Illustrates the CLT (Python)

import numpy as np
import scipy.stats as st

num_reps = 5000
outcomes = np.empty(num_reps)
N, k = 1000, 5 # k = degrees of freedom
chi = st.chi2(k)

for i in range(num_reps):
xvec = chi.rvs(N)
outcomes[i] = np.sqrt(N / (2 * k)) * (xvec.mean() - k)

# code to histogram outcomes and plot st.norm.pdf
# see johnstachurski.net/emet.html

6.2.1 Convergence of Random Matrices

The notion of convergence in probability discussed in §6.1.1 extends naturally to
matrices. Let {Xn}∞

n=1 be a sequence of random N × K matrices. We say that Xn

converges to a random N × K matrix X in probability and write Xn
p→ X if

‖Xn − X‖ p→ 0 as n→ ∞

where ‖ · ‖ is the matrix norm defined in §3.3.5.

Fact 6.2.1. Assuming conformability, the following statements are true:

(i) If Xn
p→ X and Xn and X are nonsingular, then X−1

n
p→ X−1.

(ii) If Xn
p→ X and Yn

p→ Y, then

Xn + Yn
p→ X + Y, XnYn

p→ XY and YnXn
p→ YX

(iii) If Xn
p→ X and An → A, then

Xn + An
p→ X + A, XnAn

p→ XA and AnXn
p→ AX

(iv) Xn
p→ X if and only if Xna

p→ Xa for any conformable vector a.

(v) aᵀXna
p→ aᵀXa whenever a is a conformable constant vector and Xn

p→ X.
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Figure 6.5: Observations of zN in (6.10) when the underlying distribution is χ2(5)

In part (iii) of fact 6.2.1, the matrices An and A are nonrandom and convergence is
in matrix norm. Note that part (v) can be obtained from two applications of part
(iii).

In econometrics we often use the vector version of Slutsky’s theorem:

Fact 6.2.2. Let xn and x be random vectors inRK, let Yn be random matrices, and let
C be a constant matrix. Assuming conformability, we have

Yn
p→ C and xn

d→ x =⇒ Ynxn
d→ Cx and Yn + xn

d→ C + x

6.2.2 Vector-Valued LLNs and CLTs

The scalar LLN and CLT that we discussed above extend to the vector case in a
natural way. For example,

Theorem 6.2.1. Let x be a random vector inRK and let {xn} be IID copies of x. If µ := Ex
is finite, then

x̄N :=
1
N

N

∑
n=1

xn
p→ µ as N → ∞ (6.11)

If, in addition, E‖x‖2 < ∞, then

√
N (x̄N − µ)

d→ N(0, Σ) where Σ := var[x] (6.12)

Here 1
N ∑N

n=1 xn should be understood in terms of vector addition and scalar multi-
plication. Thus x̄N is a convex combination of the sample points in RK. Figure 6.6
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Figure 6.6: LLN, vector case

illustrates this in two dimensions. The green dot is µ. The black dots are realiza-
tions of x1, . . . , xN. The red dot is the sample mean 1

N ∑N
n=1 xn. By (6.11), the red dot

converges to the green dot.

The vector LLN in theorem 6.2.1 follows from the scalar LLN. To see this, let xn be as
in theorem 6.2.1, let a be any constant vector in RK, let yn := aᵀxn and let y := aᵀx.
The sequence {yn} is IID (see fact 5.1.10 on page 135) with the same distribution as
y. By the scalar LLN (theorem 6.1.1) we have

1
N

N

∑
n=1

yn
p→ Ey = E [aᵀx] = aᵀE [x] = aᵀµ

At the same time,

1
N

N

∑
n=1

yn =
1
N

N

∑
n=1

aᵀxn = aᵀ
[

1
N

N

∑
n=1

xn

]
= aᵀx̄N

We have shown that
aᵀx̄N

p→ aᵀµ for any a ∈ RK

The claim x̄N
p→ µ now follows from fact 6.1.1.

The vector CLT in theorem 6.2.1 also follows from the scalar case and the proof is
quite similar. See exercise 6.4.10.

These results can be further extended to random matrices. In fact we will need a
matrix LLN in our investigation of linear regression. Here’s a suitable result:

Fact 6.2.3. Let X be a random matrix and let {Xn} IID copies of X. If E‖X‖ < ∞,
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then
1
N

N

∑
n=1

Xn
p→ EX as N → ∞ (6.13)

The proof is straightforward: By fact 6.2.1, to prove (6.13) it suffices to show that
1
N ∑N

n=1 Xna
p→ E [X]a for any conformable vector a. Since Xna is a vector with

expectation E [X]a, this is immediate from the vector LLN in theorem 6.2.1.

6.2.3 The Delta Method

The asymptotic normality result in the central limit theorem is preserved under lin-
ear transformations, as follows from fact 6.2.2. It turns out that the same thing is
true even for functions that are only locally almost linear—that is, for differentiable
functions. This greatly extends the power and reach of the central limit theorem.

Theorem 6.2.2. Let g : RK → R, let θ be a point in the domain of g and let {tn} be a
sequence of random vectors in RK. If

(i)
√

n(tn − θ)
d→ N(0, Σ) for some positive definite Σ,

(ii) ∇g(θ) exists, is continuous, and each element is nonzero,

then √
n{g(tn)− g(θ)} d→ N(0,∇g(θ)ᵀΣ∇g(θ)) as n→ ∞ (6.14)

Here ∇g(θ) is the gradient vector of g at θ, which is defined as

∇g(θ) :=

g′1(θ)
...

g′K(θ)

 where g′k(θ) :=
∂g(θ)

∂θk

In the scalar case, (6.14) translates to

√
n{g(tn)− g(θ)} d→ N(0, g′(θ)2σ2) as n→ ∞ (6.15)

In statistical settings, the technique of obtaining asymptotic distributions by appeal-
ing to theorem 6.2.2 is called the delta method. We will see its importance later on.
The proof of theorem 6.2.2 is based on a Taylor expansion of g around the point θ.
See theorem 3.1 of Van der Vaart (2000). Exercise 6.4.9 walks you through some of
the key ideas.
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6.3 Further Reading

For high quality treatments of the law of large numbers and the central limit the-
orem see, for example, Dudley (2002), Taylor (1997), Durrett (2010), Pollard (2002),
DasGupta (2008) or Çinlar (2011). An advanced but thorough treatment of the delta
method can be found in Van der Vaart (2000).

6.4 Exercises

Ex. 6.4.1. Let {xn} be a sequence of random variables satisfying xn = y for all n,
where y is a single random variable. Show that if P{y = −1} = P{y = 1} = 0.5,
then xn

p→ 0 fails. Show that if P{y = 0} = 1, then xn
p→ 0 holds.

Ex. 6.4.2. Prove the following part of fact 6.1.1: xn
p→ x and yn

p→ y =⇒ xn +

yn
p→ x + y. (The proof is nontrivial if you are still getting used to these kinds of

arguments.)

Ex. 6.4.3. Show that xn
p→ x implies aᵀxn

p→ aᵀx for every a ∈ RK.

Ex. 6.4.4. We saw in fact 6.1.6 that if xn
p→ x, then xn

d→ x. Show that the converse
is not in general true.

Ex. 6.4.5. Show that Xn
p→ X if and only if every element of Xn converges in proba-

bility to the corresponding element of X.3

Ex. 6.4.6. Confirm (6.10).4

Ex. 6.4.7. Let L(u) = U[0, 1] and xn := n1{0 6 u 6 1/n} for n ∈ N.

(i) Calculate the expectation of x2
n.

(ii) Show that xn
p→ 0 as n→ ∞.

Conclude that xn
p→ x does not imply xn

ms→ x.

Ex. 6.4.8. Let x be any random variable with Ex = µ and var[x] = σ2 < ∞. Show
that xn := x/n converges to zero in probability as n→ ∞.

3. Hint: To prove the “if” part use fact 3.3.13 on page 66.
4. Hint: Combine theorem 6.1.2 and fact 6.1.6.
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Ex. 6.4.9. Suppose that {tn} is a sequence of random variables, θ is a constant, and

√
n(tn − θ)

d→ N(0, σ2) as n→ ∞

Let g : R → R be differentiable at θ with g′(θ) 6= 0. Taking a first order Taylor
expansion of g around θ, we can write g(tn) = g(θ) + g′(θ)(tn − θ) + R(tn − θ),
where R(tn − θ) is a remainder term. As shown in theorem 3.1 of Van der Vaart
(2000), under these conditions we have

√
nR(tn − θ)

p→ 0. Using this fact, prove
√

n{g(tn)− g(θ)} d→ N(0, g′(θ)2σ2).

Ex. 6.4.10. Confirm the claim
√

N (x̄N − µ)
d→ N(0, Σ) in theorem 6.2.1.

Ex. 6.4.11. Let {xn} be an IID sequence of random vectors in RK with Exn = 0 and
var[xn] = I. Let

x̄N :=
1
N

N

∑
n=1

xn and yN := N · ‖x̄N‖2

What is the asymptotic distribution of {yN}?

6.4.1 Solutions to Selected Exercises

Solution to Ex. 6.4.1. From the definition, xn
p→ 0 means that, given any δ > 0, we

have P{|xn| > δ} → 0. If xn = y for all n and P{y = −1} = P{y = 1} = 0.5, then
this fails for δ := 1/2, say, since P{|xn| > 1/2} = 1 for all n.

On the other hand, if P{y = 0} = 1, then for any δ > 0 we have P{|xn| > δ} =

P{|y| > δ} = 0. This sequence is constant at zero and hence xn
p→ 0 holds.

Solution to Ex. 6.4.2. Let xn
p→ x and yn

p→ y. Fix δ > 0. Using the triangle inequal-
ity and elementary reasoning we can establish the following ordering of events:

{‖xn + yn − (x + y)‖ > δ} ⊂ {‖xn − x‖+ ‖yn − y‖ > δ}
⊂ {‖xn − x‖ > δ/2} ∪ {‖yn − y‖ > δ/2}

By monotonicity and subadditivity of P (see page 84), we then have

P{‖xn + yn − (x + y)‖ > δ} 6 P{‖xn − x‖ > δ/2}+P{‖yn − y‖ > δ/2}

By hypothesis, both terms on the right hand side converge to zero in n. Hence
xn + yn

p→ x + y as claimed.
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Solution to Ex. 6.4.3. Let xn
p→ x in RK and fix any a ∈ RK. If a = 0 the claim is

trivial, so suppose instead that a is nonzero. Let δ > 0. By the Cauchy–Schwarz
inequality,

{|aᵀxn − aᵀx| > δ} ⊂ {‖a‖‖xn − x‖ > δ}
Using monotonicity of P now gives

P{|aᵀxn − aᵀx| > δ} 6 P{‖xn − x‖ > δ/‖a‖}

Since xn
p→ x, the right hand side converges to zero.

Solution to Ex. 6.4.4. If {xn}∞
n=1 and x are IID and N(0, 1), then L(xn) = L(x) for

all n, and hence xn
d→ x. On the other hand, L(xn − x) = N(0, 2) for all n. Hence

P{|xn − x| > δ} is a positive constant for any δ > 0, and xn
p→ x fails.

Solution to Ex. 6.4.10. Define

zN :=
√

N (x̄N − µ) and L(z) = N(0, Σ)

We need to show that zN
d→ z. To do this, we apply the Cramér-Wold device

(fact 6.1.6, page 167) and the scalar CLT (theorem 6.1.2, page 167). To begin, fix
a ∈ RK. Observe that

aᵀzn :=
√

N (ȳn −E [yn])

where yn := aᵀxn. Since yn is IID and

var[yn] = var[aᵀxn] = aᵀ var[xn]a = aᵀΣa

the scalar CLT yields

aᵀzN
d→ N(0, aᵀΣa)

Since L(aᵀz) = N(0, aᵀΣa), we have shown that aᵀzN
d→ aᵀz. Since a was arbitrary,

the Cramér-Wold device tells us that zN converges in distribution to z.

Solution to Ex. 6.4.11. By assumption, {xn} is an IID sequence in RK with Exn = 0
and var[xn] = I. It follows from the vector central limit theorem that

√
Nx̄N

d→ z where L(z) = N(0, I)

Letting g(s) := ‖s‖2 and applying the continuous mapping theorem (fact 6.1.6 on
page 167), we obtain

yN = ‖
√

Nx̄N‖2 d→ ‖z‖2 =
K

∑
k=1

z2
k
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From fact 5.1.18 on page 139 we conclude that yN
d→ χ2(K).
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Chapter 7

Further Topics in Probability

There are two important topics in probability that we haven’t yet managed to cover.
One is stochastic process theory and the other is simulation. Let’s go over some of
the key results.

7.1 Stochastic Processes

A stochastic process on RK is a sequence of random vectors {xt}t>0 defined on a
common probability space (Ω, F ,P). The definition has relatively little content,
but the fact that all these random vectors live on the same probability space should
not be overlooked. It means that probabilities such as P{xt > 0 for all t} or P{xt 6
−10 for some t} are well defined. Putting the elements of the process on a common
probability space pins down the joint distribution across t.

To do any kind of analysis with stochastic processes, we need to put some structure
on the joint distribution, or, equivalently, on the random elements. In practice this
is almost always done recursively. Examples are given below. For the moment,
however, let’s look at stochastic processes in an abstract setting and state some key
definitions.

One kind of stochastic process is an IID sequence. Such sequences are ideal to work
with in a statistical setting. For example, the law of large numbers tells us that in
an IID environment, finite expectations can always be approximated with sample
averages. If we want to know how good the approximation is we can look to the
central limit theorem. If we want to calculate the joint distribution we can just take
a product of the marginals.

Once we move out of the IID world, however, these helpful properties can break
down. Without restrictions on our stochastic process, we can say very little about
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estimation. The first task, then is to describe some properties that make our stochas-
tic process resemble an IID process in some way.

7.1.1 Stationarity and Ergodicity

As a first step, let’s define a type of process that preserves one of the properties
of IID processes (the “ID” part). A stochastic process {xt}t>0 is called stationary if
it has the property that the distribution of any subset of these random vectors is
unaffected by shifting them forward in time. That is,

L(xt1 , . . . , xtk) = L(xt1+m, . . . , xtk+m) (7.1)

for any m ∈ N and any sequence of integers t1, . . . , tk.

It should be clear that any stationary sequence is identically distributed. In other
words, for any stationary sequence, the corresponding sequence of marginals {L(xt)}
is a constant sequence.

Example 7.1.1. For a simple example of a stationary process, let x1 be a draw from
some arbitrary law P on R, and let xt+1 = xt for all t. For any collection of integers
t1, . . . , tk and any Borel sets B1, . . . , Bk, we have

P{xt1 ∈ B1, . . . , xtk ∈ Bk} = P{x1 ∈ ∩k
i=1Bk} = P(∩k

i=1Bk)

If we replace each xti with xti+m we get the same number. Hence {xt} is stationary.

Example 7.1.2. An IID process {xt} is stationary, since independence implies that
the laws on both sides of (7.1) are just k products of the marginal L(x1).

Example 7.1.3. A random walk onR is a stochastic process {xt}where xt = ∑t
j=1 wj

for some IID zero mean innovation process {wj}. Let σ2 := var[wt]. If σ > 0, then
{xt} is not stationary, since var[xt] = tσ2. In particular, L(xt) depends on t.

Stationarity alone isn’t strong enough to give us properties like the LLN and CLT.

Example 7.1.4. For the process {xt} in example 7.1.1, the LLN fails whenever P is
nondegenerate. Indeed, x̄T := 1

T ∑T
t=1 xt = x1 and hence L(x̄T) = L(x1) = P for all

t. In particular, x̄T does not converge in probability to any constant.

The problem with the process in example 7.1.4 is excessive dependence. New real-
izations provide insufficient (in fact no) new information. On the flip side, depen-
dent processes can satisfy versions of the LLN if dependence is not too excessive
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(for example, if xt and xt+k are “almost independent” for k sufficiently large.) These
are the so-called ergodic processes.

The formal definition of ergodicity varies across different literatures. Here we define
a stationary stochastic process {xt} on RK to be ergodic if the LLN holds; that is, if

1
T

T

∑
t=1

h(xt)
p→ µh := Eh(xt) as T → ∞ (7.2)

for any B-measurable h : RN → R such thatE |h(xt)| < ∞. (Since {xt} is stationary,
this expectation does not depend on t.) One of the main tasks of this chapter will
be deriving sufficient conditions for ergodicity in the kinds of processes economists
often work with.

Incidentally, a casual definition of ergodicity one often hears is that “cross-sectional
and time series averages coincide.” What does that mean in the present context?

To answer the question, imagine that xt = xt is a binary variable with x1 = 1 if a
given individual is currently employed and zero otherwise. In this case, 1

T ∑T
t=1 xt

is the fraction of time spent employed over the period 1, . . . , T. With h(x) = x,
the right hand side of (7.2) is Ext = P{xt = 1}, or the stationary probability of
employment. If we observe time t employment outcomes x1

t , . . . , xN
t of individuals

1, . . . , N and, moreover, the individuals all follow the same model and are sufficient
independent, the cross-sectional average 1

N ∑N
n=1 xn

t will also be close to P{xt = 1}.
Hence, with ergodicity and large samples, cross-sectional and time series averages
(almost) coincide.

7.1.2 Stochastic Recursive Sequences

In this section let’s turn to a more concrete view of stochastic processes. Afterwards
we’ll circle back and consider issues like ergodicity again.

Figure 7.1 shows the evolution of US GDP per capita since the early postwar era.
The top panel is per capita GDP itself, while the second panel is the growth rate.
How could we go about modeling such time series in a parsimonious way?

No reasonable model can be deterministic, since shocks play an important role in
year-on-year change in GDP, and an IID process is too simple. We can, however, get
close to both of these time series with one of the most common nontrivial stochastic
processes: the scalar Gaussian AR(1) model

xt+1 = b + axt + cwt+1 with {wt} IID∼ N(0, 1) and x0 given (7.3)
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Figure 7.1: Postwar US GDP per capita. Source: Penn World Tables

Here a, b and c are parameters, while xt is called the state variable. Equation (7.3) is
an example of a stochastic difference equation. The process {xt} it defines is called
a stochastic process or stochastic recursive sequence. A realization of the process is
called a time series.

The dynamics of {xt} depends on the parameters. We can get some sense of this
from simulation. Six individual time series {xt} are shown in figure 7.2, each gener-
ated using a different value of a. The values of b and c are both held fixed at 1, while
x0 = 0. R code for generating the figure is given in listing 3.

As suggested by the figure, the simulated time paths are sensitive to the value of a.
If a is outside the interval (−1, 1), the series tend to diverge. If |a| < 1, then the op-
posite is true. For example, if you look at the time series for a = 0.9 in figure 7.2, you
will see that, after an initial burn in period where the series is affected by the initial
condition x0, the process settles down to random motion within a band (between
about 5 and 15 in this case).

If the scalar Gaussian AR(1) model in (7.3) is unable to capture important aspects
of a time series that we wish to model, we can generalize it in several different di-
rections. For example, we can remove the assumption that the shocks are normally
distributed, in which case it is simply called the scalar AR(1) model. This might be
desirable, if, say, the state process has heavy tails.

We can also generalize the scalar AR(1) model to RK, yielding the vector AR(1)
model, or VAR(1) model

xt+1 = b + Axt + Cwt+1 (7.4)

Here {wt} is assumed to be IID and to satisfy Ewt = 0 and E [wtw′t] = I. If wt is
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Figure 7.2: Dynamics of the linear AR(1) model
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Listing 3 Code for figure 7.2 (R)
# Generates an AR(1) time series starting from x = init
ar1ts <- function(init, n, b, a) {

x <- numeric(n)
x[1] <- init
w <- rnorm(n-1)
for (t in 1:(n-1)) {

x[t+1] <- b + a * x[t] + w[t]
}
return(x)

}

avec <- c(0.1, -0.1, 0.9, -0.9, 1.1, -1.1)
N <- 200
par(mfrow=c(3,2)) # Arrangement of figures
for (a in avec) {

plot(ar1ts(0, N, 1, a), type="l", xlab=paste("a = ", a), ylab="")
}

multivariate normal, then (7.4) is called the Gaussian VAR(1). The vector xt is called
the state vector. A huge variety of models can be represented as a VAR(1) process
or contain VAR processes as subcomponents (e.g., linear state space models).

An alternative generalization of the scalar AR(1) model is the scalar AR(p) model,
where the next state xt+1 is a linear function not just of the current state xt, but of
the last p previous states. For example, the AR(2) process has dynamics

xt+1 = b + axt + γxt−1 + wt+1

Although xt+1 is a function of two lagged states, xt and xt−1, we can reformulate it as
a first order model. To begin, we define an additional state variable yt via yt = xt−1.
The dynamics can then be expressed as

xt+1 = b + axt + γyt + wt+1

yt+1 = xt

We can write this in matrix form as(
xt+1
yt+1

)
= b

(
1
0

)
+

(
a γ

1 0

)(
xt
yt

)
+

(
1
0

)
wt+1

This is a special case of the VAR(1) model in (7.4). This example shows how higher
order processes can be reduced to first order processes by increasing the number of
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Figure 7.3: Daily returns on the Hang Seng Index. Source: Yahoo! Finance

state variables. For this reason, most theoretical discussion below takes place in the
context of first order models.

7.1.2.1 Nonlinear Models

Linear models are simple but that isn’t always an advantage. Sometimes they are
unable to capture the kinds of dynamics we observe in data. For example, the bursts
of volatility in the graph of daily returns on the Hang Seng Index from 1990 to 2014
shown in figure 7.3 are difficult to replicate without introducing nonlinearities into
our model. It’s also true that many theoretical modeling exercises produce models
that are nonlinear.

One well-known nonlinear model is the p-th order autoregressive conditional het-
eroskedasticity model (ARCH(p) model). The model arose from the need to attach
a time varying volatility component σt to asset return models. Suppose for exam-
ple that xt = σtwt where σ2

t+1 = α0 + α1x2
t . Combining these equations gives the

ARCH(1) model

xt+1 = (α0 + α1x2
t )

1/2wt+1 with {wt} IID∼ N(0, 1) (7.5)

and α0 > 0, α1 > 0. Still better fits to asset returns data can be obtained via General-
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ized ARCH models, the simplest of which is the GARCH(1,1) process

xt = σtwt

σ2
t+1 = α0 + α1x2

t + α2σ2
t

Now next period volatility depends on its own lagged state as well as xt.

Another popular nonlinear model is the smooth transition autoregression (STAR)
model

xt+1 = g(xt) + wt+1 (7.6)

where g is of the form

g(s) := (b0 + a0s)(1− τ(s)) + (b1 + a1s)τ(s)

Here τ : R → [0, 1] is increasing and satisfies lims→−∞ τ(s) = 0 and lims→∞ τ(s) =
1. For s near −∞, g(s) is similar to b0 + a0s. For s near +∞, g(s) is close to b1 +
a1s. Thus, the dynamics transition between two different linear models, with the
smoothness of the transition depending on the shape of τ.

7.2 Markov Processes

All of the examples in §7.1.2 are special cases of a general class of process called
Markov processes. Markov processes are very rewarding to study because the con-
cepts are broad enough to include a vast array of different stochastic processes,
while at the same time having enough structure to support an elegant and pow-
erful theory. Here we cover the foundations, from definitions and basic properties
to stability and asymptotics.

7.2.1 The Markov Assumption

Let S be a subset of RK and let B(S) be the Borel subsets of S. The fundamental
primitive of a discrete time Markov process on S is a stochastic kernel or transition
probability function, which is a function Q : S×B(S)→ [0, 1] such that

(i) Q(s, ·) is a probability measure over B(S) for all s ∈ S

(ii) g(s) := Q(s, B) is B-measurable for each B ∈ B(S).

S is called the state space of the model. Part (ii) is a mild regularity condition that
ensures certain integrals are well defined. Part (i) is the major defining characteristic,
yielding a distribution supported on S for every point s in S. We think of Q and some
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initial distribution P0 as generating a corresponding Markov process {xt} taking
values in S via

1: draw x0 from P0
2: for t in 0, 1, 2, . . . do
3: draw xt+1 from the distribution Q(xt, ·)
4: end for

The value Q(s, B) is then the probability that xt+1 lands in B given xt = s. The
sequence {xt} so generated is also called a sample path for Q.

There is a measure theoretic procedure for building this process {xt}more formally
but the construction is usually unnecessary in econometrics because most Markov
processes are introduced via a stochastic difference equation, which specifies both
the process {xt} and, implicitly, the associated stochastic kernel Q. The canonical
stochastic difference equation for a first order Markov process takes the form

xt+1 = G(xt, wt+1) with L(x0) = P0 (7.7)

Here {wt}t>1 is an IID sequence of RM-valued shocks with common distribution
Ψ and G is a given B-measurable function mapping the current state xt ∈ S and
shock wt+1 ∈ RM into the new state xt+1 ∈ S. The initial condition x0 and the
shocks {wt}t>1 are also assumed to be independent of each other. The correspond-
ing stochastic kernel is

Q(s, B) = P{G(s, wt+1) ∈ B} (s ∈ S, B ∈ B(S))

The choice of date t + 1 is irrelevant here because of the IID assumption, and is used
only to tie in with (7.7). Recalling that Ψ is the distribution of wt+1, the stochastic
kernel can also be written as

Q(s, B) = Ψ
{

w ∈ RM : G(s, w) ∈ B
}

This expression makes it clear that Q is defined by the two primitives G and Ψ.

Example 7.2.1. For the ARCH(1) model of (7.5), the stochastic kernel is

Q(s, B) = P{(α0 + α1s2)1/2wt+1 ∈ B}

when wt+1 is standard normal.
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Returning to the general process (7.7), repeated substitution gives

x1 = G(x0, w1)

x2 = G(G(x0, w1), w2)

x3 = G(G(G(x0, w1), w2), w3)

and so on. Continuing in this fashion, we see that the state vector xt can be written
as a function of x0 and the shocks w1, . . . , wt for any t. In other words, for each t,
there exists a function Ht such that

xt = Ht(x0, w1, w2, . . . , wt) (7.8)

Example 7.2.2. For the scalar linear AR(1) process (7.3) we can write the right hand
side of (7.8) explicitly as

xt = b
t−1

∑
k=0

ak +
t−1

∑
k=0

akcwt−k + atx0 (7.9)

This is called the moving average representation of xt. The proof is an exercise.

Often there is no neat expression for the function Ht. Nonetheless, (7.8) clarifies
the fact that (7.7) pins down each xt as a well-defined random vector, depending
on the initial condition and the shocks up until date t. Since xt is a function of
x0, w1, w2, . . . , wt, and these random vectors are all, by the IID assumption, inde-
pendent of wt+k for any k > 1, fact 5.1.10 on page 135 tells us that the current state
xt and future shocks are independent. Let’s record this:

Fact 7.2.1. For the process (7.7), the pair xt and wt+k are independent for all k > 1.

Although it’s rarely made explicit, behind all the random vectors {xt} lies a single
probability space (Ω, F ,P). The idea is that an element ω of Ω is selected by “na-
ture” at the start of time. This determines the initial condition x0 and the shocks wt
as

x0(ω), w1(ω), w2(ω), w3(ω), . . .

From these, each state vector xt is determined via

xt(ω) = Ht(x0(ω), w1(ω), w2(ω), . . . , wt(ω))

where Ht is the function in (7.8).
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7.2.1.1 The Density Case

If Q(s, ·) is absolutely continuous for all s, then we can define the corresponding
stochastic density kernel or the transition density via

q(s, ·) := the density of Q(s, ·) for all s ∈ S (7.10)

In other words, q(s, ·) is the conditional density of xt+1 given xt = s. Heuristically,
q(s, s′)ds′ is the probability of transitioning from s to s′ in one step.

Example 7.2.3. Recall the ARCH(1) process, with stochastic kernel Q as given in
example 7.2.1. The transition density q(s, ·) is the density of y = (α0 + α1s2)1/2wt+1
when L(wt+1) = N(0, 1). Hence

q(s, s′) =
1√

2πσ2
s

exp
{
− (s′)2

2σ2
s

}
where σ2

s := α0 + α1s2 (7.11)

A visualization of the ARCH kernel (7.11) is given in figure 7.4 when α0 = 0.5 and
α1 = 0.8. The diagonal line is the 45 degree line. Each vertical fiber of the graph
corresponds to one density s′ 7→ q(s, s′). For large s (to the right on the horizontal
axis), the corresponding density puts most mass below the 45 degree line, indicating
a tendency to decrease. Conversely, when −s is large, the process tends to increase.

Example 7.2.4. Consider a general model with additive shock, so that

xt+1 = G(xt, wt+1) = g(xt) + wt+1 with {wt} IID∼ ψ (7.12)

for some function g and density ψ. In this case, the transition density has the form

q(s, s′) = ψ(s′ − g(s)) (7.13)

In the scalar case, (7.13) follows from example 4.2.16 on page 110, since q(s, ·) is the
density of y = g(s) + wt+1 with wt+1 ∼ ψ. This gives q(s, s′) = ψ(s′ − g(s)). The
multivariate proof uses a similar argument.

7.2.2 Marginal and Joint Distributions

Let’s note some features of the marginal and joint distributions of a Markov process.
Consider our generic process xt+1 = G(xt, wt+1) from (7.7), where L(x0) = P0 and
{wt} is IID on RM with common distribution Ψ. The marginal distribution of the
state vector is just L(xt). Since xt is a well-defined random vector (see in particular
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Figure 7.4: Transition density q(s, s′) for the ARCH kernel (7.11)

(7.8)), L(xt) also well-defined, and we denote it in what follows by Pt. That is,

Pt(B) = P{xt ∈ B} (B ∈ B(S))

Example 7.2.5. Consider the Gaussian AR(1) process in (7.3). Suppose that L(x0) =
N(µ0, σ2

0 ), where µ0 and σ0 are given constants, and that x0 is independent of the
shock process {wt}. Combining the moving average representation of xt in (7.9)
with fact 5.1.14 on page 136, we have

Pt = N
(

µt, σ2
t

)
where µt := b

t−1

∑
k=0

ak + atµ0 and σ2
t :=

t−1

∑
k=0

a2kc2 + a2tσ2
0

Figure 7.5 shows a visualization of this sequence when µ0 = 0, σ0 = b = c = 1 and
a = 0.8. In fact we don’t actually need to recompute the sums in the definition of µt
and σ2

t at each step because these sequences satisfy the recursions

µt+1 = b + aµt and σ2
t+1 = a2σ2

t + c2 (7.14)

You can verify this by taking expectations and variances on both side of (7.3). For
code replicating the figure see johnstachurski.net/emet.html.

For a general Markov process, tracking evolution of the first two moments is usually
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Figure 7.5: Sequence of marginal densities for the Gaussian AR(1) process

more complicated, and even then fails to provide full information on the distribu-
tions. We do however have the following general result:

Fact 7.2.2. The marginal distributions of a Markov process with stochastic kernel Q
obey the recursion

Pt+1(B) =
∫

Q(s, B)Pt(ds) (B ∈ B(S), t > 0) (7.15)

Exercise 7.6.4 asks you to prove this. Fact 7.2.2 is a version of the law of total proba-
bility (see page 140). To calculate the probability of reaching B next period, we sum
the probability of that event given outcome s today weighted by the probability that
s occurs today. Here’s a parallel result for the density case.

Fact 7.2.3. If Q(s, ·) is absolutely continuous for all s ∈ S, then Pt is absolutely
continuous for all t > 1. Letting pt be the corresponding density, the sequence {pt}
satisfies

pt+1(s′) =
∫

q(s, s′)pt(s)ds (B ∈ B(S), t > 1) (7.16)

where q is the transition density corresponding to Q.

Let’s now look at joint distributions. We’ll cover these only in the density case,
which is the most important case in econometrics.

Fact 7.2.4. Let {xt} be a Markov process with transition density q and initial density
p0. Under the conditions of fact 7.2.3, the joint density pT of x0, . . . , xT is

pT(s0, . . . , sT) = p0(s0)
T−1

∏
t=0

q(st, st+1) (7.17)
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Figure 7.6: Convergence of marginal densities, Gaussian AR(1) case

This result can be obtained in a few different ways. One is to repeatedly apply (5.27)
on page 140 to factor the joint density into

pT(s0, . . . , sT) = p0(s0)
T−1

∏
t=0

p(st+1 | st, . . . , s0)

This is the expression for the joint density of a general stochastic process, where the
current state depends on lagged states of all orders. With the first order Markov
property, an expression like p(st+1 | st, . . . , s0) reduces to p(st+1 | st), which is just
q(st, st+1).

7.2.3 Stationarity of Markov Processes

Consider the notion of stationarity introduced in §7.1.1. Not every Markov process
is stationary. As stated above, a necessary condition is that the marginals are con-
stant, and in figure 7.5 we saw an example of how the marginals {Pt} can change
over time. Figure 7.6 shows the same sequence but now longer, with identical pa-
rameters. Probability mass moves from left to right.

While {Pt} is not typically constant, for the particular sequence shown in figure 7.6,
the difference between successive distributions is diminishing over time. We can
see this analytically as well, by recalling that Pt = N(µt, σ2

t ) where µt and σ2
t are as

given in (7.14). Provided that |a| < 1, these sequences converge, with

µt → µ∞ :=
b

1− a
and σ2

t → σ2
∞ :=

c2

1− a2
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Let P∞ denote the distribution associated with these limits. That is,

P∞ = N(µ∞, σ2
∞) = N

[
b

1− a
,

c2

1− a2

]
(7.18)

What happens if we actually attain this limiting distribution, or if we take our initial
draw x0 from this distribution? On an intuitive level, it seems that the distribution
sequence will be constant, remaining at P∞ over time. Indeed this is the case, as
exercise 7.6.1 asks you to confirm.

The limiting distribution is an example of what is called a stationary distribution.
More generally, a stationary distribution for a Markov process on S with stochastic
kernel Q is any distribution P∞ on S satisfying

P∞(B) =
∫

Q(s, B)P∞(ds) for all B ∈ B(S)

Comparing with the recursion Pt+1(B) =
∫

Q(s, B)Pt(ds) from fact 7.2.2, we see
that the definition of stationarity of P∞ means precisely that

L(xt) = P∞ =⇒ L(xt+1) = P∞

From this we see that any process starting at P∞ will be identically distributed. In
fact it is stationary, in the sense that (7.1) holds. Let’s record this:

Fact 7.2.5. Let {xt} be a Markov process with stationary distribution P∞. If L(x0) =
P∞, then {xt} is a stationary stochastic process, with L(xt) = P∞ for all t.

It is important to understand that the same sequence is not in general IID, since xt
and xt+j are not generally independent.

Example 7.2.6. Consider again the scalar Gaussian linear AR(1) process from (7.3).
If |a| < 1 and L(x0) = P∞ where P∞ is the normal density in (7.18), then {xt} is
stationary.

Moments of the stationary distribution are called the stationary moments of the
Markov process. Other names for the stationary distribution include the “invariant”
or “unconditional” distribution, and the moments are then called the invariant or
unconditional moments. Sometimes the stationary distribution is a density:

Fact 7.2.6. If Q(s, ·) is absolutely continuous for all s ∈ S with transition density
q(s, ·), then every stationary distribution P∞ is absolutely continuous, and its den-
sity p∞ satisfies

p∞(s′) =
∫

q(s, s′)p∞(s) ds for all s′ ∈ S (7.19)

Such a density is called a stationary density.
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7.2.3.1 Existence

Not every Markov process has a stationary distribution. For example, in the linear
scalar AR(1) model xt+1 = b + axt + cwt+1, we know that the marginal variance
evolves according to σ2

t+1 = a2σ2
t + c2. If |a| > 1, then this sequence diverges.

Because the variance is not constant, the distribution sequence cannot be constant
either.

Let’s state one sufficient condition for existence. The condition we give slightly
specializes a famous result known as the Krylov–Bogolyubov theorem. It uses the
notion of a coercive function, which is any nonnegative function V on the state space
S such that

Cγ := {s ∈ S : V(s) 6 γ}
is a compact subset of S for all γ ∈ R. Intuitively, coercive functions are functions
that go to +∞ as we move “away from the center” of the state space.

Example 7.2.7. If S = RK and V(s) = ‖s‖, then V is coercive on S. Indeed, for
this function each Cγ is a closed sphere centered on the origin. Closed and bounded
subsets of RK are compact.

Example 7.2.8. If S = R and V(s) = s2, then V is coercive on S. To see this, just
observe that Cγ = [−√γ,

√
γ]. This is a closed, bounded subset of S.

Now we can state the following:

Theorem 7.2.1. Let xt+1 = G(xt, wt+1) be the process on S defined in (7.7). If

(i) s 7→ G(s, w) is continuous for each fixed w ∈ RM, and

(ii) there exists a coercive function V on S and constants λ and L such that 0 6 λ < 1
and

EV[G(s, wt+1)] 6 λV(s) + L (s ∈ S) (7.20)

then the Markov process has at least one stationary distribution.

See §11.2 of Stachurski (2009) for proofs and references. Condition (7.20) is an ex-
ample of a drift condition. One way to understand it is to write it as

EV[G(s, wt+1)]

V(s)
6 λ +

L
V(s)

As we move “away from the center” of the state space, V(s) becomes large, and the
term on the right is eventually < 1. Looking at the left hand side, this tells us that
the value attached to the state by V is expected to decrease, which in turn suggests
movement away from the “edges” of the state space and back towards the center.
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Example 7.2.9. Consider again the ARCH(1) process xt+1 = (α0 + α1x2
t )

1/2wt+1
from (7.5), where, as usual α0 > 0 and α1 > 0. Let S = R. If α1 < 1, then this
process has a stationary distribution on S. To see this, observe that

G(s, w) = (α0 + α1s2)1/2w (s, w ∈ R)

is continuous in s for each fixed w. Moreover, V(s) = s2 is coercive on S by exam-
ple 7.2.8, and

EG(s, wt+1)
2 = (α0 + α1s2)Ew2

t+1 = α0 + α1s2 (7.21)

Hence (7.20) holds with equality when V(s) := s2, λ := α1 and L := α0.

7.2.4 Asymptotics of Markov Processes

When do Markov processes exhibit nice properties such as ergodicity? To gain some
intuition let’s first consider the process xt+1 = axt + wt+1, where {wt} is IID N(0, 1)
and |a| < 1. We consider a stationary process, where each xt has marginal

P∞ := N
(

0, (1− a2)−1
)

(7.22)

A law of large numbers for this process takes the form

x̄T
p→
∫

s P∞(ds) = 0 as T → ∞ (7.23)

Fact 6.1.2 on page 161 tells us that for (7.23) to hold it suffices that

E x̄T → 0 and var x̄T → 0 as T → ∞ (7.24)

The first part is obvious, since E x̄T = 1
T ∑T

t=1Ext and Ext = 0. For the second part,
since E x̄T = 0,

var

[
1
T

T

∑
t=1

xt

]
= E

[
1
T

T

∑
t=1

xt

]2

=
1

T2

T

∑
n=1

T

∑
m=1

E [xnxm]

Using E [xnxm] = E [xmxn] we obtain the bound

var x̄T 6
2

T2 ∑
16n6m6T

E [xnxm] =
2

T2

T−1

∑
j=0

T−j

∑
t=1

E [xt+jxt] (7.25)

Thus, to obtain var x̄T → 0 as T → ∞, we require the covariance terms E [xt+jxt] to
converge to zero in j sufficiently quickly. That they do in this particular instance is
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the subject of exercise 7.6.3.

To summarize, if correlations die out sufficiently quickly, then we can regain the
LLN. The same is true for the CLT when second moment conditions hold. We now
state a much more general result for sample paths of Markov processes. The proofs
are omitted but the essential ideas are the same.

Theorem 7.2.2. Let {xt} be a Markov process on S with stochastic kernel Q. Suppose that
Q(s, ·) is absolutely continuous for all s ∈ S and let q(s, ·) be the corresponding transition
density. If

(a) q is strictly positive and continuous on S× S, and

(b) there exists a coercive function V on S and constants λ and L such that 0 6 λ < 1
and ∫

V(s′)q(s, s′)ds′ 6 λV(s) + L (s ∈ S)

then the following statements are true:

(i) Q has a unique stationary distribution P∞ with density p∞.

(ii) Pt
w→ P∞ as t→ ∞ for all initial P0.

(iii) If h : S→ R is B-measurable and
∫
|h(s)|p∞(s)ds < ∞, then

1
T

T

∑
t=1

h(xt)
p→
∫

h(s)p∞(s)ds as T → ∞ (7.26)

(iv) If, in addition, h2 6 V, then there exists a σ2
h > 0 such that

√
T

{
1
T

T

∑
t=1

h(xt)−
∫

h(s)p∞(s)ds

}
d→ N(0, σ2

h) as T → ∞ (7.27)

Conditions (a) and (b) are not dissimilar to the conditions for existence in theo-
rem 7.2.1. Condition (b) is the drift condition in (7.20) specialized to the density
setting. The major difference is that q is required to be strictly positive. This gives
enough mixing to generate uniqueness and the sample path properties. Theorem 7.2.2
can be proved from results in Meyn and Tweedie (2009).1

1. The stated results are a consequence of theorem 17.0.1 in Meyn and Tweedie (2009), which
in turn requires that the process is V-uniformly ergodic. In our case, the latter property follows
from aperiodicity and irreducibility, which are immediate consequences of strict positivity of q on
S × S, and from the drift condition (b). In the language of Meyn and Tweedie (2009), the function
V is “unbounded off petite sets.” This holds for any coercive function V when q is positive and
continuous, since compact sets are then petite.
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Theorem 7.2.2 is but one of a vast range of results on asymptotic properties of
Markov processes. Discussion of alternatives is given in §7.5. In fact the conditions
are rather strict and can certainly be weakened at the expense of a more complex
theorem statement. Nonetheless, they suffice for many applications of interest.

The constant σ2
h in (7.27) is given by the expression

σ2
h := var[h(x0)] + 2

∞

∑
t=1

cov[h(x0), h(xt)] (7.28)

with the understanding that {xt} is a stationary process. If σ2
h = 0, then the limiting

distribution is degenerate.

Fact 7.2.7. Let xt+1 = g(xt) + wt+1 be the additive shock process on RK from (7.12).
If E‖wt‖ is finite, g is continuous, the density ψ of wt is continuous and positive
everywhere on RK, and there exist constants λ and L such that 0 6 λ < 1 and

‖g(s)‖ 6 λ‖s‖+ L for all s ∈ RK (7.29)

then the conditions of theorem 7.2.2 are satisfied.

To see why this works, recall from (7.13) that the transition density satisfies q(s, s′) =
ψ(s′ − g(s)). Since ψ is assumed continuous and positive on RK, the transition
density has these properties on RK ×RK. Hence condition (a) in theorem 7.2.2 is
satisfied. Condition (b) is also satisfied because, taking λ and L as in (7.29), we have∫

‖s′‖q(s, s′)ds′ = E‖g(s) + wt+1‖ 6 λ‖s‖+ L +
∫
‖w‖ψ(w)dw

Example 7.2.10. Let {xt} be a scalar AR(1) process xt+1 = axt + b + cwt+1, where
{wt} is IID and standard normal. If |a| < 1 and c > 0, then the conditions of fact 7.2.7
are satisfied. The density of cwt is N(0, c2), which is continuous and strictly positive
on R. To see that (7.29) holds, rewrite the model as xt+1 = g(xt) + cwt+1 where
g(s) := as + b. By the triangle inequality, |g(s)| 6 λ|s| + L where λ := |a| and
L := |b|.
Example 7.2.11. Here’s a variation on the scalar “threshold autoregressive” model:

xt+1 = a|xt|+ (1− a2)1/2wt+1 with |a| < 1 and {wt} IID∼ N(0, 1)

The conditions of fact 7.2.7 are satisfied. To see this, we can rewrite the model as

xt+1 = g(xt) + vt+1, g(s) = a|s| and {vt} IID∼ N(0, 1− a2)

Clearly (7.29) is satisfied with λ = |a| and L = 0. Moreover, L(vt) = N(0, 1− a2),
which has finite mean and a bounded density everywhere positive on R.
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For most Markov processes the stationary density has no known closed form. How-
ever, in the case of example 7.2.11, the stationary density is known to have the form
p∞(s) = 2φ(s)Φ(qs), where q := a(1− a2)−1/2, φ is the standard normal density
and Φ is the standard normal CDF.

Example 7.2.12. Consider the STAR model from (7.6), where the function g is given
by g(s) := (b0 + a0s)(1− τ(s)) + (b1 + a1s)τ(s) for some τ : R → [0, 1]. Applying
the triangle inequality and using 0 6 τ(s) 6 1, we have

|g(s)| 6 |b0|+ |b1|+ max{|a0|, |a1|}|s|

Letting L := |b0|+ |b1| and λ := max{|a0|, |a1|}, we then have |g(s)| 6 λ|s|+ L. If
both |a0| and |a1| are strictly less than one, then condition (7.29) is satisfied.

Example 7.2.13. Recall the ARCH process xt+1 = (α0 + α1x2
t )

1/2wt+1 from (7.5),
where {wt} is IID and standard normal. In example 7.2.9 we saw that this model has
a stationary distribution on S = R whenever α0 > 0 and 0 6 α1 < 1. In particular,
we showed in (7.21) that it satisfies drift with respect to the coercive function V(s) =
s2. This gives condition (b) of theorem 7.2.2. Condition (a) also holds because the
transition density is continuous and everywhere positive (see page 187).

7.2.5 The Linear Case

Recall the VAR process in (7.4), which, to repeat, takes the form

xt+1 = b + Axt + Cwt+1 (7.30)

where {wt} is assumed to be IID and to satisfy Ewt = 0 and E [wtw′t] = I. Regard-
ing the asymptotics of this process, if the shock vector has a continuous and positive
density, then we can apply fact 7.2.7 on page 195 to obtain asymptotic stability and
LLN and CLT results whenever the matrix norm of A satisfies ‖A‖ < 1. To see this,
let g(s) = b + As. By the norm triangle inequality and the definition of the matrix
norm, we have

‖g(s)‖ = ‖b + As‖ 6 ‖b‖+ ‖As‖ 6 ‖b‖+ ‖A‖‖s‖

Hence (7.29) holds.

As mentioned above, the stability and sample path conditions considered above are
relatively strict. In the linear case, we can certainly do better. Here’s one such result:

Fact 7.2.8. For the VAR process (7.30), the conclusions of theorem 7.2.2 hold with
V = ‖ · ‖ whenever $(A) < 1.
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Here $(A) is the spectral radius of A, as defined on page 67. Under this condition, a
unique stationary distribution exists. Taking expectations across (7.30), its mean µ∞
must satisfy µ∞ = b + Aµ∞. Applying the Neumann series lemma (page 67), this
equation has the unique solution

µ∞ = (I−A)−1b =
∞

∑
i=0

Aib

Let Σ∞ be the asymptotic variance (i.e., the variance-covariance matrix of the sta-
tionary distribution). From (7.30) it must satisfy

Σ∞ = AΣ∞Aᵀ
+ CCᵀ

This is an example of a discrete time Lyapunov equation. Under the condition
$(A) < 1 it can be solved by iteration or by using existing numerical solvers. Here’s
an example in Julia that uses a solver from the QuantEcon package:

using QuantEcon

A = [0.8 -0.2;
-0.1 0.7]

C = [0.5 0.4;
0.4 0.6]

solve_discrete_lyapunov(A, C * C')

7.3 Martingales

Martingales generalize the notion of a random walk, where increments to the cur-
rent state are draws from a white noise process. The concept of martingales has been
central to many advances in probability since the mid 20th Century. Econometri-
cians also like martingales because they neatly capture the idea of “unpredictable”
change.

7.3.1 Definitions

To define martingales, we need the notion of a filtration, which is an increasing
sequence of information sets. Recall from §5.2.4 that an information set is just a set
of random variables or vectors. Let {Ft} be a sequence of information sets. That
is, Ft is an information set for each t. The sequence {Ft} is called a filtration if,
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in addition, it satisfies Ft ⊂ Ft+1 for all t. Intuitively, expanding information sets
reflect the idea that more information is revealed over time.

Example 7.3.1. Let {xt} be a sequence of random vectors, and let

F0 := ∅ and Ft := {x1, . . . , xt} for all t > 1 (7.31)

The sequence {Ft} is a filtration. It is called the filtration generated by {xt}.

Now let {mt} be a scalar stochastic process and let {Ft} be a filtration. We say that
{mt} is adapted to {Ft} if mt is Ft-measurable for every t. (For the definition of
measurability see §5.2.4.)

The intuitive meaning is this: Ft represents the variables we know as of time t. If
{mt} is adapted to Ft, then we can compute mt at time t as well.

Example 7.3.2. Let {xt} be any stochastic process, let {Ft} be the filtration gener-
ated by {xt} and let x̄t := 1

t ∑t
j=1 xj be the sample mean up until date t. Then {x̄t} is

adapted to {Ft}.
Example 7.3.3. Let {wt} be IID standard normal, let {Ft} be the filtration generated
by {wt} and let xt := supj>t wj. This process is not adapted to {Ft} because the
value xt cannot be determined from {w1, . . . , wt}.
Fact 7.3.1. If {mt} is adapted to {Ft}, then E [mt |Ft+j] = mt for any j > 0.

The proof goes like this: By adaptedness, mt is Ft-measurable. From the definition
of a filtration we have Ft ⊂ Ft+j, so, applying fact 5.2.10 on page 148, it follows
that mt is Ft+j-measurable. Fact 7.3.1 now follows from fact 5.2.13 on page 150.

A sequence of integrable random variables {mt} adapted to a filtration {Ft} is
called a martingale with respect to {Ft} if

E [mt+1 |Ft] = mt for all t

The expression E [mt+1 |Ft] is sometimes simplified to E t[mt+1] when the filtration
is understood.

Example 7.3.4 (Random Walk). Let {ηt} be an IID sequence of zero mean random
variables and let mt := ∑t

j=1 ηj. For example, ηt might be the payoff on the t-th
round of a fair game and mt is the wealth of a gambler after the t-th round.2 We can
also express {mt} recursively via

mt+1 = mt + ηt+1 with m0 = 0

2. We are assuming that wealth starts at zero and may take arbitrarily large negative values with-
out the gambler getting knee-capped by the mafia.
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The process {mt} is a martingale with respect to the filtration {Ft} generated by
{ηt}. That {mt} is adapted to {Ft} follows immediately from the definitions. More-
over,

E [mt+1 |Ft] = E [mt + ηt+1 |Ft] = mt +E [ηt+1 |Ft]

where the last equality follows from linearity and fact 7.3.1. Since {ηt} is IID, we
know that ηt+1 is independent of the variables in Ft and hence E [ηt+1 |Ft] =
E [ηt+1] = 0. Therefore {mt} is a martingale with respect to {Ft} as claimed.

Example 7.3.5. A well-known example of a martingale from economic theory is the
consumption process in Hall (1978). To understand the idea, consider the Euler
equation

u′(ct) = E t

[
1 + rt+1

1 + $
u′(ct+1)

]
where u′ is the derivative of a utility function u, rt is an interest rate and $ is
a discount factor. The expectation E t[·] can be thought of as E [· |Ft] where Ft
contains all variables observable at time t. Specializing to the case rt+1 = $ and
u(c) = c− ac2/2, the Euler equation reduces to

ct = E t[ct+1] =: E [ct+1 |Ft]

Thus, consumption is a martingale with respect to {Ft}.

7.3.1.1 Martingale Difference Sequences

A stochastic process {dt} is called a martingale difference sequence (or MDS) with
respect to some filtration {Ft} if

E [dt+1 |Ft] = 0 for all t

An MDS is so named because if {mt} is a martingale with respect to {Ft}, then
dt = mt −mt−1 is a martingale difference sequence with respect to {Ft}. See exer-
cise 7.6.7.

Fact 7.3.2. If {dt} is an MDS, then E [dt] = 0 for all t.

Indeed, by the law of iterated expectations, E [dt] = E [E [dt |Ft−1]] = E [0] = 0.

7.3.2 Martingale Difference LLN and CLT

Next we consider asymptotics for martingale difference sequences. Martingale dif-
ference sequences are good candidates for the LLN and CLT. To see this, recall that
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integrable IID sequences always satisfy the LLN. With finite second moment they
also satisfy the CLT. Suppose now that {mt} is a stationary MDS with respect to
some filtration {Ft}. We don’t have independence in this case but we do have the
following:

Fact 7.3.3. If {mt} is an MDS, then cov[mt+j, mt] = 0 for all j > 1.

To see this, fix t > 0 and j > 1. We have

cov[mt+j, mt] = E [mt+jmt] = E [E [mt+jmt |Ft+j−1]]

Since t + j− 1 > t and {Ft} is a filtration, we know that mt is Ft+j−1-measurable.
Hence

E [E [mt+jmt |Ft+j−1]] = E [mtE [mt+j |Ft+j−1]] = E [mt · 0] = 0

Given the lack of correlation, we might hope that the LLN and CLT will still hold in
some form. Indeed, the following result is true:

Theorem 7.3.1. If {mt} is a stationary MDS with respect to some filtration {Ft}, then

1
T

T

∑
t=1

mt
p→ 0 as T → ∞ (7.32)

If, in addition, γ2 := E [m2
t ] < ∞ and

1
T

T

∑
t=1
E [m2

t |Ft−1]
p→ γ2 as T → ∞

then
√

T

[
1
T

T

∑
t=1

mt

]
= T−1/2

T

∑
t=1

mt
d→ N(0, γ2) as T → ∞ (7.33)

The proof of (7.32) is identical to that of the classical LLN in theorem 6.1.1. Theo-
rem 7.3.1 can be established from a martingale CLT proved in Durrett (2010).

7.4 Simulation

Simulation is invaluable as a tool for exploring statistical concepts and solving ap-
plied problems. For example, the current popularity of Bayesian methods for both
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econometrics and machine learning has been driven to a large extent by clever sim-
ulation algorithms that have proved successful at solving challenging estimation
problems.

Modern scientific programming environments all have good routines for simulating
independent observations from a range of common named distributions. We’ve
seen examples of this in the displayed computer code. But it’s easy to run into
situations where the distribution we are working with is nonstandard, or has no
closed form solution. We then need to roll our own routines for producing random
variates. Let’s review two of the most important algorithms.

7.4.1 Inverse Transforms

Suppose we wish to draw from a distribution on R with CDF F. Assuming we can
generate uniform random variables, we can do so via the inverse transform method:

1: draw u from the uniform distribution on [0, 1]
2: return F−1(u), where F−1 is the quantile function of F (see (4.35))

We wish to show that this technique is valid, or, equivalently, that

L(u) = U[0, 1] =⇒ L[F−1(u)] = F (7.34)

In the proof we’ll assume that F is strictly increasing. (This isn’t necessary but the
proof of the general case provides no additional intuition.) Let L(u) = U[0, 1] and
let z := F−1(u). To see that L(z) = F, observe that, by monotonicity, F(a) 6 F(b)
whenever a 6 b. As a result, for any s ∈ R,

P{z 6 s} = P{F−1(u) 6 s} = P{F(F−1(u)) 6 F(s)} = P{u 6 F(s)}

The defining property of a U[0, 1] random variable u is that P{u 6 t} = t whenever
0 6 t 6 1. Using this fact in the preceding calculation gives P{z 6 s} = F(s),
proving (7.34).

Here’s one extension for the basic inverse transform method. Suppose that we want
to simulate from a joint distribution on RN that is defined in terms of a copula
(see §5.1.5). In particular, suppose that Fn is a continuous CDF onR for n = 1, . . . , N,
that C is a copula on RN and that the joint distribution of interest is

F(s1, . . . , sN) = C(F1(s1), . . . , FN(sN))

(This is just (5.22) from page 137.) If we can simulate from C then we can simulate
from F. The method is
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1: draw u1, . . . , uN from C
2: return (x1, . . . , xN) := (F−1

1 (u1), . . . , F−1
N (uN))

Exercise 7.6.13 asks you to prove that (x1, . . . , xN) is a draw from F.

7.4.2 Markov Chain Monte Carlo

Markov chain Monte Carlo (MCMC) is a way of simulating from a given density π

on S ⊂ RK. The idea is to construct a stochastic kernel P on S such that

(i) π is a stationary distribution for P, and

(ii) P is sufficiently ergodic that its sample path averages converge to expectations
under π

See (7.26) on page 194 for a clearer statement of (ii). If we specialize to indicator
functions we can approximate probabilities under π too.

There are two major strands of MCMC algorithms: Metropolis–Hastings and the
Gibbs sampler. Here we’ll cover the former. While boldface symbols are omitted
in what follows, the ideas are valid in any dimension. In the section on Bayesian
estimation in §8.3.4, I will explain why Metropolis–Hastings fits so beautifully with
Bayesian updating.

The Metropolis–Hastings algorithm starts with a Markov process in the form of a
stochastic density kernel q = q(s, s′) called the proposal density. Draws from the
proposal density are called proposals. Each time we draw a proposal, we either (i)
accept it and move to that new state, or (ii) reject it and stay put. The probability of
accepting is structured so that the chain tends to stay in regions where π puts most
probability mass. As a consequence, for a sequence {xt} generated by this process,
we get

fraction of time spent in B =
1
T

T

∑
t=1
1{xt ∈ B} ≈ π(B) for large T

This is a version of (7.26) with h = 1B.

The ideas are subtle so let’s build up in steps. Consider first a general accept-reject
style process of the kind discussed above, where the probability of acceptance is
determined by an arbitrary function α = α(xt, y) of the current state xt and proposal
y. The function takes values in [0, 1]. The algorithm for generating xt+1 from xt
given α and proposal density q is given in algorithm 1.
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Algorithm 1 A Markov process with proposal density q and acceptance function α

1: draw y from q(xt, ·)
2: draw u independently from the uniform [0, 1] distribution
3: if u 6 α(xt, y) then . with probability α(xt, y)
4: set xt+1 = y
5: else . with probability 1− α(xt, y)
6: set xt+1 = xt
7: end if

The stochastic kernel P associated with {xt} in algorithm 1 has the form

P(s, B) =
∫

B
p(s, s′)ds′ + (1− λ(s))1{s ∈ B} (7.35)

for all s ∈ S and B ∈ B(S), where

p(s, s′) := q(s, s′)α(s, s′) and λ(s) :=
∫

p(s, s′)ds′

To show this, we can break the probabilities up as follows. Fix any Borel set B and
let xt be given at s. Let xt+1 be drawn according to algorithm 1 when xt = s. By
additivity of P we can write P{xt+1 ∈ B} as

P{xt+1 ∈ B} ∩ {u 6 α(s, y)}+P{xt+1 ∈ B} ∩ {u > α(s, y)} (7.36)

Our aim is to show that the two terms in (7.36) match the two terms on the right
hand side of (7.35).

Since intersections become products when we switch to indicators (fact 4.1.4, page 88),
we can applying the law of iterated expectations to obtain

P{xt+1 ∈ B} ∩ {u 6 α(s, y)} = P{y ∈ B} ∩ {u 6 α(s, y)}
= E [1{y ∈ B}1{u 6 α(s, y)}]
= E {E [1{y ∈ B}1{u 6 α(s, y)} | y]}
= E {1{y ∈ B}E [1{u 6 α(s, y)} | y]}

The term E [1{u 6 α(s, y)} | y] is just P{u 6 α(s, y)} with y given, which, since u is
uniform, evaluates to α(s, y). Hence the final expression in the last display evaluates
to ∫

1{s′ ∈ B}α(s, s′)q(s, s′)ds′ =
∫

B
α(s, s′)q(s, s′)ds′

∴ P{xt+1 ∈ B} ∩ {u 6 α(s, y)} =
∫

B
p(s, s′)ds′ (7.37)
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Equation (7.37) says that the first term in (7.36) is equal to the first term on the right
of (7.35). For the second terms, note that xt+1 = xt = s when u > α(s, y), so

P{xt+1 ∈ B} ∩ {u > α(s, y)} = E [1{s ∈ B}1{u > α(s, y)}]
= 1{s ∈ B}E [1{u > α(s, y)}]
= 1{s ∈ B}[1−P{u 6 α(s, y)}]

To match this expression with the second term in (7.35), we just need to show that
P{u 6 α(s, y)} =

∫
p(s, s′)ds′. But this is immediate from (7.37) if we take B = S.

So far we have verified that the kernel P in (7.35) is the stochastic kernel correspond-
ing to algorithm 1. Now let’s double back and design the selection function α so that
the stationary distribution of P is the target density π. In the Metropolis–Hastings
algorithm, this is done by setting

α(s, s′) := min
{

π(s′)q(s′, s)
π(s)q(s, s′)

, 1
}

(7.38)

If π(s)q(s, s′) = 0, then α(s, s′) := 1. The min is in place so α(s, s′) can be interpreted
as a probability. We don’t actually need to impose it in algorithm 1, since for u ∈
[0, 1] we have u 6 min{a, 1} iff u 6 a. The important element is the ratio inside the
min, which is large when the new proposal s′ has high probability under π relative
to the current location s and small when the reverse is true. This keeps the chain in
regions where π has high mass, and leads to our next result.

Theorem 7.4.1. Let P be the stochastic kernel in (7.35). If α is as defined (7.38), then π is
a stationary distribution for P.

Proof. The proof turns on the fact that for this choice of α we have p(s, s′)π(s) =
p(s′, s)π(s′) for all s, s′ (see ex. 7.6.14). From that observation and the definition of P
we obtain∫

P(s, B)π(s)ds =
∫ {∫

B
p(s, s′)ds′

}
π(s)ds +

∫
(1− λ(s))1{s ∈ B}π(s)ds

=
∫

B

{∫
p(s, s′)π(s)ds

}
ds′ +

∫
B
(1− λ(s))π(s)ds

=
∫

B

{∫
p(s′, s)π(s′)ds

}
ds′ +

∫
B
(1− λ(s))π(s)ds

=
∫

B
λ(s′)π(s′)ds′ +

∫
B
(1− λ(s))π(s)ds

=
∫

B
π(s)ds

Thus π is a stationary distribution of P, as was to be shown.
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It remains to establish that P has the kind of stability properties discussed in theo-
rem 7.2.2 on page 194 (and in particular the LLN result in (7.26) of that theorem).
This isn’t universally true, and requires at least some conditions on the primitives q
and π. One well-known result is given in corollary 3 of Tierney (1994) for the case
where q and π are continuous and strictly positive on S and S itself is compact. In
essence, the continuity and positivity corresponds to condition (a) of theorem 7.2.2,
while the compactness of S is a strict version of the drift condition in (b) of the same
theorem.3 For further results and references, see Roberts and Rosenthal (2004).

One disadvantage of MCMC methods is that the variates they generate are not in
general independent. Sample averages from dependent samples are typically less
informative than IID samples. (See example 7.1.4 for the extreme case.) It is de-
sirable, then, that dependence between xt and xt+k dies out quickly as k increases.
Whether it does or not is determined by the choice of q. Extensive discussion of such
issues can be found in Brooks et al. (2011).

A function implementing the Metropolis–Hastings algorithm in Julia with a random
walk proposal density is given in listing 4. The proposal density takes the form
q(s, s′) = ψ(s′ − s), where ψ is a given density. This is the system (7.12)–(7.13) with
g set to the identity. If ψ is symmetric, then q(s, s′) = q(s′, s), and α(s, s′) simplifies to
min{π(s′)/π(s), 1} if π(s) > 0 and 1 otherwise. This is the case shown in listing 4,
with ψ set to the N(0, σ2) distribution. Look up Julia’s ternary operator if you find it
hard to follow the code.

Listing 4 The random walk Metropolis–Hastings algorithm (Julia)

function rw_metropolis(pi_density, T, init=0, sigma=1)
xvec = Array(Float64, T)
xvec[1] = init
for t in 1:(T - 1)

x = xvec[t]
y = x + sigma * randn()
alpha = pi_density(x) > 0 ? pi_density(y) / pi_density(x) : 1
xvec[t+1] = rand() < alpha ? y : x

end
return xvec

end

Figure 7.7 shows a histogram of 106 draws generated from this algorithm when π is
the beta distribution with parameters (2, 5). The black line is the target density. This

3. When S is compact, every constant nonnegative function on S is coercive, and if V is constant
then the drift condition in (7.20) is trivial.
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Figure 7.7: Observations from the random walk Metropolis–Hastings algorithm

is just a toy example, since routines for sampling from beta distributions are readily
available. You can experiment with the code at johnstachurski.net/emet.html.

7.5 Further Reading

The modern theory of Markov processes owes much to a brilliant mathematician
called Wolfgang Doeblin. His short life and shining contributions to probability
theory are discussed in Bru and Yor (2002).

An excellent overview of Markov processes and their stability can be found in Meyn
and Tweedie (2009). For more on Markov processes from a density perspective see
Lasota and Mackey (1994) or chapter 8 of Stachurski (2009). For a nice survey of
sample path properties with a focus on the central limit theorem see Jones (2004).

Diaconis (2009) provides a fascinating overview of MCMC and its impact on differ-
ent fields. Richey (2010) is a more general survey. Good references on the theoretical
side include Roberts and Rosenthal (2004), Tierney (1994) and Geweke (1996). See
Kroese and Chan (2014) for a more practical discussion with a focus on applications.

7.6 Exercises

Ex. 7.6.1. Show that the process in example 7.2.6 on page 191 is identically dis-
tributed.

Ex. 7.6.2. Let xt+1 = axt + wt+1 where {wt} is IID standard normal and L(x0) =
N(0, 1/(1− a2)). Show that cov[xt, xt+j] = aj(1− a2)−1 for all j > 0.
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Ex. 7.6.3. Show that the right hand side of (7.25) converges to zero in T.

Ex. 7.6.4. Prove fact 7.2.2 on page 189.4

Ex. 7.6.5. Consider the additive shock process in fact 7.2.7. Assume the conditions
stated in the fact and let E‖x0‖ be finite. Show that E‖xt‖ is bounded in t.

Ex. 7.6.6. Consider again the scalar Markov sequence xt+1 = axt + wt+1. Assume
that {wt} is IID, having Student’s t-distribution with 2 degrees of freedom, and that
|a| < 1. Show that the conditions of fact 7.2.7 are satisfied.

Ex. 7.6.7. Let {Ft} be a filtration. Show that if {mt} is a martingale with respect to
{Ft}, then dt = mt−mt−1 is a martingale difference sequence with respect to {Ft}.

Ex. 7.6.8. Let {Ft} be a filtration, and let {mt} be a martingale with respect to {Ft}.
Let αt := mt + 1, let κt := 2mt, and let γt := m2

t . Which of these is a martingale with
respect to {Ft}?

Ex. 7.6.9. Let {ηt} be an IID sequence of scalar random variables with Eη1 = 0 and
var[η1] = σ2 > 0. Let {Ft} be the filtration defined by Ft := {η1, . . . , ηt}, and let
zt := t · ηt for each t.

(i) Is {zt} IID? Why or why not?

(ii) Is {zt} a martingale difference sequence with respect to {Ft}? Why or why
not?

Ex. 7.6.10. Let {ηt} be an IID sequence of scalar random variables withP{η1 = 1} =
P{η1 = −1} = 0.5 and let {Ft} be the filtration defined by Ft := {η1, . . . , ηt}. Let

mt :=
t

∑
j=1

ηj and κt := m2
t − t

Show that {κt} is a martingale with respect to {Ft}.

Ex. 7.6.11. Consider the scalar sequence xt+1 = axt + wt+1, where {wt} IID∼ N(0, 1)
and x0 = 0. Let Ft := {w1, . . . , wt}. Give conditions on a such that

(i) {xt} is a martingale with respect to {Ft}.
(ii) {xt} is a martingale difference sequence with respect to {Ft}.

Ex. 7.6.12. Let {Ft} be a filtration. A sequence of random variables {γt} is called
previsible with respect to {Ft} if γt is Ft−1-measurable for every t. Show that if

4. Hint: Try converting probabilities into expectations of indicators and using the law of iterated
expectations.

preliminary draft 207



Ch. 7

{xt} is a martingale with respect to {Ft}, and {γt} is previsible with respect to
{Ft}, then the process {yt} defined by

yt :=
t

∑
i=1

γi(xi − xi−1)

is a martingale with respect to {Ft}.
Ex. 7.6.13. Let F(s1, . . . , sN) = C(F1(s1), . . . , FN(sN)) where C is a copula and each
Fn is a continuous CDF on R. Let L(u1, . . . , uN) = C and let

(x1, . . . , xN) := (F−1
1 (u1), . . . , F−1

N (uN))

Prove that L(x1, . . . , xN) = F.

Ex. 7.6.14. Show that if a > 0 and b and c are any real numbers, then a min{b, c} =
min{ab, ac}. Next, let α be as defined in (7.38) and let p(s, s′) := q(s, s′)α(s, s′). Show
that π(s)p(s, s′) = p(s′, s)π(s′) for all s, s′.

7.6.1 Solutions to Selected Exercises

Solution to Ex. 7.6.1. Here’s a proof for the case b = 0 and c = 1. For the induction
step, suppose that L(xt) = P∞ where P∞ is as defined in (7.18) on page 191. With
b = 0 and c = 1 this becomes P∞ = N(0, 1/(1 − a2)). Since xt+1 = axt + wt+1
and linear combinations of independent normals are normal, we know that xt+1 is
normal. Thus, it remains only to show that Ext+1 = 0 and var[xt+1] = 1/(1− a2).
The first claim is true because, by linearity of expectations,Ext+1 = E [axt +wt+1] =
aE [xt] +E [w] = 0. The second claim also holds because

var[xt+1] = var[axt + wt+1] = a2 var[xt] + var[wt+1] + 2a cov[xt, wt+1]

Since xt and wt+1 are independent the final term is zero, and we get

var[xt+1] = a2 1
1− a2 + 1 =

1
1− a2

Solution to Ex. 7.6.2. Let {xt} be as stated in the exercise. We aim to show that
cov[xt, xt+j] = aj/(1 − a2). Fix j > 1 and iterate with xt+1 = axt + wt+1 to get

xt+j = ajxt +∑
j
k=1 aj−kwt+k. Using this expression and independence of xt and wt+k

gives

E [xt+jxt] = E

[
ajx2

t +
j

∑
k=1

aj−kwt+kxt

]
= ajE [x2

t ] +
j

∑
k=1

aj−kE [wt+k]E [xt]
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Since E [wt+k] = 0, this gives cov[xt+j, xt] = E [xt+jxt] = ajE [x2
t ]. The process {xt}

is identically distributed (fact 7.2.5) with common variance 1/(1− a2). The result
follows.

Solution to Ex. 7.6.3. As shown in exercise 7.6.2, we have E [xtxt+j] = aj/(1− a2).
Hence

2
T2

T−1

∑
j=0

T−j

∑
t=1

aj

1− a2 =
2

T2

T−1

∑
j=0

(T − j)
aj

1− a2 6
2
T

1
(1− a)(1− a2)

The term on the right converges to 0 as T → ∞.

Solution to Ex. 7.6.4. Fix B ∈ B(S) and let Pt be the t-th marginal. By the law of
iterated expectations we have

P{xt+1 ∈ B} = E [1{xt+1 ∈ B}] = E [E [1{xt+1 ∈ B} | xt]] = E [Q(xt, B)]

In other words, Pt+1(B) =
∫

Q(s, B)Pt(ds), as was to be shown.

Solution to Ex. 7.6.7. We need to show that (i) {dt} is adapted to {Ft}, and (ii)
E [dt+1 |Ft] = 0.

To prove that {dt} is adapted to {Ft}, we need to show that dt is a function of
variables in Ft. To see this, observe that mt is a function of variables in Ft and mt−1
is a function of variables in Ft−1. By the definition of filtrations, every variable in
Ft−1 is also in Ft. Hence mt−1 is also a function of variables in Ft. Since both mt
and mt−1 are functions of variables in Ft, clearly dt = mt −mt−1 is too.5

Finally, since E [mt+1 |Ft] = mt and E [mt |Ft] = mt (by fact 7.3.1), we have

E [dt+1 |Ft] = E [mt+1 |Ft]−E [mt |Ft] = mt −mt = 0

Solution to Ex. 7.6.8. First, {αt} is a martingale with respect to {Ft}. To see that
{αt} is adapted to {Ft}, note that {mt} is adapted to {Ft} by assumption. Therefore
mt is a function of variables in Ft and hence αt = mt + 1 is a function of variables
in Ft. Moreover, using the fact that {mt} is a martingale with respect to {Ft}, we
have

E [αt+1 |Ft] = E [mt+1 + 1 |Ft] = E [mt+1 |Ft] + 1 = mt + 1 = αt

Second, {κt} is a martingale with respect to {Ft}. The proof is similar and hence
omitted.

5. Intuitively, dt can be computed on the basis of information available at time t.
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Third, {γt} is not generally a martingale with respect to {Ft}. For example, let {mt}
be the random walk martingale in example 7.3.4. The process {γt} given by γt = m2

t
is not a martingale whenever σ2 := E [η2

1 ] is strictly positive. To see this, observe
that

γt+1 = m2
t+1 =

(
t

∑
j=1

ηj + ηt+1

)2

= (mt + ηt+1)
2 = m2

t + 2mtηt+1 + η2
t+1

∴ E [γt+1 |Ft] = E [m2
t |Ft] + 2E [mtηt+1 |Ft] +E [η2

t+1 |Ft]

Since
E [mtηt+1 |Ft] = mtE [ηt+1 |Ft] = mtE [ηt+1] = 0

and E [η2
t+1 |Ft] = E [η2

t+1] = σ2 we now have

E [γt+1 |Ft] = E [m2
t |Ft] + σ2 = m2

t + σ2 = γt + σ2 > γt

Hence {γt} is not a martingale with respect to {Ft}.

Solution to Ex. 7.6.11. It is clear from (7.8) on page 186 that {xt} is adapted to the
filtration for all values of a. Regarding part (i), if a = 1, then {xt} is the random
walk in example 7.3.4. Hence {xt} is a martingale with respect to {Ft}. Regarding
part (ii), if a = 0, then xt = wt, and

E [xt+1 |Ft] = E [wt+1 |Ft] = E [wt+1] = 0

Hence {xt} is a martingale difference sequence with respect to {Ft}.

Solution to Ex. 7.6.13. Adopt the setting of exercise 7.6.13. We aim to show that
L(x1, . . . , xN) = F. We have

P∩n {xn 6 sn} = P∩n {F−1
n (un) 6 sn} = P∩n {un 6 Fn(sn)}

Since C is the CDF of u1, . . . , uN, the right hand side is equal to C(F1(s1), . . . , FN(sN)).
This is F(s1, . . . , sN) by the definition of F.

Solution to Ex. 7.6.14. The first claim is immediate, since a > 0 implies that f (x) =
ax is an order preserving transform. The second claim is just algebra. You’ve made
it this far through the book so I guess you don’t need my help with that...
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Chapter 8

Estimators

In probability theory we aim to deduce the likelihood of different outcomes based
on known probability distributions. Statistics is the inverse problem. We want to
infer unknown probability distributions from outcomes we observe. In this chapter
we begin to explore these ideas.

8.1 The Estimation Problem

Let’s start off by clarifying the nature of the problem we want to study.

8.1.1 Definitions

From a pedagogical point of view, it’s best to start our study of statistics in a setting
where successive observations are both independent and identically distributed.
Later we’ll extend to dependent data. In an IID setting, the fundamental problem of
econometrics and statistics is this:

Problem 8.1.1. We observe Z-valued draws z1, . . . , zN from a common but unknown
distribution P ∈P , where P is a class of distributions on Z. We wish to infer some
features of P from this sample.

The set P is the universe of distributions we are willing to consider. It can be any-
thing, including the set of all distributions on the outcome space. One of the main
tasks of economic theory is to restrict P and thereby narrow down the set of distri-
butions we have to search over.
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Example 8.1.1. Benhabib et al. (2015) study the wealth distribution in a model with
idiosyncratic capital income risk. The model predicts that the wealth distribution
will have a Pareto right tail. Intuitively, this is because stochastic returns on assets
are multiplicative rather than additive, so a sequence of positive shocks leads to
very high wealth relative to the median.

In other instances P is restricted for reasons of tractability or convenience.

Let’s set down some notation to keep matters clear:

(i) Z is the outcome space where each observation zn takes values.

(ii) zD is the whole sample z1, . . . , zN (i.e., the “data”).

(iii) zD takes values in the sample space ZD := Z× · · · × Z = ∏N
n=1 Z.

(iv) P := L(zn) is the common marginal distribution of the observations.

(v) PD := L(zD) is the joint distribution of the sample.

Although calling ZD the sample space follows standard nomenclature, we are over-
loading the terminology first used on page 76. (Unfortunately statisticians and prob-
abilists don’t always coordinate on terminology.)

For as long as we continue to focus on IID data, the joint distribution PD will be the
N-th product of P, as defined on page 128.

Example 8.1.2. Let x1, . . . , xN be observations of labor income from a given popula-
tion. We model x1, . . . , xN as IID draws from a common univariate distribution P. In
our terminology, xn is an observation, the outcome space Z is R, the sample space
ZD is RN and the data set zD is the vector (x1, . . . , xN). Features of P that we might
wish to learn about include:

• the mean and higher moments of P,

• measures of dispersion, such as the variance, or properties of tails,

• the median and other quantiles,

• P itself, or the density of P if it exists.

In example 8.1.2, the individual observations are scalar. We can also imagine sce-
narios where observations are vector-valued.

Example 8.1.3. Suppose we wish to learn about the relationship between profitabil-
ity and R&D spending within a group of firms. Let zn = (xn, yn) be an observation
of these two quantities at the n-th firm. We treat the observations as IID across firms,
with common marginal distribution P = L(zn). The outcome space is Z = R2, and
the sample space is

ZD := R2 × · · · ×R2 = R2×N
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Because the marginal distribution P of the observations is now multivariate, new
features of the distribution come in to play, such as

• correlations across coordinates of P,

• the variance-covariance matrix associated with P,

• parameters controlling dependence when, say, P is modeled via a copula over
certain marginals.

8.1.1.1 Features

We have repeatedly referred to “features” of P that we might be interested in esti-
mating. Let’s define a feature of P to be an object of the form

γ(P) for some γ : P → S (8.1)

The set S is left arbitrary to accommodate all possible features. When P is under-
stood we’ll write γ(P) as γ. Here are some examples for univariate P routinely
estimated in econometric studies:

• γ(P) =
∫

skP(ds), the k-th moment of P

• γ(P) = inf{s ∈ R : P(−∞, s] > 1/2}, the median of P

• γ(P) = P, when we want to estimate P itself

• γ(P) = the density of P when P is absolutely continuous.

If P is multivariate over pairs z = (x, y), then one feature of interest is the regression
function f ∗(x) := E [y | x]. This function is uniquely determined by P (see §5.2.5).

8.1.1.2 Parametric vs Nonparametric Classes

In the statistical problems listed above, it is assumed that the unknown distribution
belongs to some class P . We call P a parametric class if it can be expressed as

P = {Pθ}θ∈Θ :=: {Pθ : θ ∈ Θ} for some Θ ⊂ RK

In other words, a class of distributions is parametric if it can be indexed by finitely
many parameters. A class of distributions is called nonparametric if it is not para-
metric.
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Example 8.1.4. Let P be the set of all univariate normal distributions with positive
variance. Equivalently,

P :=
{

all p s.t. p(s) =
1√
2πσ

exp
{
− (s− µ)2

2σ2

}
for some µ ∈ R, σ > 0

}
The set P is an example of a parametric class. The parameters are θ = (µ, σ). A
particular choice of the parameters determines (parameterizes) an element of the
class.

Example 8.1.5. If the outcome space Z is finite, containing J elements, then every
distribution P on Z can be represented by J− 1 parameters (the probability pj of each
outcome but the last) and hence any family P of distributions on Z is necessarily a
parametric class.

Example 8.1.6. The set of all distributions on R cannot be parameterized by a fi-
nite vector of parameters because the space of distributions is infinite dimensional.
Hence P := all distributions on R is a nonparametric class.

Example 8.1.7. Let P be the set of all absolutely continuous distributions onRwith
finite second moment:

P :=
{

all p : R→ R s.t. p > 0,
∫

p(s)ds = 1,
∫

s2p(s)ds < ∞
}

This set is nonparametric.

Many traditional methods of inference are parametric in nature: The data are as-
sumed to be generated by an unknown element Pθ of a parametric class P . The aim
is to estimate θ using the data. Once we have an estimate θ̂ of θ, we can plug this
estimate back into the parametric class to obtain an estimate Pθ̂ of Pθ.

The concept of a feature defined in (8.1) is a generalization of the notion of a param-
eter or vector of parameters. In parametric settings, the feature γ that we are most
interested in estimating is the parameter vector θ. If we have a good estimate θ̂ of θ,
we can estimate any feature γ = γ(Pθ) via γ̂ = γ(Pθ̂).

Following common usage, we will sometimes refer to the θ associated with the Pθ

that generates the data as the true value of the parameter vector. However, it’s
important to remember that this is an assumption, not a “truth.” We assume that the
data are generated by some member of a parametric class. This assumption can be
completely false.

In our initial formulation of the estimation problem we considered estimation of
features rather than just parameters because it is suboptimal to always restrict our-
selves to parametric assumptions on P . We’ll discuss the relative merits of para-
metric and nonparametric estimation in detail in chapter 14.
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8.1.2 Statistics and Estimators

A statistic is any observable function of the sample data. More precisely, a statistic
is any B-measurable function

T : ZD → S

that can be evaluated once the data zD are observed. As in (8.1), the set S is left
arbitrary to accommodate all the possible features that we might wish to estimate.
Sometimes we write T as TN to emphasize dependence on the sample size. The
assumption that a statistic is B-measurable is just a basic regularity condition.

An estimator is a statistic used to infer some feature γ(P) of an unknown distribu-
tion P. Thus a statistic becomes an estimator when paired with and compared to a
feature of the distribution. Note that there is nothing in the definition of an estima-
tor that implies it will be a sensible estimator of the target feature, let alone a good
one.

Example 8.1.8. If the feature γ we wish to infer is the mean of the marginal dis-
tribution P of IID data x1, . . . , xN, then the most common estimator is the sample
mean

x̄N :=
1
N

N

∑
n=1

xn

Formally, x̄N is the mapping from ZD = RN to S = R defined by

zD = (x1, . . . , xN) 7→ T(x1, . . . , xN) =
1
N

N

∑
n=1

xn ∈ R

This mapping is regarded as an estimator of the unknown mean γ(P) =
∫

sP(ds).

Example 8.1.9. The sample mean is not the only way to estimate the mean. For
example, we could also use the so-called mid-range estimator

mN :=
minn xn + maxn xn

2

Another option is a truncated sample mean, where values xn with |xn| > r are
truncated for some specified value of r. The truncated sample mean is often used to
estimate location parameters in heavy tailed distributions.

Example 8.1.10. Given sample x1, . . . , xN, let yn be the n-th largest observation of
the sample. If N is the odd number 2m + 1, the sample median is defined as ym+1.
If N = 2m, the sample median is 0.5(ym + ym+1). For example,
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julia> median([1, 3, 5])
3.0
julia> median([2, 4, 6, 8])
5.0

Example 8.1.11. Following on from example 8.1.8, a common estimator of the k-th
moment

∫
skP(ds) of P is the k-th sample moment 1

N ∑N
n=1 xk

n.

Example 8.1.12. A common estimator of the variance of P is the sample variance

s2
N :=

1
N

N

∑
n=1

(xn − x̄N)
2 (8.2)

The standard deviation is usually estimated using sample standard deviation

sN :=
√

s2
N =

[
1
N

N

∑
n=1

(xn − x̄N)
2

]1/2

(8.3)

In some texts the sample variance is defined as 1
N−1 ∑N

n=1(xn− x̄N)
2 rather than (8.2)

in order to produce an unbiased estimator (see, e.g., page 256). However, (8.2) fits
better with the theory in this text and is perhaps the more common definition.

Example 8.1.13. Given bivariate data zD = ((x1, y1), . . . , (xN, yN)), the sample co-
variance is the statistic

1
N

N

∑
n=1

(xn − x̄N)(yn − ȳN) (8.4)

The sample correlation is the sample covariance divided by the product of the two
sample standard deviations. With some rearranging, this becomes

∑N
n=1(xn − x̄N)(yn − ȳN)√

∑N
n=1(xn − x̄N)2 ∑N

n=1(yn − ȳN)2
(8.5)

Example 8.1.14. In the case where our observations are vectors x1, . . . , xN inRK, the
sample mean is the random vector defined by

x̄N :=
1
N

N

∑
n=1

xn
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The variance-covariance matrix defined in (5.16) is most often estimated with the
sample variance-covariance matrix

Σ̂N :=
1
N

N

∑
n=1

[(xn − x̄N)(xn − x̄N)
ᵀ
] (8.6)

8.1.3 Empirical Distributions

The empirical distribution of a given sample is the discrete distribution that puts
equal probability on each sample point. Thus, if the observations are vectors z1, . . . , zN
in Z, then the corresponding empirical distribution is the distribution on Z that puts
probability 1/N on each observation zn. We denote this distribution by P̂N.

The probability P̂N assigns to a set B is

P̂N(B) =
1
N

N

∑
n=1

1{zn ∈ B} (8.7)

This is the fraction of the sample that falls in B. (Refer back to figure 4.2 on page 82
if you wish to see a visual representation of (8.7).) The expectation of a function h
with respect to P̂N is ∫

h(s)P̂N(ds) =
1
N

N

∑
n=1

h(zn) (8.8)

as follows from (5.14) on page 132.

Example 8.1.15. Let zn be the scalar xn. The sample mean can be expressed in terms
of the empirical distribution as

x̄N =
1
N

N

∑
n=1

xn =
∫

sP̂N(ds) (8.9)

In other words, the sample mean is the mean of the empirical distribution.

The empirical distribution is a statistic, mapping data zD = (z1, . . . , zN) from a
common but unknown distribution P into T(zD) = P̂N = 1

N ∑N
n=1 1{zn ∈ ·}, a

random element of P . This statistic is particularly important because often the
feature of P we want to infer is P itself, and when we want to estimate P, the simplest
natural estimator is the empirical distribution.1

1. Why not always try to infer P itself? Although it’s true that when we know P we can in principle
recover any feature γ(P), we should also bear in mind the following general principle of inference
with limited information: In solving a given problem, try to avoid first solving a more general prob-
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Figure 8.1: F and four observations of F̂N when N = 15

With scalar data x1, . . . , xN we can visualize the empirical distribution by plotting
its CDF. The CDF of P̂N will be denoted in what follows by F̂N. Specializing B in (8.7)
to (−∞, s], we get

F̂N(s) =
1
N

N

∑
n=1

1{xn 6 s} (s ∈ R)

The CDF F̂N is called the empirical cumulative distribution function, or ECDF, cor-
responding to the sample. Graphically, F̂N is a step function, with an upward jump
of 1/N at each data point. Figure 8.1 shows an example where draws are from the
CDF F of the Beta(5, 5) distribution. Each panel shows an observation of the ECDF,
which is in turn constructed from N = 15 observations from F.

8.1.3.1 Convergence

The empirical distribution is asymptotically an excellent estimator of P. If z1, . . . , zN
are IID with common distribution P and P̂N is the empirical distribution, then, by
the law of large numbers,

P̂N(B) =
1
N

N

∑
n=1

1{zn ∈ B} p→ P{zn ∈ B} = P(B) (8.10)

lem as an intermediate step. Distributions are much more complicated objects than real numbers, so
if we care only about the median of a distribution, say, it might be best to try to discover this single
value directly rather than trying to infer the entire distribution first.
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for any Borel set B. See, in particular, (6.8) on page 164.

Specializing to the scalar case with B := (−∞, s], we have F̂N(s)
p→ F(s) for any

s ∈ R, where F is the CDF of P. In fact a much stronger statement is also true. It
is sometimes called the fundamental theorem of statistics, or the Glivenko-Cantelli
theorem:

Theorem 8.1.1. Let x1, . . . , xN be IID draws from F. If F̂N is the corresponding ECDF, then

‖F− F̂N‖∞
p→ 0 as N → ∞ (8.11)

The norm here is the supremum norm, meaning that

‖F− F̂N‖∞ := sup
s∈R
|F̂N(s)− F(s)|

Roughly speaking, this is the maximal deviation over the domain. (For a definition
of the supremum see §15.1.4.1.) In fact, the convergence occurs “almost surely,”
which is a stronger notion than in probability. See theorem 11.4.2 of Dudley (2002).

Figure 8.2 illustrates the convergence in (8.11). Each ECDF F̂N is based on a single
sample x1, . . . , xN of independent draws from F, where F is Beta(5, 5). Each subplot
shows 8 realizations of the ECDF at a different value of N. Across the subplots, the
sample size is stepped up from 10 to 500.

Theorem 8.1.1 tells us that, at least in the IID setting, if we have an infinite amount
of data, then in the limit we can learn the underlying distribution without having
to impose any assumptions at all. Moreover, once we know the distribution P, we
know any feature γ = γ(P).

Does this offer a solution to the basic problem of estimation stated on page 212?
The answer is no. In practice we only ever have a finite amount of data. Inference is
about generalization, as discussed in the introduction. There’s no need to generalize
if we know the full population.

Moreover, when we still have only finitely many observations, the empirical distri-
bution puts all of its mass on these points. In other words, it treats the sample like
the unknown distribution, without acknowledging the fact that we have limited
information. This can be viewed as an extreme form of overfitting. We’ll discuss
related ideas in a number of contexts throughout the book.

8.1.3.2 Identification

A class of distributions P = {Pθ} indexed by θ ∈ Θ is called identifiable if the map
θ 7→ Pθ is one-to-one (see §15.1.2) on Θ.
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Figure 8.2: Realizations of F̂N with four different sample sizes

Example 8.1.16. The class of normal densities in example 8.1.4 is identifiable. In
particular, it can be shown that if (µa, σa) and (µb, σb) are distinct vectors, then the
distributions N(µa, σ2

a ) and N(µb, σ2
b ) differ at at least one point.

Identifiability means that the parameter vector associated with the unknown distri-
bution can eventually be distinguished from the data. To see this, suppose {Pθ} is
identified on Θ and nature generates an infinite sequence of observations {zn} from
P = Pθ. Let θ′ be any other vector in Θ and let P′ = Pθ′ . By identifiability, there
exists at least one Borel set B with P(B) 6= P′(B). Since the empirical distribution
P̂N(B) converges to P(B) we can in the limit conclude that the data are not generated
by P′.

8.2 Estimation Principles

We started off with the problem of estimating a feature γ = γ(P) of the unknown
distribution P from a sample. We’ve introduced a number of different statistics
aimed at estimating various features. Where do these estimators come from and
what, if anything, do they have in common?
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8.2.1 The Sample Analog Principle

Most of the estimators defined above can be derived from a simple principle. In the
modern statistical literature this is often called the plug-in method. In economet-
rics it goes by a variety of names, including “analog estimation” (see, in particular,
Manski (1986)). We’ll call it the sample analog principle. The principle is:

to estimate the feature γ(P) use γ(P̂N)

Here P̂N is the empirical distribution. In other words, we replace the unknown
distribution P with the observable distribution P̂N and then evaluate γ(P̂N).

Example 8.2.1. Let x1, . . . , xN be draws from unknown distribution P. Suppose we
want to estimate the mean γ(P) :=

∫
sP(ds). The sample analog principle tells us

to replace P with P̂N, which gives

γ(P̂N) =
∫

sP̂N(ds) = x̄N

(The last equality is just (8.9).) Thus, the sample mean is the estimator of the mean
produced by the sample analog principle.

The k-th sample moment applies the same principle to estimate the k-th moment.

Example 8.2.2. When it exists, the variance of P can be written as

σ2 = γ(P) =
∫ [

t−
∫

sP(ds)
]2

P(dt)

Applying the sample analog principle leads to the estimator

∫ [
t−

∫
sP̂N(ds)

]2

P̂N(dt) =
1
N

N

∑
n=1

(xn − x̄N)
2

This is precisely the sample variance from example 8.1.12.

The estimators in these two examples are relatively straightforward but the set of
all applications of the sample analog principle is very broad. As we’ll see below, es-
timation methods that can be obtained as special cases include least squares regres-
sion, maximum likelihood, the method of moments and the generalized method of
moments.
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8.2.1.1 Best Linear Prediction

Here’s an example that illustrates the generality of the sample analog principle. Re-
call the best linear prediction problem from §4.1.5.1, where α and β are chosen to
minimize E [(y− α− βx)2]. Letting P be the distribution of (x, y) we can write the
problem as

(α∗, β∗) = γ(P) := argmin
α,β∈R

∫
[(t− α− βs)2]P(ds, dt) (8.12)

There is a corresponding statistical problem when the underlying distribution P
is unknown. The problem is to produce the best linear predictor based only on a
sample zD = ((x1, y1), . . . , (xN, yN)) of observations from P. We proceed as follows:
Given zD, we form the empirical distribution

P̂N(B) =
1
N

N

∑
n=1

1{(xn, yn) ∈ B}

Applying the sample analog principle, we plug P̂N into (8.12), yielding the estimator

(α̂N, β̂N) = γ(P̂N) = argmin
α,β∈R

N

∑
n=1

[(yn − α− βxn)
2] (8.13)

(The term 1
N has been dropped from the right hand side of (8.13) because it doesn’t

affect the minimizers.) This is the simple linear bivariate least squares problem. The
minimizers are

β̂N =
∑N

n=1(xn − x̄N)(yn − ȳN)

∑N
n=1(xn − x̄N)2

and α̂N =
1
N

N

∑
n=1

yn − β̂N
1
N

N

∑
n=1

xn (8.14)

(See ex. 8.5.2.) Comparing with (4.23) on page 97, we see that these estimators are
themselves the sample analogs of the underlying features α∗ and β∗.

8.2.1.2 Limitations

While the sample analog principle produces sensible estimators in many situations,
there are also instances where it fails completely. Let’s look at one example.

Let P be the set of absolutely continuous distributions onR, so that the distribution
P generating the data is assumed to have a density. The density of P can be regarded
as the feature

γ(P) = DP (8.15)
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Here DP := the derivative of the CDF F of P.

Let P̂N be the empirical distribution from any given sample. What happens when
we plug this empirical distribution into the right hand side of (8.15)? In other words,
what information do we get when we differentiate the function F̂N? Since F̂N is a
step function, the derivative is zero everywhere, except at a finite number of jump
points where the derivative is undefined. Thus, the density estimate produced by
the sample analog principle is useless. This statement remains true even when N is
enormous.

One way to understand this outcome is that when we wish to estimate complex
objects with finite samples, we typically need to combine the data with some kind
of regularization. Loosely speaking, this means that we penalize complexity in our
search for a solution, or impose some kind of “smoothing” a priori. This idea has a
long history in the field of numerical methods, where certain inverse problems are
unstable, or “ill-posed,” and their solution requires regularization.

Regularization is an essential element of statistics too. It says that we should not
grant the empirical distribution equal status with the unknown true distribution.
That is, we should regard the empirical distribution only as partial information, and
seek to combine it with some form of prior information or external theory. Regular-
ization is one application of prior information: It applies the idea that probability
mass most likely falls in places other than just the sample points observed so far. We
pick up the topic of regularization again in chapter 14.

8.2.2 Empirical Risk Minimization

Let’s now look at another inductive principle that combines the sample analog prin-
ciple with additional structure. The principle is called empirical risk minimization,
or ERM. The terminology and main concepts come from the machine learning liter-
ature. Nonetheless, many standard estimators in econometrics are special cases of
ERM, including maximum likelihood and least squares. The ideas discussed here
help to frame these tools as part of a broader set of methods.

Consider a setting where we repeatedly observe an input x ∈ RK to a system, fol-
lowed by a scalar output y. Both are random variables and the joint distribution
of z := (x, y) is P. Our aim is to predict new output values from observed input
values. We’ll do this by choosing a function f such that f (x) is our prediction of y
once x is observed. In the machine learning literature, f is called a prediction rule.
In economics, f is called a strategy or policy function.

Incorrect prediction incurs a loss. The size of this loss is written as L(y, f (x)). The
function L is called the loss function. Common choices for the loss function include:
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• the quadratic loss function L(y, f (x)) = (y− f (x))2,

• the absolute deviation loss function L(y, f (x)) = |y− f (x)|,
• the discrete loss function L(y, f (x)) = 1{y 6= f (x)}.

Given loss function L, we consider choosing f so as to minimize the prediction risk,
which is defined as the expected loss

R( f ) := EL(y, f (x)) (8.16)

Sometimes R( f ) is also called the expected prediction error.2 The expectation in
(8.16) is computed using the joint distribution P of (x, y). Sometimes we’ll write
EP L(y, f (x)) to emphasize this.

Example 8.2.3. Let L be the quadratic loss function. As shown in §5.2.5, the mini-
mizer of (8.16) is the regression function, defined at x by f ∗(x) = E [y | x]. In partic-
ular, from (5.39) on page 151, for any alternative policy g we have

R(g) = R( f ∗) +E [( f ∗(x)− g(x))2] (8.17)

In other words, with quadratic loss, good prediction equates to choosing g to be
close to the regression function, thereby minimizing the second term on the right
hand side of (8.17). In view of (8.17), the term R( f ∗) represents a lower bound for
prediction risk.

In a statistical setting we are constrained in our ability to minimize risk by the fact
that we cannot evaluate EP , as this requires knowledge of the joint distribution P.
Suppose however that we have access to input-output pairs (x1, y1), . . . , (xN, yN),
where each pair (xn, yn) is an independent draw from P. To make use of the sample,
we will apply the sample analog principle, replacing P in (8.16) with the empirical
distribution P̂N. This produces the new objective function

Remp( f ) := EP̂N
L(y, f (x)) =

1
N

N

∑
n=1

L(yn, f (xn)) (8.18)

This function is called the empirical risk. The empirical risk is the prediction risk
evaluated under the empirical distribution of the sample rather than the true dis-
tribution P. Minimizing the empirical risk is called empirical risk minimization
(ERM).

There is an additional step. When we choose a decision rule the problem that we

2. See, for example, section 2.4 of Friedman et al. (2009).

preliminary draft 225



Ch. 8

H

all f : RK → R

f ∗ := argmin f R( f )

Figure 8.3: Choosing the hypothesis space

actually solve is
f̂ = argmin

f∈H
Remp( f ) (8.19)

We have restricted the domain to a class of functions H. This set of functions is
called the hypothesis space. Choice of H is structure we impose on the estimation
problem.

It might seem at first pass that we should setH to be the set of all functions f : RK →
R. After all, if the risk minimizing function f ∗ := argmin f R( f ) is not in H, as
visualized in figure 8.3, then the solution to (8.19) is not equal to f ∗, and we are
making a sub-optimal choice.

Actually this reasoning is false. In fact we usually want to be quite restrictive in
our choice of H. In essence this is because minimizing the empirical risk is not the
same as minimizing the prediction risk. Occam’s razor comes in to play here: We
are solving a complex problem on the basis of limited information. It would be a
serious mistake to act as if we had unlimited information. These ideas are explored
further in §8.2.3.

Example 8.2.4. Specializing to scalar x and quadratic loss function L(y, f (x)) = (y−
f (x))2, and observing that the term 1

N makes no difference to the solution, the ERM
problem becomes

min
f∈H

N

∑
n=1

(yn − f (xn))
2 (8.20)

For obvious reasons, this optimization problem is called the least squares problem.
If we specializeH to be the set of affine functions

H` := { all functions of the form `(x) = α + βx} (8.21)
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then the problem reduces to the simple linear least squares problem

min
`∈H`

N

∑
n=1

(yn − `(xn))
2 = min

α, β

N

∑
n=1

(yn − α− βxn)
2 (8.22)

This is exactly the same minimization problem we obtained in (8.13). The solutions
are given in (8.14).

While we ended up with the same minimization problem in two different ways,
the reasoning here is more natural. When we first came to this problem in (8.13) it
was by applying the sample analog principle to the problem of finding best linear
predictors. Here we are simply trying to find the best predictor. At the same time,
we have restricted ourselves to linear approximations in recognition of the fact that
we are basing our estimate on limited information. Linearity implements Occam’s
razor by bounding the complexity of the learning algorithm.

8.2.2.1 Quantile Regression

Quantile regression is used when we want to estimate a quantile of a given distribu-
tion based on a set of predictive variables. For example, quantile regression has been
used to estimate quantiles of CEO compensation as a function of the market value
of their firms (Koenker and Hallock (2001)). In this section we show how quantile
regression can be regarded as a special case of empirical risk minimization.

To describe the idea, let F be a strictly increasing CDF on R and let τ ∈ (0, 1) be
given. Recall from §4.2.6 that the τ-th quantile of F is the ξ that solves F(ξ) = τ.
Although it might not be immediately obvious, the τ-th quantile can also be defined
as the solution to the optimization problem

min
ξ∈R

ELτ(y, ξ) (8.23)

where y is a random variable with distribution F and

Lτ(y, ξ) := |(y− ξ)(τ − 1{y < ξ})|

Exercise 8.5.6 asks you to confirm that the solution to (8.23) is precisely the ξ that
solves F(ξ) = τ.

Suppose now that we want to estimate the τ-th quantile of F using some input vari-
able x (e.g., a CEO compensation quantile as a function of firm size). Motivated by
(8.23), we can frame the search for a suitable function as a problem of minimizing
the prediction risk

R( f ) := ELτ(y, f (x)) (8.24)
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where Lτ is as defined above. If we employ the principle of empirical risk minimiza-
tion with data set (x1, y1), . . . , (xN, yN), we get min f∈H ∑N

n=1 Lτ(yn, f (xn)), where
H is the hypothesis space. WhenH = H` as defined in (8.21), the ERM problem is

min
α, β

N

∑
n=1
|(yn − α− βxn)(τ − 1{yn < α + βxn})|

This is the standard expression for the quantile regression problem.

If τ = 0.5, then the objective function is proportional to ∑N
n=1 |yn − α− βxn|. This

case is called median regression or least absolute deviation regression.

8.2.3 The Choice of Hypothesis Space

Now let’s return to the issue of choosing the hypothesis space. Why would we want
to minimize the empirical risk over a restricted hypothesis space such as the set H`

in (8.21), rather than a larger space? Let’s begin with a straightforward result:

Fact 8.2.1. Let H1 and H2 be two hypothesis spaces. If f̂i is the empirical risk mini-
mizer overHi as defined in (8.19), then

H1 ⊂ H2 =⇒ Remp( f̂1) > Remp( f̂2)

In other words, we can always decrease empirical risk by increasing the hypothesis
space. The reason that fact 8.2.1 holds is that we are minimizing over a larger set.

At the same time, our actual objective is to minimize the prediction risk. The pre-
diction risk of a given predictor f measures the out-of-sample fit of f , which is the
expected performance of f when confronted with new data. A statistical procedure
that takes a given data set and produces a predictor f with low prediction risk (rela-
tive to the benchmark f ∗—see (8.17)) means that we have succeeded in meeting the
goal we set at the start of the book: we have generalized from data.

Of course prediction risk is unobservable. Sometimes it is tempting to use empirical
risk Remp( f ) as an estimator of R( f ). However, empirical risk, which measures in-
sample fit of f , is a downward biased estimator of risk. In particular, as we vary the
hypothesis space, prediction risk can rise even when empirical risk is falling.

Let’s illustrate this by way of an example, where empirical risk is minimized over
progressively larger hypothesis spaces. The model we will consider is one that gen-
erates input-output pairs via

x ∼ U[−1, 1] and then y = cos(πx) + u where u ∼ N(0, 1) (8.25)
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Here U[−1, 1] is the uniform distribution on the interval [−1, 1]. Our hypothesis
spaces for predicting y from x will be sets of polynomial functions. To fix notation,
let Pd be the set of all polynomials of degree d. That is,

Pd := { all functions fd(x) = c0x0 + c1x1 + · · · cdxd where each ci ∈ R}

This sequence of hypothesis spaces is increasing, in the sense that

P1 ⊂P2 ⊂P3 ⊂ · · ·

Indeed, if f is a polynomial of degree d, then f can be represented as a polynomial
of degree d + 1 just by setting the last coefficient cd+1 to zero:

Pd 3 fd(x) = c0x0 + c1x1 + · · · cdxd

= c0x0 + c1x1 + · · · cdxd + 0xd+1 ∈Pd+1

The set of linear functionsH` defined in (8.21) is equal to P1.

If we seek to predict y from x using quadratic loss and the set Pd as our candidate
functions, the risk minimization problem is

min
f∈Pd

R( f ) where R( f ) = E [(y− f (x))2] (8.26)

while the empirical risk minimization problem is

min
f∈Pd

Remp( f ) where Remp( f ) =
1
N

N

∑
n=1

(yn − f (xn))
2 (8.27)

To illustrate the difference between risk and empirical risk, we first generate N = 25
data points from the model (8.25). Taking this as our data set, we then solve (8.27)
repeatedly, once for each d in 1, 2, . . . , 20. The solution to the d-th minimization
problem is denoted f̂d, and is, by construction, a polynomial of degree d. Finally, we
compare the risk R( f̂d) and empirical risk Remp( f̂d).3 The results are in figure 8.4.

As expected, empirical risk falls monotonically with d. On the other hand, the risk
decreases slightly and then increases rapidly. For large d, the minimizer f̂d of the
empirical risk is associated with very high risk in the sense of large expected loss.

We can get a sense for what is happening by plotting the data and the functions. In
figures 8.5–8.8, the N data points are plotted alongside the function y = cos(πx)
from the true model (8.25) in black, and fitted polynomial f̂d in red. The function

3. The risk R( f̂d) is evaluated by substituting f̂d into the expression for R in (8.26). You can find
the code at johnstachurski.net/emet.html.
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Figure 8.4: Risk and empirical risk as a function of d

y = cos(πx) is the risk minimizer, and represents the ideal prediction function. In
figure 8.5 we have d = 1, and the fitted polynomial f̂1 is the linear regression line.
In figures 8.6, 8.7 and 8.8 we have d = 3, d = 11 and d = 14 respectively. The fitted
polynomials are f̂3, f̂11 and f̂14.

When d = 1, the hypothesis space Pd = P1 is small and no function in this class
can effectively fit the underlying model. This is called underfitting, and is reflected
in the poor fit of the red line to the black line in figure 8.5.

When d = 3, the class of functions Pd = P3 is considerably larger. Given that
the data are relatively noisy, and that we only have 25 observations, the fit of the
function is good (figure 8.6). If we look at the risk for d = 3 on the right hand side
of figure 8.4, we see that it is lower than for d = 1.

On the other hand, if we take d larger, the fit to the underlying model becomes poor
and the risk is high. Examining figures 8.7 and 8.8, which correspond to d = 11
and d = 14, we see that the fitted polynomial has been able to fit the observed data
closely, passing near many of the data points. Too much emphasis has been given to
this particular realization of the data. When a new input x is drawn, the prediction
f̂d(x) is likely to be a poor predictor of y. This situation is called overfitting.

To summarize, the choice of H is central to our ability to generalize from the data.
WhenH is too small, no function inH provides a good fit to the regression function.
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Figure 8.5: Fitted polynomial, d = 1
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Figure 8.6: Fitted polynomial, d = 3
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Figure 8.7: Fitted polynomial, d = 11
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Figure 8.8: Fitted polynomial, d = 14
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If this is so, the prediction risk cannot be made small regardless of the data. This can
be seen directly from (8.17). Any estimate f̂ inH must satisfy

R( f̂ ) > R( f ∗) + min
f∈H

E [( f ∗(x)− f (x))2]

Conversely, ifH is too large, then we can attain low empirical risk but the prediction
risk itself is large.

Of course in statistical applications we do not have the luxury of knowing the true
data generating process when we choose H. The best scenario is that we have firm
theory that guides us to a suitable hypothesis space. The worst scenario is that we
have no idea and choose blindly. Once again, the message is that statistical learning
equals prior knowledge plus data.

We return to these issues repeatedly throughout the text.

8.3 Some Parametric Methods

In this section we review some standard parametric estimation methods, including
maximum likelihood, Bayesian estimation and the generalized method of moments.

8.3.1 Maximum Likelihood

One standard approach to deriving estimators in a parametric setting is the princi-
ple of maximum likelihood. Let’s begin with a simple case and then progress to
more complex applications.

Suppose we observe a single draw x from distribution N(µ, 1) where µ is unknown.
The variance is known and set to 1 for simplicity. Our task is to guess the value of µ

given the observation x. A guess µ̂ of µ also pins down the distribution N(µ̂, 1), so
we could equivalently state that our job is to guess the distribution that generated x.
In guessing this distribution, if we centered it around some number µ̂ much larger
than x, say, then our observed data point x would be an “unlikely” outcome for this
distribution. See figure 8.9. The same logic would apply if we centered the density
at a point much smaller than x.4

In fact, in the absence of any additional information, the most obvious guess would
be that the normal density is centered on x. To center the density on x, we just set
µ̂ = x.

4. The scare quotes on “unlikely” are just a reminder that our distribution is absolutely continuous
and hence all individual outcomes s ∈ R have probability zero. When we say that an outcome x is
unlikely we mean that there is little probability mass in the neighborhood of x.
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x µ̂

N(µ̂, 1)

Figure 8.9: Maximizing the likelihood

Maximum likelihood formalizes these steps: The density of x is the density p(s; µ)
of the distribution N(µ, 1). Plugging the observed value x into this density gives

p(x; µ) = (2π)−1/2 exp
{
− (x− µ)2

2

}
Think of p(x; µ) as representing the probability of realizing our sample point x. The
principle of maximum likelihood suggests that we take as our guess µ̂ of µ the value
that maximizes this probability. It’s not hard to show that µ̂ = x is the maximizer.
This coincides with our intuition from figure 8.9.

The same principle applies when the data are independent draws x1, . . . , xN from
N(µ, 1), where µ is unknown. The joint density of the sample is the product of the
marginals. Plugging the sample values into the joint density, one then maximizes
the joint density with respect to µ:

µ̂ := argmax
µ∈R

1
(2π)N/2

N

∏
n=1

exp
{
− (xn − µ)2

2

}
(8.28)

The maximizer µ̂ is precisely the sample mean of x1, . . . , xN (see ex. 8.5.4).

We can generalize these ideas in several ways. Let’s suppose now that the data
x1, . . . , xN has joint density p in the sense of (5.8) on page 130. We will assume that
p = p(· ; θ) is a member of a parametric class P indexed by parameter vector θ ∈ Θ.
Each choice of θ pins down a particular density p = p(· ; θ) but the value of θ that
generated the data is unknown.

In this setting, the likelihood function is p evaluated at the sample x1, . . . , xN, and
regarded as a function of θ:

L(θ) := p(x1, . . . , xN; θ) (θ ∈ Θ) (8.29)

The principle of maximum likelihood tells us to estimate θ by maximizing L(θ) over
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θ ∈ Θ. A statistic θ̂ called a maximum likelihood estimate (MLE) of θ if

θ̂ ∈ argmax
θ∈Θ

L(θ) (8.30)

This is equivalent to maximizing the log likelihood function

`(θ) := ln(L(θ)) (θ ∈ Θ)

The set of MLEs can in general be a singleton, contain multiple elements or be empty.

In the preceding discussion, p was a density function, but it can be a probability
mass function as well. Examples are given below.

To implement maximum likelihood estimation, we need to know the joint distribu-
tion of the data. As we saw in (8.28), when the data points are independent this is
easy because the joint density p is the product of the marginals. More generally, if
each xn is drawn independently from fixed arbitrary (marginal) density pn(· ; θ) on
R, then

L(θ) =
N

∏
n=1

pn(xn; θ) and `(θ) =
N

∑
n=1

ln pn(xn; θ) (8.31)

If each data point is multivariate, just replace xn with xn.

Example 8.3.1. Suppose that x1, . . . , xN are IID draws from a normal distribution
N(µ, v) with θ = (µ, v) unknown. The log likelihood function is

`(µ, v) = −N
2

ln(2πv)− 1
2

N

∑
n=1

(xn − µ)2

v
(8.32)

Joint maximization over (µ, v) gives the maximum likelihood estimators

µ̂ =
1
N

N

∑
n=1

xn and v̂ =
1
N

N

∑
n=1

(xn − x̄N)
2 (8.33)

Thus, the MLEs of µ and v are the sample mean and sample variance respectively.

Maximum likelihood estimation is a much celebrated theory of estimation. MLE
estimators typically have excellent asymptotic properties. On the other hand, good
finite sample properties are not guaranteed (more about this soon) and the attractive
asymptotic theory is dependent on correct specification of the underlying paramet-
ric class. Indeed, we need to bring a lot of knowledge to the table just to form the
estimator. (To specify the likelihood function, we must specify the entire joint dis-
tribution of the sample.)
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Example 8.3.2. Let x1, . . . , xN be IID observations from some unknown density onR.
If the class of candidate distributions is too large, maximum likelihood estimation
will fail. For example, there is no solution to the problem

max
p

N

∏
n=1

p(xn)

where the maximization is over all densities. We can make this expression arbitrarily
large by choosing p to concentrate its mass is small neighborhoods around each
sample point. The limit of this process is not a density.

8.3.1.1 Conditional Maximum Likelihood

As in §8.2.2, suppose we observe inputs x1, . . . , xN to some system and correspond-
ing outputs y1, . . . , yN. The pairs (xn, yn) are assumed to be IID. Our aim is to esti-
mate θ in p(y | x; θ) in order to pin down the conditional density of y given x.

The principle of maximum likelihood tells us to maximize

`(θ) =
N

∑
n=1

ln p(xn, yn; θ) where p := the joint density of (xn, yn)

Letting π be the marginal density of x, we can use the decomposition (5.27) on
page 140 to write

p(x, y; θ) = p(y | x; θ)π(x)

The density π is unknown but we have not parameterized it because we aren’t try-
ing to estimate it. We can now re-write the log likelihood as

`(θ) =
N

∑
n=1

ln p(yn | xn; θ) +
N

∑
n=1

ln π(xn)

The second term on the right hand side is independent of θ and as such it does not
affect the maximizer. Hence the MLE is

argmax
θ∈Θ

N

∑
n=1

ln p(yn | xn; θ)

The objective function here is called the conditional log likelihood. The preceding
argument tells us that when we want to estimate parameters in the conditional den-
sity of y given x, we can maximize the conditional log likelihood directly, which is
simpler and more direct than maximizing the full log likelihood.
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Example 8.3.3. Consider a discrete response model with binary output yn, where
yn = 1 indicates that the n-th individual in a sample of women participates in the
labor force. This decision is influenced by a vector xn measuring characteristics such
as income from the rest of the household. Let

q(s) := P{y = 1 | x = s}
(

s ∈ RK
)

One modeling approach is to take q(s) = F(β
ᵀs), where β is a vector of parameters

and F is a specified CDF. We can then write

P{y = i | x = s} = F(β
ᵀs)i(1− F(β

ᵀs))1−i for s ∈ RK and i ∈ {0, 1}

This is the conditional PMF of y given x, so the conditional log likelihood of the
sample is

`(β) =
N

∑
n=1

ln[F(β
ᵀxn)

yn(1− F(β
ᵀxn))

1−yn ]

=
N

∑
n=1

yn ln F(β
ᵀxn) +

N

∑
n=1

(1− yn) ln(1− F(β
ᵀxn))

If F is the standard normal CDF Φ, then this model is called the probit model. If F is
the logistic CDF F(s) = 1/(1 + e−s), then it is called the logit model.

To find the MLE in this example, we can differentiate ` to obtain first order condi-
tions but this does not in general lead to an analytical solution. Instead, numerical
optimization of the likelihood is required. Discussion of numerical optimization is
given in §13.2.2.

8.3.2 Maximum Likelihood via ERM

Maximum likelihood is a special case of empirical risk minimization. To see this,
suppose that we wish to learn unknown density q on the basis of observations from
q. We take our loss function to be

L(p, x) := − ln p(x)

The meaning is this: If our guess of q is p and the value x is realized, then our loss
is − ln p(x). This means that we suffer large loss when p puts small probabilities on
regions where x is realized. The corresponding risk function is

R(p) = E q[L(p, x)] = −
∫

ln[p(s)]q(s)ds
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Now suppose that we observe IID draws x1, . . . , xN from q. To estimate q, the ERM
principle indicates we should solve for

p̂ := argmin
p∈P

{
1
N

N

∑
n=1
− ln p(xn)

}
= argmax

p∈P

{
N

∑
n=1

ln p(xn)

}

where P is a hypothesis space of densities. To clarify the connection with maximum
likelihood, take P to be a parametric class {p(· ; θ)}θ∈Θ. Choosing our estimate p̂ of
q now reduces to choosing an estimate θ̂ of θ. Re-writing our optimization problem
for this case, we obtain

θ̂ = argmax
θ

{
N

∑
n=1

ln p(xn; θ)

}
= argmax

θ

`(θ)

Here ` is the log-likelihood. It follows from this expression that the ERM estimator
is precisely the maximum likelihood estimator.

Incidentally, the minimizer of the true risk R(p) is the unknown density q. To see
this, let us first transform our expression for the risk function to

R(p) =
∫

ln
[

q(s)
p(s)

]
q(s)ds−

∫
ln[q(s)]q(s)ds

The term on the far right is called the entropy of q, and does not involve p. Hence
minimization of the risk comes down to minimization of

DK(q, p) :=
∫

ln
[

q(s)
p(s)

]
q(s)ds (8.34)

This quantity is called the Kullback–Leibler (KL) deviation between q and p. The
KL deviation is possibly infinite, always nonnegative, and zero if and only if p = q.5

It follows that the unique minimizer of the risk is the true density q.

8.3.3 The Method of Moments and GMM

Suppose that we wish to estimate a vector θ that solves an equation of the form

g(θ) = Eh(x) (8.35)

In this expression, g and h are observable vector valued functions (taking values in
RK, say). We cannot solve this expression because the distribution P of x is unknown

5. More precisely, DK(q, p) = 0 if and only if p = q almost everywhere. Densities are equal almost
everywhere when the set of points at which they fail to be equal has Lebesgue measure zero.
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and hence the expectation cannot be evaluated. If, however, we have observations
x1, . . . , xN from P then we can apply the sample analog principle and replace the
population expectation with the expectation under the empirical distribution. This
yields the method of moments estimator, which is the solution θ̂, if it exists, to the
equation

g(θ̂) =
1
N

N

∑
n=1

h(xn) (8.36)

Example 8.3.4. The mean of the Pareto distribution with scale parameter s0 = 1 and
shape parameter α (see page 99) is α/(α − 1). (The condition for existence of the
mean is α > 1.) Letting g(α) := α/(α− 1), we can write the same statement as

g(α) = Ex, where L(x) = Pareto(α, 1)

The first equation is a version of (8.35). To estimate α with observations x1, . . . , xN
from a Pareto(α, 1) distribution we can apply the method of moments, which tells
us to solve g(α̂) = 1

N ∑N
n=1 xn for α̂. The result is α̂ := x̄/(x̄− 1).

Generalized method of moments (GMM) is, not surprisingly, a generalization of this
idea. First we express (8.35) as

E [g(θ)− h(x)] = 0 (8.37)

and (8.36) as
1
N

N

∑
n=1

[g(θ̂)− h(xn)] = 0 (8.38)

Now let’s go one step further, replacing (8.37) with the more general expression

EG(θ, x) = 0 (8.39)

This expression is called the orthogonality condition. The generalized method of
moments estimator of θ is the solution θ̂ to the empirical counterpart, which is

1
N

N

∑
n=1

G(θ̂, xn) = 0 (8.40)

Of course there is no guarantee that a solution will exist here, partly because the
function G can be nonlinear and partly because the number of equations can be
greater than the number of unknowns. If the number of equations is greater, then
the estimation problem is said to be overidentified.

Our study of overdetermined systems of equations in §3.3.2 suggests a logical way
to handle the overidentified case: Minimize the norm of the left hand side of (8.40).
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This leads to the expression

θ̂ = argmin
θ∈Θ

∥∥∥∥∥ 1
N

N

∑
n=1

G(θ, xn)

∥∥∥∥∥ (8.41)

In practice we usually make two adjustments to this expression. The first is trivial:
we minimize the squared norm, instead of the norm, leaving the minimizer un-
changed. The second is to replace the Euclidean norm ‖ · ‖ with a weighted norm
‖ · ‖W defined by ‖x‖2

W = xᵀWx where W is a positive definite weighting matrix.
Positive definiteness is desired here because it shares with the Euclidean norm the
property that led us to (8.41). That is, ‖x‖W = 0 if and only if x = 0. The estimation
problem is then

θ̂ = argmin
θ∈Θ

[
1
N

N

∑
n=1

G(θ, xn)

]ᵀ
Ŵ

[
1
N

N

∑
n=1

G(θ, xn)

]
(8.42)

The weighting matrix has been written as Ŵ because it is allowed to depend on the
sample. Evidently the choice of Ŵ affects the minimizer, and the objective in choos-
ing this matrix is to produce an estimator that has small variance asymptotically.

Example 8.3.5. GMM is often used to estimate and test asset pricing models. Many
asset pricing models lead to equations of the form

pt = E [Mt+1xt+1 | Gt]

where xt+1 is a vector of payoffs on K assets at t + 1, pt is a corresponding vector of
time t asset prices, Mt+1 is a stochastic discount factor and Gt is the time t informa-
tion set. See, for example, p. 951 of Hansen (2014b). If Zt is a conformable matrix
of observable variables adapted to the filtration Gt, then we can postmultiply by Zt,
pass through the conditional expectation and rearrange to obtain

E [Mt+1xt+1Zt − ptZt | Gt] = 0

Taking the unconditional expectation and using the law of iterated expectations
gives an expression in the form of (8.39). In Hansen and Singleton (1982), the
variables in Zt include lagged values of asset returns and aggregate consumption
growth.

8.3.4 Bayesian Estimation

Bayesian inference adopts a rather different strategy to the methods discussed so far.
The main idea is to treat parameters as unknown quantities for which we hold sub-

preliminary draft 240



Ch. 8

jective beliefs regarding their values. These subjective beliefs are called priors. The
Bayesian approach to estimation suggests that we take both data and prior knowl-
edge into account when forming an estimate or prediction.

Example 8.3.6. Consider the expression “when you hear hooves, think horses, not
zebras.” Prior knowledge should be given some weighting when assessing evi-
dence.

For the purposes of estimation, a prior can be thought of as a distribution over P ,
the set of distributions in play. The standard Bayesian approach is parametric, so we
can specialize this further to a density over parameter space. Thus, the primitives
in our analysis are:

• θ, the parameter vector, which takes values in Θ ⊂ RJ ,

• π, the prior distribution, a density over Θ,

• x, the data,

• p(· | θ), the joint density of the data given θ.

Note that L(θ) := p(x | θ) is the likelihood function.

Priors are reassessed based on evidence in the data. This process leads to an up-
dated density over parameter space called the posterior distribution, which we
represent by π(θ | x). The posterior is obtained via an application of Bayes’ formula
(see page 140) which leads us to

π(θ | x) = p(x | θ)π(θ)

p(x)
=

p(x | θ)π(θ)∫
p(x | θ′)π(θ′)dθ′

(8.43)

Here p(x) represents the unconditional density of x evaluated at the outcome. The
term on the far right shows why this unconditional density is not listed as a primi-
tive: we can recover it from the other primitives using the law of total probability.

The same method can be applied when the densities are replaced with probability
mass functions and the integral is replaced with a sum. Here’s a standard example
that mixes a density over priors with a Binomial PMF for the likelihood:

Example 8.3.7. Consider a one-armed bandit (slot machine) with binary response v
indicating a fixed payout (v = 1) or nothing (v = 0). We would like to know the
probability θ of v = 1. Let v1, . . . , vN be a sequence of independent outcomes and let
x := ∑N

n=1 vn be the total number of payouts. Recalling example 4.2.6 on page 102,
the likelihood for x conditional on θ is

p(x | θ) =
(

N
x

)
θx(1− θ)N−x
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Figure 8.10: Evolution of the posterior from Beta(3, 5) prior

For our prior we take a Beta(α, β) distribution, so

π(θ) =
θα−1(1− θ)β−1

B(α, β)
(8.44)

for 0 < θ < 1. (Parameters like α and β that are used to define the prior density are
called hyperparameters.) Applying (8.43) gives

π(θ | x) = θx+α−1(1− θ)N−x+β−1

c(x)
(8.45)

where c(x) := p(x)B(α, β)/(N
x ). We could try to calculate c(x) directly but there’s

an easier way. We know that (8.45) is a density in θ given x. Hence c(x) must be
the normalizing constant at x. Moreover, comparing (8.44) with (8.45), it’s clear that
π(θ | x) is a beta density. This leads us to the full form of the posterior, which is

π(θ | x) = θα+x−1(1− θ)N−x+β−1

B(x + α, N − x + β)
(8.46)

Figure 8.10 shows evolution of the posterior density (8.46) in a simulation. The prior
is set to Beta(3, 5). The true payout probability is θ0 = 0.7. Despite the poor prior,
the data shift probability mass towards θ0. See johnstachurski.net/emet.html for
code.

In this chapter we are looking for estimators. Point estimates are extracted from the
posterior based on some measure of central tendency, such as

(i) the mean of the posterior,
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(ii) the median of the posterior,

(iii) the mode of the posterior (= maximizer in the unimodal case).

Example 8.3.8. The mean of the posterior in (8.46) yields the estimator

θ̂ :=
α + x

α + β + N

More payouts shift our estimator upwards. In the limit, θ̂ is near x
N , which is the

MLE of θ. This illustrates a common theme: The difference between maximum
likelihood and Bayesian estimates concerns finite sample properties.

The posterior we came up with in (8.46) belongs to the same parametric class as the
prior. Priors where the parametric class is preserved under Bayesian updating for
a specific likelihood function are called conjugate. Conjugacy makes application of
Bayes’ rule particularly simple.

In applications, the existence of a closed form solution for the posterior is rare, and
the integration over the parameter space in (8.43) has to be carried out numeri-
cally. The standard technique is Markov chain Monte Carlo. An exposition of the
Metropolis–Hastings algorithm was given in §7.4.2. If you return to (7.38) you will
notice how implementation of this algorithm only requires us to evaluate ratios of
of the posterior, which means that the integral term on the right hand side of (8.43)
cancels out. In practice this eliminates a huge amount of complexity.

Bayesian inference has experienced a surge of popularity in recent years. One rea-
son is that in high dimensions, numerical integration to obtain the posterior via
MCMC has proved to be more successful in practice than the numerical optimiza-
tion required to obtain maximum likelihood estimates. Another is that Bayesian es-
timation provides a form of regularization that stabilizes and typically improves es-
timation of complex models. See §14.2.3. A third is that Bayesian estimation comes
with an elegant, unified decision theoretic approach to inference. Some discussion
is given in §9.2.5.

8.4 Further Reading

The ERM principle is a very general principle for solving statistical problems and
producing estimators. For such a general method it is difficult to give a set of strong
results showing that ERM produces good estimators. Indeed, there will be instances
when ERM produces poor estimators, as discussed in 8.2.3. Having said that, some
rather general consistency results have been obtained. The details are beyond the
level of these notes. Some discussion can be found in Vapnik (2000).
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There are many good treatments of Bayesian estimation available in the literature,
including Geweke (2005), Geweke et al. (2011) and Kroese and Chan (2014).

Chernozhukov and Fernández-Val (2011) discuss quantile regression of the τ-th
quantile in cases where τ is close to zero or one.

8.5 Exercises

Ex. 8.5.1. Let x be a random variable with µ := E [x] and finite second moment.
Consider the risk function given by R(θ) = E [(θ − x)2]. Show that µ is the mini-
mizer of R(θ) over all θ ∈ R.

Ex. 8.5.2. Confirm the solutions in (8.14) by differentiating (8.13).

Ex. 8.5.3. Show that the method of moments estimator α̂ in example 8.3.4 converges
in probability to α whenever α > 1. (Later we will call this property consistency.)

Ex. 8.5.4. Confirm that the maximizer of (8.28) is the sample mean of x1, . . . , xN.

Ex. 8.5.5. Confirm the results in (8.33) by differentiating (8.32).

Ex. 8.5.6. Let F be a strictly increasing CDF on R and let τ ∈ (0, 1) be given. Let
y be a random variable with L(y) = F. Adopting the notation of §8.2.2.1, show
that the solution to the optimization problem minξ∈R ELτ(y, ξ) is the ξ that solves
F(ξ) = τ.

Ex. 8.5.7. Consider the one-armed bandit problem in example 8.3.7. Directly obtain
the log likelihood function of θ given v1, . . . , vN. Use the principle of maximum
likelihood to show that the sample mean v̄N is the MLE for θ.

Ex. 8.5.8. Let f and g be two fixed densities, let x1, . . . , xN be IID and consider the
likelihood ratio statistic

yn :=
n

∏
i=1

g(xi)

f (xi)

Show that if xn ∼ f for all n, then {yn} is a martingale with respect to the filtration
{Fn} defined by Fn := {x1, . . . , xn}.

Ex. 8.5.9. Let DK(p1, p2) be the KL deviation between normal densities p1 and p2
where pi = N(µi, σ2

i ) for i = 1, 2. Show that

DK(p1, p2) = ln
σ2

σ1
+

σ2
1 + (µ1 − µ2)

2

2σ2
2

− 1
2
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8.5.1 Solutions to Selected Exercises

Solution to Ex. 8.5.1. Adding and subtracting µ, we can express R(θ) as

R(θ) = E{[(θ − µ) + (µ− x)]2}

Expanding this out and using E [x] = µ, we obtain R(θ) = (θ − µ)2 + var[x]. Evi-
dently a minimum is obtained when θ = µ.

Solution to Ex. 8.5.6. We can write the minimization problem as

min
ξ∈R

{
(τ − 1)

∫ ξ

−∞
(t− ξ) F(dt) + τ

∫ ∞

ξ
(t− ξ) F(dt)

}
Differentiating with respect to ξ leads to the first order condition (1 − τ)F(ξ) +
τ(F(ξ)− 1) = 0. Simplifying gives F(ξ) = τ, as was to be shown.

Solution to Ex. 8.5.7. Each vn is a Bernoulli random variable, with PMF given by
p(s; θ) := θs(1− θ)1−s for s ∈ {0, 1}. By independence, the joint distribution is the
product of the marginals, and hence the log likelihood is

`(θ) =
N

∑
n=1

log p(vn; θ) =
N

∑
n=1

[vn log θ + (1− vn) log(1− θ)]

Differentiating with respect to θ and setting the result equal to zero yields θ̂ = v̄N as
claimed.

Solution to Ex. 8.5.8. Clearly yn is Fn-measurable, and hence {yn} is adapted to
{Fn}. In addition,

E [yn+1 |Fn] = E

[
n+1

∏
i=1

g(xi)

f (xi)
|Fn

]
=

n

∏
i=1

g(xi)

f (xi)
E

[
g(xn+1)

f (xn+1)
|Fn

]
Since {xn} is IID, xn+1 ∼ f and g is a density, we have

E

[
g(xn+1)

f (xn+1)
|Fn

]
= E

[
g(xn+1)

f (xn+1)

]
=
∫ g(s)

f (s)
f (s) ds =

∫
g(s) ds = 1

∴ E [yn+1 |Fn] =
n

∏
i=1

g(xi)

f (xi)
= yn
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Properties of Estimators

When the concept of estimators was first introduced in §8.1.2 we mentioned that
there is nothing in the definition that guarantees—or even alludes to—good perfor-
mance. Now we want to think about what makes for a good estimator.

9.1 Sampling Distributions

Our first step is to view estimators as random entities dependent on the data, and
to consider their distributions under different specifications of the data generating
process.

9.1.1 Estimators as Random Elements

By definition, a statistic T is a B-measurable transformation of the sample space ZD
into some feature space S. As a function of the sample zD = (z1, . . . , zN), it can be
viewed as a random element mapping outcomes in the underlying space Ω to S via

ω 7→ T [zD(ω)] ∈ S

Here “random element” stands for either a random vector (or scalar), or something
more general, such as the random distribution P̂N, or a density estimate, which is a
random function of the sample.

Example 9.1.1. Consider the sample mean x̄N := 1
N ∑N

n=1 xn. The observations
x1, . . . , xN are understood to be random variables on some probability space (Ω, F ,P).
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The sample mean inherits this property. Formally, it is the random variable

x̄N(ω) :=
1
N

N

∑
n=1

xn(ω) (ω ∈ Ω) (9.1)

Example 9.1.2. A histogram is a random estimate of the density of the unknown dis-
tribution P, mapping sample realizations into step functions on the outcome space.

The idea that estimators are random can be counterintuitive. When we begin to
study econometrics we tend to think of data as fixed numbers determined by some
prior historical outcome and statistics as deterministic functions of these numbers.
Hence we only observe one value of any particular statistic—one sample mean, one
sample variance, etc. However, if we want to build a theory of estimators, then
we need to consider their performance prior to observing the data. Each data set
is viewed as a random draw from some unknown distribution. We seek estimators
that perform well in the face of this uncertainty.

Once we agree that estimators are random, we know they must have distributions.
These distributions determine how effective an estimator is at estimating the in-
tended feature. Let’s now turn to investigating these distributions.

9.1.2 Sampling Distributions

Suppose that T is a statistic mapping data zD into S. As just discussed, T(zD) is a
random element taking values in S. Its distribution L(T) can be expressed as

L(T)(B) = P { T (zD) ∈ B } (9.2)

L(T) is called the sampling distribution of T. Continuing to write PD for the joint
distribution of the sample zD, we can also define the sampling distribution as

L(T)(B) = PD{s ∈ ZD : T(s) ∈ B}

or even PD ◦ T−1 if you like that kind of notation. Note that the sampling distribu-
tion of T is fully determined by

(i) the statistic T that maps data to feature space,

(ii) the joint distribution PD of the data.

Since PD is unknown, the sampling distribution is likewise unknown. It can, how-
ever, be estimated, as we’ll see below.
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Incidentally, there is no conceptual difference between the “sampling distribution
of T” and the “distribution of T”. Nonetheless, the terminology is standard.

Example 9.1.3. Let x1, . . . , xN be IID on R with P = L(xn) = N(µ, σ2) for all n. Let
T be the sample mean x̄N. By independence, the joint distribution PD of zD = x :=
(x1, . . . , xN) is N(µ1, σ2I). Applying fact 5.1.5 on page 131 gives

L(x̄N) = N

(
µ,

σ2

N

)
(9.3)

This is the sampling distribution of x̄N.

Sampling distributions are often complicated. Sometimes the best we can do is ob-
tain the sampling distribution of some transformation of an estimator.

Example 9.1.4. Let x := (x1, . . . , xN) have the same distribution as example 9.1.3.
Let s2

N be the sample variance. If σ > 0, then

L(qN) = χ2(N − 1) where qN :=
N s2

N
σ2 (9.4)

To see why (9.4) holds, recall from example 2.2.3 on page 31 that if S := span{1}
and P = proj S, then the residual projection satisfies Mx = x− x̄1. Hence

Ns2
N =

N

∑
n=1

(xn − x̄N)
2 = ‖Mx‖2

Since M1 = 0 (see fact 2.2.8 on page 31) and M is idempotent and symmetric
(fact 3.3.2), setting ξ := σ−1(x− µ1) gives

qN = σ−2‖Mx‖2 =
∥∥∥Mσ−1(x− µ1)

∥∥∥2
= ‖Mξ‖2 = ξ

ᵀMξ (9.5)

To see that the right hand side has distribution χ2(N− 1), apply fact 3.3.4 on page 59
to obtain trace M = N − 1, followed by fact 5.1.19 on page 139.

Fact 9.1.1. For an IID sample x1, . . . , xN with common distribution N(µ, σ2), the sam-
ple mean and sample variance are independent random variables.

Many long and involved proofs of fact 9.1.1 can be found in the literature but a
simple and informative proof can be obtained from fact 5.1.13 on page 136. See
exercise 9.4.2.

In the preceding examples we were able to obtain an analytical expression for the
sampling distribution of our estimator (or a simple transformation of the estimator)
from the underlying distribution of the data. In reality this case is the exception.
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Figure 9.1: Sampling distribution of x̄N when N = 20 and data are IID LN(0, 1)

Example 9.1.5. A random variable x is said to be lognormally distributed with pa-
rameters µ, σ if L(ln x) = N(µ, σ2). We write L(x) = LN(µ, σ2). No neat expression
exists for L(x̄N) when the data are IID lognormal.

When no closed form exists, we can still approximate the sampling distribution us-
ing simulation, conditional on a specification of the joint distribution of the data.
For example, figure 9.1 shows a histogram approximation to L(x̄N) when N = 20
and x1, . . . , xN is IID LN(0, 1). The histogram is produced by generating 10,000 ob-
servations of x̄N. The loop that produced the observations is given in listing 5.

Listing 5 Generates 10,000 observations of the sample mean (Python)

import numpy as np

N = 20
num_reps = 10000
xbar_outcomes = np.empty(num_reps) # Allocate memory

for i in range(num_reps):
x = np.exp(np.random.randn(N)) # Generate N iid lognormal RVs
xbar_outcomes[i] = x.mean()

9.1.2.1 Desirable Properties

The quality or performance of a given estimator is characterized by its sampling
distribution. Let γ̂ be an estimator of some feature γ based on a given sample. What
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Figure 9.2: Sampling distributions of three estimators of a lognormal mean

would be an ideal sampling distribution for γ̂? The answer is obvious: A point mass
that puts probability one on the single point γ.

While it’s possible to imagine scenarios where this sampling distribution could
arise, in typical applications we have much less precision. So here’s a more real-
istic objective:

It is desirable that the sampling distribution of an estimator of γ con-
centrates most of its probability mass in a small neighborhood around γ,
regardless of the joint distribution of the underlying data set.

This statement considers only what is desirable, not what is possible. For example,
if we look back at figure 9.1, we see that the sampling distribution of x̄N does not
cluster tightly around the mean. (The feature γ that we are estimating is the mean
of the LN(0, 1) distribution, which is represented by the vertical black line.) But this
is not unexpected, since the sample size is only 20. We simply don’t have enough
information to estimate the feature precisely.

Nonetheless, these ideas give us a way to start comparing different estimators of a
given feature from a given amount of data. For example, suppose again that we are
estimating the mean of the LN(0, 1) distribution, which is about 1.65, with a sample
size of N = 20. The sampling distributions of three estimators of the mean have
been approximated by simulation and represented as box plots in figure 9.2. The
top distribution is the mid-range estimator (see page 216), the second is a maximum
likelihood estimator to be discussed later and the third is the sample mean. The last
two put more probability mass in the region around 1.65. Hence they outperform
the mid-range estimator when the data are IID and LN(0, 1).
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In what follows we will formalize the ideas presented above, including both finite
sample and asymptotic theory. But first let’s discuss a general way of estimating
sampling distributions from the data.

9.1.3 The Bootstrap

As discussed above, understanding sampling distributions is central to evaluating
the precision of estimators. At the same time, sampling distributions are typically
unobservable. For example, if x1, . . . , xN are IID with common distribution N(µ, σ2),
then by (9.3) the distribution of the sample mean is N(µ, σ2/N). While this provides
valuable information, the parameters µ and σ are in general unknown, and hence
we cannot pin down the distribution itself.

Things are even more complicated for the sample mean of IID lognormals in exam-
ple 9.1.5. There we can’t write down the sampling distribution as a function of the
parameters. Problems multiply further if we are not prepared to assume a paramet-
ric form for the distribution of the observations.

There is however a very general technique that allows us to approximate the sam-
pling distribution of an estimator. We’ll discuss the case of scalar data, although
the vector case is similar. To begin, let γ̂ be any statistic and consider the sampling
distribution

LP(γ̂) := the distribution of γ̂(x1, . . . , xN) when x1, . . . , xN
IID∼ P

The sampling distribution is unknown to us only because P is unknown. Suppose,
however, that we have access to a particular sample xo

1, . . . , xo
N of IID draws from

P. We then have a good estimator of P given our sample: the empirical distribu-
tion P̂N generated by xo

1, . . . , xo
N. Given this empirical distribution, the bootstrap

distribution of γ̂ is defined as

LP̂N
(γ̂) := the distribution of γ̂(xb

1, . . . , xb
N) when xb

1, . . . , xb
N

IID∼ P̂N

Thus, the central idea of the bootstrap is to replace P with P̂N. The bootstrap distri-
bution is just the plug-in estimator of the sampling distribution.

IsLP̂N
(γ̂) a good approximation toLP(γ̂)? The Glivenko-Cantelli theorem (page 220)

assures us that when N is relatively large, P̂N will be close to P. Hence, when the
mapping Q 7→ LQ(γ̂) is suitably continuous, the bootstrap distribution will be close
to LP(γ̂) with high probability when the sample size is large. For more details see
theorem 29.1 of DasGupta (2008).
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9.1.3.1 Simulation

One remaining problem with LP̂N
(γ̂) is that it’s not particularly tractable. We can

however generate draws from this distribution easily on a computer. Here’s an
algorithm that returns M draws from LP̂N

(γ̂):

1: set P̂N = the empirical distribution of observed data xo
1, . . . , xo

N
2: for m in 1, . . . , M do
3: draw xb

1, . . . , xb
N independently from P̂N

4: set γ̂b
m = γ̂(xb

1, . . . , xb
N)

5: end for
6: return the sample γ̂b

1, . . . , γ̂b
M

Recalling the definition of the empirical distribution, drawing samples from P̂N is
easy: we just make repeated draws from the set xo

1, . . . , xo
N with equal probability on

each element. Listing 6 contains some Julia code implementing the whole algorithm
as a function that returns M bootstrap samples. The other arguments to the function
are xo, the array of observed data, and stat, which is a function representing γ̂.

Listing 6 Function to generate bootstrap samples (Julia)

function bootstrap(xo, stat, M)
N = length(xo)
gamma_b = Array(Float64, M)
x_b = Array(Float64, N)
for m in 1:M

for i in 1:N
x_b[i] = xo[rand(1:N)]

end
gamma_b[m] = stat(x_b)

end
return gamma_b

end

Here’s an example function call:

julia> bootstrap([1, 2, 3], mean, 3)
3-element Array{Float64,1}:
1.66667
1.0
1.66667

Here is the same routine in Python:
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Figure 9.3: Bootstrap draws and sampling distribution for the median

def bootstrap(xo, stat, M):
N = len(xo)
gamma_b = np.empty(M)
for m in range(M):

x_b = np.random.choice(xo, size=N)
gamma_b[m] = stat(x_b)

return gamma_b

Figure 9.3 shows a histogram of observations from a bootstrap distribution gen-
erated using the Julia code above. The underlying sample xo

1, . . . , xo
N was created

using N = 200 IID draws from the LN(0, 1) distribution. The statistic used was the
sample median. The density shown in the same figure is a numerical approxima-
tion of the true sampling distribution of the median over 200 IID draws from the
LN(0, 1) distribution. The (population) median of the LN(0, 1) distribution is 1. See
johnstachurski.net/emet.html for the code.

9.1.3.2 Standard Errors

As discussed in 9.1.2.1, a good estimator is one that concentrates its probability mass
close to the target feature. The extent to which probability mass concentrates is
usually measured by variance or standard deviation of the sampling distribution.
Standard deviation is preferable because it comes in units that are easier to interpret.

Because the sampling distribution is typically unknown, so is its standard deviation.
Hence we replace the true standard deviation with an estimate. An estimate of the
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Figure 9.4: Bootstrapped draws for the median of firm sizes by sales

standard deviation of a sampling distribution is usually referred to as the standard
error. More generally,

se(γ̂) := an estimate of the standard deviation of γ̂

This isn’t a proper definition because we haven’t specified which estimate of the stan-
dard deviation we are talking about, but nevertheless the terminology is common.
One way to compute a standard error of an estimator is to take the sample standard
deviation of the bootstrap distribution.

Example 9.1.6. Figure 9.4 shows a histogram of draws from the bootstrap distribu-
tion of the median applied to 2,118 observations of US firm sizes by sales, as mea-
sured by 2013 Compustat data. Values are in millions of US dollars. The median
of the sample itself is 269.9. The sample standard deviation of this particular set of
bootstrap draws is 25.4. See johnstachurski.net/emet.html for the code.

9.2 Evaluating Estimators

As mentioned above, the standard definition of an estimator (see §8.1.2) does not in-
clude any restrictions that imply sensible behavior (as opposed to, say, the definition
of a probability on page 80). We now turn to the problem of assessing estimators,
following on from our informal discussion in §9.1.2.1. We’ll begin with finite sample
properties.
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9.2.1 Bias

One common criterion for assessing estimators is bias, or lack thereof. Let γ̂ be an
estimator of a given feature γ = γ(P). The bias of γ̂ is defined as

biasP(γ̂, γ) = EP γ̂− γ(P) (9.6)

The estimator γ̂ is called unbiased for γ over the class of distributions P if

biasP(γ̂, γ) = 0 for all P ∈P

The definition is the same when the feature γ and estimator γ̂ are vector-valued.

The notation EP γ̂ indicates that expectation is taken under the assumption that the
data points are IID with common distribution P. In general, the bias depends on P.
For example, in the IID setting, the mid-range estimator (page 216) is unbiased as an
estimator of the mean of a uniform distribution onRwith unknown end points, but
biased for many other distributions, including the lognormal.

Figure 9.2 already suggests bias of the mid-range estimator in the lognormal case.
Here’s a simulation in R that provides further confirmation.

> mr <- function(x) return((min(x) + max(x)) / 2)
> observations <- replicate(5000, mr(rlnorm(20)))
> mean(observations) # Approximate sample mean of mid-range
[1] 3.800108
> exp(1/2) # Mean of lognormal
[1] 1.648721

Fact 9.2.1. Let P be a distribution onRK, let {xn} be a sample with L(xn) = P for all
n, and let P̂N be the empirical distribution. If

(i) γ(P) =
∫

h(s)P(ds) for some integrable function h,

(ii) γ̂ is the plug-in estimator γ̂ =
∫

h(s)P̂N(ds) = 1
N ∑N

n=1 h(xn),

then γ̂ is unbiased for γ over the set of distributions such that
∫

h(s)P(ds) exists.

Fact 9.2.1 is immediate from linearity of expectations, since

E γ̂ = E

[
1
N

N

∑
n=1

h(xn)

]
=

1
N

N

∑
n=1

Eh(xn) =
∫

h(s)P(ds) = γ(P)

Note that independence isn’t used here. Fact 9.2.1 depends only on the existence of
a common marginal P.
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Example 9.2.1. For any identically distributed sample, the k-th sample moment is
an unbiased estimator of the k-th moment, whenever the latter exists.

Example 9.2.2. Let x1, . . . , xN be an IID sample with finite variance σ2. The sample
variance s2

N is in general a biased estimator of σ2, but not by much. In particular,

E [s2
N] = σ2 N − 1

N
(9.7)

To obtain this expression, we can combine the definition of qN in (9.4) and the ex-
pression in (9.5) to obtain

E [s2
N] =

1
N

σ2E [ξ
ᵀMξ] =

1
N

σ2 trace M

Here M is the residual projection for the subspace span{1} and the second equality
is due to fact 5.1.3 (page 125). Now apply fact 3.3.4 on page 59.

9.2.2 Variance

The variance of a given estimator gives a measure of its dispersion. Sensible estima-
tors almost always have the property that the variance goes to zero as N → ∞.

Example 9.2.3. If x1, . . . , xN are uncorrelated with common finite variance σ2, then

var[x̄N] = var

[
1
N

N

∑
n=1

xn

]
=

σ2

N
(9.8)

We saw this already in §6.1.2.

Example 9.2.4. Assume the IID Gaussian setting of example 9.1.4, where it was
shown that the sample variance satisfies L(σ−2N s2

N) = χ2(N − 1). The variance
of a χ2(k) distribution is 2k. Using this fact and some simple algebra gives

var[s2
N] =

2σ4

N2 (N − 1)

Is small variance always desirable for an estimator? If the estimator is biased then
perhaps not, since probability mass might be concentrated in the wrong place. But
for an unbiased estimator, low variance is good. It means that probability mass is
concentrated around the feature that we wish to estimate.

Low variance is of course relative. For example, is the variance in (9.8) low or high?
One way to approach this kind of question is to take the class of unbiased estimators
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of a given quantity γ, and find the estimator in the class with the lowest variance.
For given γ and given data x1, . . . , xN, the estimator in the set of unbiased estimators

Uγ := {all statistics γ̂ with E γ̂ = γ}

that has the lowest variance within this class is called the minimum variance unbi-
ased estimator.

Of course it’s quite possible that no minimizer exists. Even if it does, it might be hard
to determine in practice, or require strong assumptions on the unknown distribution
of the data. For these reasons it’s common to focus on smaller classes than Uγ. For
example, the estimator in the set of linear unbiased estimators

U`
γ := {all linear statistics γ̂ with E γ̂ = γ}

with the lowest variance—if it exists—is called the best linear unbiased estimator,
or BLUE.

Example 9.2.5. Let x1, . . . , xN be IID with common distribution P, where P has finite
mean µ 6= 0 and variance σ2. The set of linear estimators of µ is given by{

all statistics of the form µ̂ =
N

∑
n=1

αnxn, where αn ∈ R for n = 1, . . . , N

}

Hence, the set of linear unbiased estimators of µ is given by

U`
µ :=

{
all µ̂ =

N

∑
n=1

αnxn with αn ∈ R, n = 1, . . . , N and E

[
N

∑
n=1

αnxn

]
= µ

}

Using linearity of expectations, this set can be re-written as

U`
µ :=

{
all µ̂ =

N

∑
n=1

αnxn with
N

∑
n=1

αn = 1

}

By independence and our rules for variance of sums (page 96), the variance of an
element of this class is given by

var

[
N

∑
n=1

αnxn

]
=

N

∑
n=1

α2
n var[xn] = σ2

N

∑
n=1

α2
n

To find the best linear unbiased estimator, we need to solve

minimize σ2
N

∑
n=1

α2
n over all α1, . . . , αN with

N

∑
n=1

αn = 1
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To solve this constrained optimization problem, we can use the Lagrangian, setting

L(α1, . . . , αN; λ) := σ2
N

∑
n=1

α2
n − λ

[
N

∑
n=1

αn − 1

]

where λ is the Lagrange multiplier. Differentiating with respect to αn and setting
the result equal to zero, the minimizer α∗n satisfies

α∗n = λ/(2σ2) n = 1, . . . , N

In particular, each α∗n takes the same value, and hence, from the constraint ∑n α∗n = 1,
we have α∗n = 1/N. Using these values, our estimator becomes

N

∑
n=1

α∗nxn = x̄N

Thus, for IID data with finite variance, the sample mean is the best linear unbiased
estimator of µ.

The theory of minimum variance unbiased estimators and best linear unbiased es-
timators is traditionally regarded as important. However, there’s no convincing
reason to restrict ourselves to unbiased estimators. In fact, as we’ll see, there are
good reasons not to.

9.2.3 Variance vs Bias

Assuming existence of a second moment, the mean squared error (MSE) of a given
estimator γ̂ of some feature γ ∈ RK is

mse(γ̂, γ) := E
{
‖γ̂− γ‖2

}
(9.9)

As for bias, mse(γ̂, γ) depends on the joint distribution of the data as well as the
specification of γ̂, although we haven’t made that dependence explicit in the nota-
tion.

Mean squared error is an overall measure of the performance of an estimator that
takes into account both bias and variance. In fact in the scalar case we can neatly
decompose mean squared error into the sum of variance and squared bias:

mse(γ̂, γ) = var[γ̂] + bias(γ̂, γ)2 (9.10)

This is just (6.3) on page 162 specialized to the current setting.
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Example 9.2.6. Consider again the sample variance s2
N under the IID Gaussian set-

ting of example 9.2.4. We saw there that var[s2
N] = 2σ4N−2(N − 1). Combining this

result with (9.10) and (9.7), we have

mse
(

s2
N, σ2

)
=

2σ4

N2 (N − 1) +
[

σ2 N − 1
N
− σ2

]2

=
σ4

N2 (2N − 1)

As can be seen from both (9.9) and (9.10), when mse(γ̂, γ) is small for a given es-
timator γ̂, the estimator concentrates probability mass around the target feature γ.
Hence minimizing MSE is a natural and reasonable criterion. In doing so we are
making our subjective loss function explicit, while choosing a loss function that is
simple and highly tractable.

When minimizing MSE we typically find a trade-off between bias and variance:
lower variance costs more bias and vice-versa. Moreover, solutions usually turn out
to be interior. In particular, we can often reduce variance significantly by accepting
a small amount of bias.

Example 9.2.7. Let γ̂ be any unbiased estimator of a feature γ ∈ R. Let v := var[γ̂].
Consider the class of estimators {λγ̂ : λ ∈ R}. As exercise 9.4.3 asks you to verify,
the value of λ that minimizes mse(λγ̂, γ) is

λ∗ :=
γ2

γ2 + v
(9.11)

In other words, the unbiased estimator does not minimize MSE unless v = 0.

For most sensible estimators, v converges to zero as the sample size → ∞. The
message is that unbiased estimators only approach optimality when the data size
is large. Here “large” should be understood as relative to model complexity. More
complex models need more data to be estimated effectively.

9.2.3.1 Stein’s Example

There is a famous example in the theory of statistics due to Stein (1956) that per-
tains to so-called admissible estimators. Here we’ll borrow Stein’s problem and
proposed solution to illustrate several ideas, including the relationship between bias
and mean squared error.

To make things concrete, consider the following application: In the field of public
finance, one topic of interest is ability-based taxation, which has optimality prop-
erties in terms of welfare in certain models. Ability is not observable. Suppose in
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particular that we have a population of K individuals, where the k-th individual has
idiosyncratic ability µk ∈ [0, 1]. For each agent, we get to observe N noisy signals
of ability, each of the form xkn = µk + εkn, n = 1, . . . , N. The noise terms εkn are all
independent N(0, σ2). Our task is to estimate the parameter vector µ = (µ1, . . . , µK)
given the data from the observations xnk. To make things simpler we’ll assume that
only µ is unknown.

A natural estimator of µ is the vector sample mean

x̄N =


1
N ∑N

n=1 x1n
...

1
N ∑N

n=1 xKn


This is the estimator produced by applying the sample analog principle to our prob-
lem. It’s also the maximum likelihood estimator and best linear unbiased.

What Stein showed is that, whenever K > 2, there exists an alternative estimator µ̂N
such that

E
{
‖µ̂N − µ‖2

}
< E

{
‖x̄N − µ‖2

}
for all µ ∈ RK (9.12)

In other words, µ̂N uniformly dominates x̄N in terms of MSE, for all possible values
of µ! The estimator in question is what is now known as the James–Stein estimator.
It is defined as

µ̂N = κ x̄N where κ := 1− K− 2
N

σ2

‖x̄N‖2

This estimator is biased. It achieves lower mean squared error by reducing variance
at the expense of a small amount of bias. A relatively simple proof of (9.12) can be
found on p. 34 of Young and Smith (2005).

We can get some of the intuition from simulation. In our simulation we set K = 200,
N = 5 and σ = 1. Thus we have 5 noisy observations on the ability of each of 200
agents. For each agent we choose their ability µk independently from a uniform dis-
tribution on [0, 1] and then generate the disturbances εkn as independent standard
normals. We then compute the estimators x̄N and µ̂N and the corresponding error
vectors.

Figure 9.5 shows a typical realization. The bars in the top sub-figure are the elements
of the vector x̄N − µ, which records the errors for the sample mean estimator x̄N.
Those in the lower sub-figure correspond to the errors of the James–Stein estimator.
These are noticeably downward biased and also noticeably smaller than the errors
of the sample mean estimator. This is reflected in the SSE values in the top left of
each panel, which give the sum of squared errors (i.e., the squared norms of the
error vectors). The SSE for the sample mean estimator is nearly twice as large. See
johnstachurski.net/emet.html for the code that generates these results.
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Figure 9.5: Error vectors for the two estimators

9.2.4 Asymptotic Properties

Let’s now turn to asymptotic properties of estimators. Asymptotic theory concerns
whether or not the sampling distribution of a given estimator increasingly concen-
trates around the feature we wish to estimate, the rate at which this occurs and the
shape of the sampling distribution in large samples.

A fundamental concept in asymptotic statistics is consistency. Let {γ̂N} be a se-
quence of estimators of a given feature γ, based on a sample of size N. We say that
γ̂N is consistent for γ if

γ̂N
p→ γ as N → ∞ (9.13)

The definition is the same whether the estimators are vector or scalar valued. The
statement that γ̂N is consistent means more correctly that the sequence {γ̂N} is con-
sistent.

As for bias, whether or not consistency holds depends not just on γ̂N but also on
the joint distribution of the data. If we say that γ̂N is consistent over a class of
distributions P , we mean that (9.13) holds true for any distribution in P .

Example 9.2.8. The sample mean x̄N of any IID sample is consistent for the mean
over the class of distributions on R with finite first moment. Indeed, if P is such a
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distribution and x1, . . . , xN are IID draws from P, then, law of large numbers gives

1
N

N

∑
n=1

xn
p→
∫

sP(ds) as N → ∞

More generally, γ̂N = 1
N ∑N

n=1 h(xn) is consistent for γ =
∫

h(s)P(ds) whenever

(i) x1, . . . , xN is an IID sample with L(xn) = P for all n,

(ii)
∫

h(s)P(ds) exists.

(See (6.7) on page 163.) For example, the k-th sample moment is consistent for the
k-th moment over the class of distributions with finite k-th moment.

Here’s an example of consistency that requires a bit more work.

Example 9.2.9. For any IID sample x1, . . . , xN with finite variance, the sample vari-
ance s2

N is consistent for the variance. This can be established from the expression

s2
N =

1
N

N

∑
n=1

(xn − µ)2 − (x̄N − µ)2 (9.14)

where µ is the common mean (see ex. 9.4.1 and its solution). Applying the law of
large numbers to (9.14), the first term converges to σ2, while (x̄N − µ)

p→ 0, and
hence (x̄N − µ)2 p→ 0 by fact 6.1.1 on page 160. Consistency of s2

N follows.

Fact 9.2.2. If γ̂N is consistent for γ and g is any continuous function, then g(γ̂N) is
consistent for g(γ).

Fact 9.2.2 is immediate from fact 6.1.1 on page 160.

Example 9.2.10. The sample standard deviation sN =
√

s2
N is consistent for the

standard deviation whenever s2
N is consistent for the variance.

Reasonable estimators should be consistent, at least for the IID case. In fact, as we
saw in theorem 8.1.1, the entire unknown distribution can be recovered asymptoti-
cally with repeated independent samples.

9.2.4.1 Asymptotic Distributions

In the IID Gaussian setting of example 9.1.3, the distribution of the sample mean is
N(µ, σ2/N). Beyond the information contained in the mean and variance, the fact
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that the sampling distribution is normal gives us important additional knowledge.
We know that the distribution is symmetric, that it has thin tails, and that it puts
around 95% of its mass within two standard deviations of the mean. We can deter-
mine probabilities of intervals or the expectation of any function of x̄N.

The only concern is our assumption that the observations are Gaussian. Economic
theory rarely provides any convincing basis for this assumption. Fortunately we
have the central limit theorem to fall back on, which tells us (remarkably!) that
the sample mean is always asymptotically Gaussian, provided that the underlying
observations have finite second moment. Even better, the same approximation is
valid for many estimators beyond the sample mean.

To clarify, let {γ̂N} be a sequence of estimators for some feature γ. We say that γ̂N
is asymptotically normal if there exists a positive definite matrix Σ such that

√
N(γ̂N − γ)

d→ N(0, Σ) as N → ∞ (9.15)

When (9.15) holds, Σ is called the asymptotic variance-covariance matrix of γ̂N.

Example 9.2.11. Let x1, . . . , xN be IID with common mean µ and variance σ2. If
E [x4

n] < ∞, then the sample variance s2
N is asymptotically normal with

√
N(s2

N − σ2)
d→ N(0, m4 − σ4) where m4 := E [(xn − µ)4] (9.16)

To show this, we can modify (9.14) to get

√
N(s2

N − σ2) =
√

N

[
1
N

N

∑
n=1

(xn − µ)2 − σ2

]
−
√

N(x̄N − µ)2 (9.17)

The last term on the right hand side of (9.17) converges to zero in probability, since
√

N(x̄N − µ)2 = anbn where an :=
√

N(x̄N − µ), bn := x̄N − µ

By the CLT, the LLN and fact 6.1.8 on page 167, we have anbn
p→ 0.

To complete the proof, let Yn := (xn−µ)2. The first term in (9.17) can then be written
as
√

N(ȲN − E [Yn]). Applying the CLT, this expression converges to a zero mean
normal with variance

var[Yn] = E [(Yn − σ2)2] = E [(xn − µ)4 − 2(xn − µ)2σ2 + σ4]

The claim follows.

Example 9.2.12. Under the same assumptions as example 9.2.11, the sample stan-
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dard deviation is also asymptotically normal, with

√
N(sN − σ)

d→ N

(
0,

m4 − σ4

4σ2

)
(9.18)

Exercise 9.4.10 asks you to confirm this.

Fact 9.2.3. Asymptotic normality implies consistency. In particular, if {γ̂N} satisfies
(9.15), then γ̂N

p→ γ as N → ∞ (see ex. 9.4.12).

Asymptotic normality also implies a rate at which γ̂N converges to γ. Indeed, if
γ̂N is asymptotically normal, then

√
N(γ̂N − γ) does not diverge. This means that

γ̂N − γ goes to zero fast enough to offset the diverging term
√

N. To emphasize this
point, we say that an asymptotically normal estimator γ̂N is

√
N-consistent for γ.

Still more significant is the fact that asymptotic normality gives us an approximation
to the entire sampling distribution. This will provides us with a means of perform-
ing inference. Chapter 10 gives further details.

9.2.5 Decision Theory

We’ve now reviewed the most common methods of assessing estimators. Next we’ll
look more deeply at the theory of estimation and decisions under uncertainty. Our
focus will be on finite sample properties. This is the most interesting case, since it
captures our need to generalize on the basis of limited information.

Despite the efforts of many brilliant statisticians and econometricians, we still lack a
convincing theory of optimality of estimators that rests on purely objective criteria.
For example, while the theory of minimum variance unbiased estimators initially
seems attractive because it can potentially yield estimators without any subjective
judgment on the part of the statistician, there are simple settings where minimum
variance unbiased estimators are inadmissible, which means that they fail a minimal
requirement for what constitutes a sensible estimator (see below).

Without a fully objective theory of “good” estimators, there are competing notions
of what good means, and we are forced to take a stand on what our criteria for as-
sessing estimators are in different situations. This means that the estimation prob-
lem is not fully specified until we make our preferences explicit.

For economists it’s natural to think of specifying preference in terms of utility or
loss. To fit with modern statistical terminology, we will think in terms of loss. Thus,
a full description of an estimation problem includes specification of the loss incurred
when an estimator performs poorly.
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Let’s frame these ideas in line with the seminal work of Wald (1939) and subsequent
research on decision theory. A general decision problem consists of

(i) A sample space X .

(ii) An action space A.

(iii) A set D of decision rules, which are maps d : X → A
(iv) A universe Θ of possible states of the world, with typical element θ.

(v) A set of probability distributions {Pθ} over the sample space X .

(vi) A loss function L : A×Θ→ R, with interpretation

L(a, θ) = loss incurred by choosing action a when the state of the world is θ.

The state of the world is unknown. The problem is to choose a decision rule d ∈ D
that generates low loss in some sense to be made precise. Central to this discussion
is the notion of risk, which is defined as

R(d, θ) :=
∫

L[d(x), θ] Pθ(dx) (9.19)

The integral is over all x ∈ X . The notation R is used to distinguish this decision-
theoretic concept of risk from R( f ), the prediction risk of policy f as defined in
(8.16).

Example 9.2.13. Let πθ be an inflation rate and let x be a noisy signal of inflation
received by firms. Each firm responds by choosing a price p = p(x) for their prod-
uct. Let Π(p, πθ) represent profits from choosing price p when the inflation rate is
πθ and let loss be negative profits (see, e.g., Drenik and Perez (2015) for details and
motivation). The risk is then

R(p, θ) = −
∫

Π(p(x), πθ)Pθ(dx)

If the distribution Pθ is known to the firm (think of {Pθ} as a singleton), then we
then have a standard problem of choosing price to maximize expected profits under
known probabilities for outcomes. If, however, Pθ is not known, we have a problem
of Knightian uncertainty. The risk is unknown because we have uncertainty over
probabilities.

The problem of choosing estimators is a special case of the decision theory described
above. Suppose that we observe data zD taking values in ZD with joint distribution
Pθ indexed by θ ∈ Θ. (The set Θ can be infinite dimensional and θ is just an index.)
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We wish to estimate some S-valued feature γθ = γ(Pθ) using this data. An estima-
tor in this context is a decision rule γ̂ mapping ZD to the action space A = S. If
we specify the loss L(γ̂, θ) of choosing γ̂ when the state of the world is θ, our risk
becomes

R(γ̂, θ) =
∫

ZD
L(γ̂(z), γθ)Pθ(dz) (9.20)

Example 9.2.14. Suppose we are interested in estimating expected returns µθ :=∫
sPθ(ds) to holding an asset based on IID observations x1, . . . , xN from Pθ. With

quadratic loss for prediction error and the sample mean as our estimator, the risk is

R(x̄N, θ) = E θ

[
(x̄N − µθ)

2
]

(9.21)

Since x̄N is unbiased for µθ, this evaluates to the variance of x̄N under Pθ. By (9.8),
this is equal to σ2

θ /N =
∫
(s− µθ)

2Pθ(ds)/N.

In the preceding example, the risk of the estimator is its MSE. More generally, if γ̂

and γ in (9.20) are vectors and L measures squared vector deviation, thenR(γ̂, θ) =
mse(γ̂, γ). Thus, risk gives us a generalization of the idea of evaluating estimators
based on MSE, as described in §9.2.3. Since loss is subjective, there is no reason we
should confine ourselves to quadratic loss.

Example 9.2.15. As an estimate of central tendency of housing prices in a given
location, it’s common to use the sample median rather the sample mean. This is
because large upper tails distort the price faced by a “typical buyer.” The choice of
median over mean can be understood as minimization of a different loss function
when estimating price given pricing data. See example 9.2.18.

9.2.5.1 Choosing Decision Rules

In the current set up, a natural idea for making optimal decisions—and for choosing
optimal estimators in particular—is to choose decision rules with low risk. The
problem with this approach is that the risk depends in general on the unknown
state of the world θ, and hence the risk minimizing decision rule also depends on
the unknown value θ. In other words, we face Knightian uncertainty. We can’t
evaluate risk because we don’t know the probabilities.

Example 9.2.16. Let’s return to the setting of example 9.2.14. The risk of the sam-
ple mean is equal to σ2

θ /N for every value of θ. Consider now a new estimator γ̂

that is identically equal to 1. In other words, we are predicting 100% return on our
investment. This is a great estimator when true mean returns are 1, since

µθ = 1 =⇒ R(γ̂, θ) = E
[
(1− µθ)

2
]
= (1− 1)2 = 0
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Comparing with (9.21), we haveR(γ̂, θ) < R(x̄N, θ) whenever σθ > 0. On the other
hand, if µθ diverges sufficiently from 1, then

R(γ̂, θ) = (1− µθ)
2 >

σ2
θ

N
= R(x̄N, θ)

This example illustrates the fact that we cannot in general choose estimators based
on lowest risk in a classical setting. One useful thing we can do, however, is exclude
estimators that are always dominated in terms of risk. These are the so-called in-
admissible estimators. In particular, a decision rule d is called inadmissible for the
general decision problem if there exists a second rule e such that

(i) R(e, θ) 6 R(d, θ) for all θ ∈ Θ,

(ii) R(e, θ) < R(d, θ) for at least one θ ∈ Θ.

A decision rule that is not inadmissible is called admissible

Example 9.2.17. Equation (9.12) tells us, remarkably, that the vector sample mean is
inadmissible as an estimator of the mean when L is quadratic and the universe of
distributions is the multivariate Gaussians.

Another idea that comes out of the desire to minimize risk is minimax. A decision
rule dm is called a minimax rule if

r(dm) 6 r(d) for all d ∈ D , where r(d) := sup
θ∈Θ
R(d, θ)

A minimax rule is one which performs well in the worst possible state of the world.
Minimax decision rules are an important component of robust control and the study
of policy under uncertainty. See, for example, Hansen and Sargent (2008). On the
other hand, minimax decision rules can be inadmissible.

9.2.5.2 Bayes Rules and Bayes Risk

The Bayesian approach to statistics leads naturally to a coherent and attractive de-
cision theory. The horse race is not entirely fair, however, since we are granted
additional information expressed as a prior. Let’s review the main ideas.

Consider again the generic decision problem discussed above, but now with a prior
distribution π = π(θ) over states of the world. In addition, each Pθ is now restricted
to be a density p(x | θ). As in §8.3.4, we obtain the posterior for θ from the prior given
data x via Bayes’ rule:

π(θ | x) = p(x | θ)π(θ)

p(x)
(x ∈ X , θ ∈ Θ)
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Given decision rule d with risk function R(d, θ), the posterior risk or Bayes risk of
d is

rπ(d) :=
∫
R(d, θ)π(θ)dθ

A decision rule d that minimizes the Bayes risk is called a Bayes rule. If d is an
estimator, then a Bayes rule is called a Bayes estimator. Existence of such rules is
not guaranteed, but in many practical instances they are well defined and unique.
We give some simple examples below.

There are two particularly attractive features of Bayes rules, and Bayes estimators
in particular. One is that Bayes rules are always admissible under mild regularity
conditions. See, for example, theorem 10.4.2 of Casella and Berger (2002). A second
is that Bayes rules can be computed as a function of observed data, meaning that we
don’t have to concern ourselves with how to act in situations that potentially never
occur.

To understand the second point, note that we can write the joint density of (x, θ)
as either p(x | θ)π(θ) or as π(θ | x)p(x). Using a change in order of integration fol-
lowed by this identity, the Bayes risk can be expressed as

rπ(d) =
∫

Θ

{∫
X

L(d(x), θ)p(x | θ)dx
}

π(θ)dθ

=
∫
X

{∫
Θ

L(d(x), θ)p(x | θ)π(θ)dθ

}
dx

=
∫
X

{∫
Θ

L(d(x), θ)π(θ | x)dθ

}
p(x)dx

It follows from this last expression that d will be a Bayes rule whenever

d(x) ∈ argmin
a∈A

∫
Θ

L(a, θ)π(θ | x)dθ for all x ∈ X (9.22)

This is akin to the scenario encountered in dynamic programming after applying
Bellman’s principle of optimality: Once we know the value function we can choose
the optimal action just by responding to any observed state.

Example 9.2.18. Let θ be scalar, let L(a, θ) = (a− θ)2 and let π(θ | x) be the posterior
distribution of θ given data x. The Bayes estimator of θ is, by (9.22), the solution to

min
a∈R

∫
(a− θ)2π(θ | x)dθ

As shown in a different context in exercise 8.5.1 on page 244, the minimizer is the
mean of π(θ | x). In other words, with quadratic loss, the Bayes estimator is the
mean of the posterior distribution.

preliminary draft 268



Ch. 9

Example 9.2.19. If we repeat the setting of example 9.2.18 but with the absolute loss
function L(a, θ) = |a− θ| instead of quadratic loss, the Bayes estimator of θ is

argmin
a∈R

∫
|a− θ|π(θ | x)dθ

As exercise 9.4.14 asks you to show, the solution is the median of π(θ | x).

9.3 Further Reading

There are many excellent general texts on statistical inference, including Casella and
Berger (2002), Wasserman (2013) and Young and Smith (2005). For a discussion
of estimation theory from the perspective of machine learning see Friedman et al.
(2009) or Abu-Mostafa et al. (2012).

9.4 Exercises

Ex. 9.4.1. Prove (9.14) in example 9.2.9.1

Ex. 9.4.2. Confirm fact 9.1.1 on page 248.2

Ex. 9.4.3. Verify the claim in (9.11) of example 9.2.7.

Ex. 9.4.4. Let x1, . . . , xN be IID random variables uniformly distributed on [0, θ].
Consider the estimator of θ defined by θ̂N := 2

N ∑N
n=1 xn.

(i) Calculate the bias of θ̂N.

(ii) Calculate the mean squared error of θ̂N.

(iii) Is θ̂N consistent? Why or why not?

Ex. 9.4.5. As in ex. 9.4.4, let x1, . . . , xN be IID draws from U[0, θ], where θ is an
unknown positive parameter. Let µ := E [xn]. Show that the estimator

µ̂ :=
N + 1

2N
·max{x1, . . . , xN}

is an unbiased estimator of µ.3

1. Hint: Review example 2.2.3 on page 31.
2. Hints: Look at fact 5.1.13 on page 136 and the proofs following example 9.1.4 on page 248.
3. Hint: If you’re stuck, review ex. 5.4.6 and its solution.
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Ex. 9.4.6. Let x1, . . . , xN be IID and standard normal. Let x̄ be the sample mean.
Show that x̄ and xi − x̄ are independent for i = 1, . . . , N.

Ex. 9.4.7. Following on from ex. 9.4.6, let x1, . . . , xN be IID and standard normal,
let x̄ be the sample mean, and s2 be the sample variance. Show that x̄ and s2 are
independent.

Ex. 9.4.8. Confirm (9.10): Show that, for any estimator γ̂ of γ, we have mse(γ̂, γ) =
var[γ̂] + bias(γ̂, γ)2.

Ex. 9.4.9. Let γ̂N be an estimator of γ ∈ R, based on a sample of size N.

(i) Is it true that if mse(γ̂N, γ) → 0 as N → ∞, then γ̂N is consistent for γ? Why
or why not?

(ii) Is it true that if γ̂N is asymptotically unbiased and var[γ̂N] → 0, then γ̂N is
consistent for γ? Why or why not?

Ex. 9.4.10. Assuming the conditions of examples 9.2.11–9.2.12, show that (9.18) on
page 264 is valid.

Ex. 9.4.11. Let x1, . . . , xN be IID with mean µ and variance σ2. Let x̄N be the sample
mean, and let σN be a consistent estimator of σ. What is the limiting distribution of

yN := N
(

x̄N − µ

σN

)2

Ex. 9.4.12. Let θ̂N be an estimator of θ. Show that if θ̂N is asymptotically normal,
then θ̂N is consistent for θ. (You can restrict attention to the scalar case.)

Ex. 9.4.13. Consider the following estimation problem. Let {pθ}θ∈Θ be a paramet-
ric class of densities. Now let a particular θ0 ∈ Θ be fixed, and suppose that an
asymptotically normal sequence of estimators {θ̂N} exists for it, in the sense that

√
N(θ̂N − θ0)

d→ N(0, Σ)

for some positive definite Σ. Fix a point y and consider p(y, θ̂N) as an estimator of
p(y, θ0). State conditions under which this estimator is consistent and asymptoti-
cally normal. Derive the asymptotic distribution under these conditions.

Ex. 9.4.14. Confirm the claim in example 9.2.19 that the minimizer is the median of
π(θ | x). In other words, it is the value a ∈ R that satisfies∫ a

−∞
π(θ | x) =

∫ ∞

a
π(θ | x) = 1

2
(9.23)
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9.4.1 Solutions to Selected Exercises

Solution to Ex. 9.4.1. Let s2
N, x and µ be as stated in the exercise. Here’s one way to

prove (9.14). Let S = span{1}, let P = proj S and let M be the residual projection.
Recalling example 2.2.3 on page 31, when y := x− µ1 we have Py = ȳ1 and My =
y− ȳ1. Applying ‖y‖2 = ‖Py‖2 + ‖My‖2 now gives

N

∑
n=1

(xn − µ)2 = N(x̄N − µ)2 +
N

∑
n=1

(xn − x̄N)
2

Some minor rearrangements give (9.14).

Solution to Ex. 9.4.2. Let L(x) = N(µ1, σ2I) and let ξ := σ−1(x − µ1). Since the
images of a standard normal random vector under a projection and its residual are
independent (fact 5.1.13) and since arbitrary deterministic functions preserve inde-
pendence (fact 5.1.10), it is enough to find functions f1 and f2 and a subspace S and
its corresponding projection P and residual M such that

x̄N = f1(Pξ) and s2
N = f2(Mξ) (9.24)

To this end, recall from example 2.2.3 (page 31) that if S := span{1} and P = proj S,
then Px = x̄N1. In addition, P1 = 1. From this you will be able to show that
x̄N = σeᵀ1 Pξ + µ, where e1 is the first canonical basis vector. This confirms the first
part of (9.24). For the second part, apply (9.5) on page 248 to get

s2
N =

σ2ξ
ᵀMξ

N

Solution to Ex. 9.4.5. Let z := max{x1, . . . , xN}. By the definition of the maximum,
we have

z 6 s if and only if x1 6 s and x2 6 s and · · · and xN 6 s

∴ {z 6 s} = ∩N
n=1{xn 6 s}

∴ P{z 6 s} = P∩N
n=1 {xn 6 s} =

N

∏
n=1

P{xn 6 s}

For s ∈ [0, θ], the CDF of xn is F(s) = s/θ, and we obtain

P{z 6 s} =
( s

θ

)N

Differentiating shows that density p of z on the interval [0, θ] is p(s) = N sN−1

θN . The
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expectation of z is therefore
∫ θ

0 sp(s)ds = N
N+1 θ. We conclude that

E [µ̂] =
N + 1

2N
E [z] =

N + 1
2N

N
N + 1

θ =
θ

2
= µ

In other words, the estimator is unbiased.

Solution to Ex. 9.4.8. Adding and subtracting E [γ̂], we get

mse(γ̂, γ) := E [(γ̂− γ)2] = E [(γ̂−E [γ̂] +E [γ̂]− γ)2]

Expanding the square and minor manipulations yield the desired result.

Solution to Ex. 9.4.10. The aim is to verify the claim

√
N(sN − σ)

d→ N

(
0,

m4 − σ4

4σ2

)
under the conditions of example 9.2.12 on page 263. Letting g(x) =

√
x and apply-

ing theorem 6.2.2 on page 172 along with (9.16), we have

√
N(sN − σ) =

√
N(g(s2

N)− g(σ2))
d→ N

(
0, g′(σ2)2(m4 − σ4)

)
The result follows.

Solution to Ex. 9.4.11. Let

wN :=
√

N
x̄N − µ

σN
=

σ

σN

√
N

x̄N − µ

σ

Since σN
p→ σ by assumption, fact 6.1.1 on page 160 yields σ/σN

p→ σ/σ = 1.
Applying the central limit theorem and Slutsky’s theorem (fact 6.1.7 on page 167)

together, we then have wN
d→ z ∼ N(0, 1). By the continuous mapping theorem

(fact 6.1.6 on page 167), yN = w2
N converges in distribution to z2. As discussed in

§5.1.6, the distribution of z2 is χ2(1).

Solution to Ex. 9.4.12. Fix δ > 0. It suffices to show that for any positive number ε

we have
lim

N→∞
P{|θ̂N − θ| > δ} 6 ε (9.25)

(Note: If a is any nonnegative real number and a 6 ε for any ε > 0, then a = 0.) To
establish (9.25), fix ε > 0. Let z be zero mean Gaussian with variance equal to the
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asymptotic variance of θ̂N. Choose M such that P{|z| > M} 6 ε. For N such that√
Nδ > M we have

P{|θ̂N − θ| > δ} = P{
√

N|θ̂N − θ| >
√

Nδ} 6 P{
√

N|θ̂N − θ| > M}

Taking N → ∞, applying asymptotic normality, the continuous mapping theorem
(fact 6.1.6 on page 167) and the definition of M gives (9.25).

Solution to Ex. 9.4.13. First observe that, under the conditions of the exercise, p(y, θ̂N)
is consistent for p(y, θ0) whenever θ 7→ p(y, θ) is continuous at θ0. Indeed, since θ̂N
is asymptotically normal it is also consistent. Under this continuity assumption,
in probability convergence of p(y, θ̂N) to p(y, θ0) now follows from fact 6.1.1 on
page 160.

Regarding asymptotic normality, suppose that θ 7→ p(y, θ) is differentiable at θ0,
and that the vector of partial derivatives∇θp(y, θ0) is not the zero vector. Applying
(6.14) from page 172, we then have

√
n{p(y, θ̂N)− p(y, θ0)} d→ N(0,∇θp(y, θ0)

ᵀΣ∇θp(y, θ0))

Solution to Ex. 9.4.14. The minimization problem in example 9.2.19 can alternatively
be written as

argmin
a∈R

{∫ a

−∞
(a− θ)π(θ | x)dθ +

∫ ∞

a
(θ − a)π(θ | x)dθ

}
Differentiating with respect to a, setting the result to zero and using the fact that the
posterior is a density gives (9.23).
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Confidence Intervals and Tests

Until now we’ve focused primarily on point estimation. Since data are not infinite,
point estimation involves uncertainty. We should not be overly confident in our
claim to know the data generating process. Rather we should be only as confident
as the data allows us to be.1

We discussed uncertainty previously when we considered sampling distributions.
In this chapter we further quantify estimation uncertainty using the language of
confidence sets. We also cover hypothesis tests, which are a second key method of
inference in classical statistics.

To tie in with standard presentations we’ll switch to parametric language. The no-
tation is as on page 213 except that

(i) the marginal distribution P of each observation zn is written as Pθ,

(ii) the universe of possible distributions is {Pθ : θ ∈ Θ},
(iii) the joint distribution of the data zD = (z1, . . . , zN) is written as PDθ .

However, we won’t actually restrict ourselves to the case of finitely many parame-
ters. Instead θ can be thought of more generally as an index over the set of distribu-
tions.

10.1 Confidence Sets

Confidence sets are random subsets of model space that contain the true data gen-
erating process with high probability. Let’s start with the key definitions and then
move on to examples.

1. It would be nice if politicians took this advice.
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10.1.1 Finite Sample Confidence Sets

Fix α ∈ (0, 1). A random set C(zD) ⊂ Θ is called a 1− α confidence set for θ if
C(zD) is observable given the data and, for any θ ∈ Θ,

P{θ ∈ C(zD)} > 1− α whenever L(zD) = PDθ (10.1)

Note that it’s the set that’s random here, not θ.

Confidence sets that are intervals are usually called confidence intervals.

Suppose for example that we want to estimate the mean of an unknown distribution
based on a set of observations zD. If we can come up with a 95% confidence set
C(zD) in the sense of (10.1), then we know that the set will contain the mean in
about 95% of our experiments, regardless of the underlying distribution.

The last part of the sentence is essential: We don’t know what θ is, and so the set
must be designed such that the probability of containing θ exceeds 1− α regardless of
which θ is generating the data. The difficulty is to actually construct a confidence set
with this property for a reasonably large class of distributions. Here’s a traditional
approach that uses strong parametric assumptions.

Example 10.1.1. Let zD = x = (x1, . . . , xN) where each xn is an independent draw
from N(µ, σ2). Suppose for now that only µ ∈ R is unknown. We wish to form a
confidence interval for µ. By (9.3), we have

L
[√

N
(x̄N − µ)

σ

]
= N(0, 1) (10.2)

Notice that this statement is true regardless of the values of µ and σ. Applying (4.36)
on page 113 now gives

P

{√
N

σ
|x̄N − µ| 6 zα/2

}
= 1− α when zα/2 := Φ−1(1− α/2)

Here Φ is the standard normal CDF. Some rearranging gives

P

{
x̄N −

σ√
N

zα/2 6 µ 6 x̄N +
σ√
N

zα/2

}
= 1− α

Since this argument is true regardless of the value of µ we conclude that the interval

C(x) := (x̄N − en, x̄N + en) with en :=
σ√
N

zα/2

is a 1− α confidence interval for µ. (Note that C(x) is indeed observable under our
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assumption that σ is known.)

In example 10.1.1, the assumption that σ is known is clearly unrealistic. If σ is un-
known, a natural approach is to replace this term with the sample standard devia-
tion sN. In doing so, we will use the following fact, which exercise 10.4.1 asks you
to prove.

Fact 10.1.1. If x1, . . . , xN are IID draws from N(µ, σ2), then

√
N − 1

(x̄N − µ)

sN
(10.3)

has a Student’s t-distribution with N − 1 degrees of freedom.

The random variable (10.3) is called a pivot, which means that its distribution does
not depend on the unknown parameters.

Example 10.1.2. Consider then the setting of example 10.1.1 but with σ also un-
known. Let FN−1 be the CDF of the t-distribution with N − 1 degrees of freedom.
Using the same reasoning as example 10.1.1 with zα/2 replaced by tα/2 := F−1

N−1(1−
α/2), we obtain

P

{
x̄N −

sN√
N − 1

tα/2 6 µ 6 x̄N +
sN√

N − 1
tα/2

}
= 1− α

Recall that the standard deviation of x̄N is σ/
√

N. The term sN/
√

N − 1 is a sam-
ple estimate of σ/

√
N. Following the discussion in §9.1.3.2, we call sN/

√
N − 1

the standard error of x̄N and write it as se(x̄N). We can then write the confidence
interval in example 10.1.2 as

C(x) := (x̄N − se(x̄N)tα/2, x̄N + se(x̄N)tα/2) (10.4)

10.1.2 Asymptotic Methods

While strong parametric assumptions of the form used in examples 10.1.1 and 10.1.2
are difficult to justify in most econometric scenarios, there is another approach to
forming confidence intervals that requires much less in terms of structure imposed
on the underlying distributions, provided that the sample size is relatively large.
Let’s start with a definition: Given α ∈ (0, 1), a set CN(zD) ⊂ Θ is called an asymp-
totic 1− α confidence set for θ if CN(zD) is observable given the data and

lim
N→∞

P{θ ∈ CN(zD)} > 1− α (10.5)
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for all θ ∈ Θ. Note that CN(zD) is really a sequence of sets and the definition
concerns this sequence.

How can we create asymptotic confidence sets? Let’s consider first the case of scalar
θ. Suppose we have an estimator θ̂N of θ that is asymptotically normal for all θ ∈ Θ.
Specializing the results in §9.2.4.1 to the scalar case, this means that, for all θ ∈ Θ,
there exists a positive constant v(θ) such that

√
N(θ̂N − θ)

d→ N(0, v(θ)) as N → ∞ (10.6)

The constant v(θ) is called the asymptotic variance of θ̂N. Suppose we have a se-
quence of statistics se(θ̂N) such that

√
N se(θ̂N)

p→
√

v(θ) as N → ∞ (10.7)

As exercise 10.4.2 asks you to show, (10.6) and (10.7) imply that

θ̂N − θ

se(θ̂N)

d→ N(0, 1) as N → ∞ (10.8)

We can now create our asymptotic confidence intervals as

CN := (θ̂N − se(θ̂N)zα/2, θ̂N + se(θ̂N)zα/2) (10.9)

To see this, take the limit and apply (10.8) to get

lim
N→∞

P{θ ∈ CN(zD)} = lim
N→∞

P
{

θ̂N − se(θ̂N)zα/2 6 θ 6 θ̂N + se(θ̂N)zα/2
}

= lim
N→∞

P

{
−zα/2 6

θ̂N − θ

se(θ̂N)
6 zα/2

}
= 1− α

Example 10.1.3. Let x̄N be the sample mean of IID data {xn}. Suppose that this data
comes from some distribution with finite second moment. Let µ denote the com-
mon mean and let σ2 denote the variance. Let sN be the sample standard deviation.
Combining the central limit theorem and consistency of sN for σ (see page 262), we
have
√

N(x̄N − µ)
d→ N(0, σ2) and

√
N se(x̄N)

p→ σ for se(x̄N) :=
sN√

N
(10.10)

It follows that, with this definition of se(x̄N), the set

(x̄N − se(x̄N)zα/2, x̄N + se(x̄N)zα/2)
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is an asymptotic 1− α confidence interval for x̄N.

Looking at (10.9) gives a good indication of why standard errors are normally re-
ported along with the point estimate. For example, we have the following useful
rule of thumb: If α = 0.05, then zα/2 ≈ 2, so there is a roughly 95% chance that
the true parameter lies within 2 standard deviations of the observed value of our
estimator.

10.1.3 A Nonparametric Example

Here’s an example of a nonparametric confidence set. In §8.1.3 we learned that if x =
(x1, . . . , xN) is a vector of IID draws from some CDF F and F̂N is the corresponding
ECDF, then ‖F− F̂N‖∞ converges in probability to 0. In 1933, A.N. Kolmogorov used
an extension of the central limit theorem to obtain an asymptotic distribution for this
term. In particular, he showed that when F is continuous,

√
N sup

s∈R
|F̂N(s)− F(s)| d→ K (10.11)

where K is the Kolmogorov CDF

K(s) :=

√
2π

s

∞

∑
i=1

exp
[
− (2i− 1)2π2

8s2

]
(s > 0) (10.12)

As in the CLT, the limiting distribution K is independent of the CDF F that generates
the data.

We can use (10.11) to produce an asymptotic 1− α confidence set for F. To do so,
let F be the set of all CDFs on R, let x1, . . . , xN be IID draws from F ∈ F, let k1−α :=
K−1(1− α), and let

CN(x) :=
{

G ∈ F : F̂N(s)−
k1−α√

N
6 G(s) 6 F̂N(s) +

k1−α√
N

for all s ∈ R
}

The set CN(x) ⊂ F is an asymptotic 1− α confidence set for F. Indeed, rearranging
the expression, we get

F ∈ CN(x) ⇐⇒ −k1−α 6
√

N(F̂N(s)− F(s)) 6 k1−α for all s

⇐⇒
√

N|F̂N(s)− F(s)| 6 k1−α for all s

⇐⇒ sup
s

√
N|F̂N(s)− F(s)| 6 k1−α
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Figure 10.1: Confidence set for the ECDF with 250 observations
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Figure 10.2: Confidence set for the ECDF with 1,000 observations

Applying (10.11) now confirms our claim:

lim
N→∞

P{F ∈ CN(x)} = lim
N→∞

P

{
sup

s

√
N|F̂N(s)− F(s)| 6 k1−α

}
= 1− α

Given our data x1, . . . , xN and the corresponding ECDF F̂N, we can present the confi-
dence set CN(x) visually by highlighting the area between the lower bound F̂N(s)−
k1−α/

√
N and the upper bound F̂N(s)+ k1−α/

√
N over s. This is done in figures 10.1

and 10.2. The data are drawn from a t-distribution F with 10 degrees of freedom and
α is set to 0.05. The values of N are 250 for figure 10.1 and 1,000 for figure 10.2.
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Figure 10.3: ECDF for standardized returns vs the standard normal CDF

10.2 Hypothesis Tests

This section considers problems of inference where we

(i) hold a belief or theory concerning the probabilities generating the data,

(ii) consider whether the data provides evidence for or against that theory.

Example 10.2.1. While asset price returns data tend to have heavier tails than the
normal distribution, for certain assets normality might still be a reasonable and con-
venient approximation. Let’s look at whether or not normality provides a reason-
able fit in the case of daily returns on the Nikkei 225. Figure 10.3 shows a compar-
ison of the empirical distribution of standardized returns from January 2014 until
July 2015 with the CDF of the standard normal distribution.2 While the ECDF of the
data and the CDF are not identical, we wouldn’t expect this even if the hypothesis
of normality is completely true. After all, we are only observing a sample, and a
sample is subject to randomness. So the question becomes, is the sample “unlikely”
given the hypothesis of normality?

To take the next steps we must formalize the process of setting up a hypothesis and
quantifying the extent to which the data points in this or some other direction.

Hypothesis testing begins with the specification of a null hypothesis, which is a
statement that the observed data are being generated by a certain model, or one of a
certain class of models. One might imagine that the standard procedure in statistics

2. Returns are standardized by subtracting the sample mean and dividing by the sample standard
deviation. Data is sourced from the Federal Reserve of St. Louis FRED data set.
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is to show the validity of the null hypothesis but it is not. Rather, a hypothesis test
is an attempt to reject the null.

To see why, let’s recall a famous example due to Karl Popper (1902–1994). Consider
the claim that all swans are white. It is futile to attempt to prove correctness of
this hypothesis: No quantity of white swan sightings can confirm the claim that all
swans on planet earth are white. On the other hand, a single black swan can show
the claim to be false. In this sense, attempting to falsify a theory on the basis of
observation is more constructive than attempting to confirm it.

Although we attempt to reject the null hypothesis, we do so only if strong evidence
against it is observed. The rationale is this: Suppose we have a collection of theo-
ries about how the economy works. The procedure would then be to step through
the theories, at each stage taking correctness of the theory as the null hypothesis
and attempting to reject. If the theory is rejected then we can discard it. This is
a useful process of elimination. However, we don’t want to mistakenly discard a
good theory. Hence, we only reject when there is strong evidence against the null
hypothesis.

10.2.1 Constructing Tests

We adopt the setting and notation used in §10.1.1. A null hypothesis is a specifica-
tion of a set of models that we believe the data generating process belongs to. This
amounts to specifying a subset Θ0 of Θ. The null hypothesis is often written as

H0 : θ ∈ Θ0

If Θ0 is a singleton, then the null hypothesis is called a simple hypothesis. If not,
then the null hypothesis is called a composite hypothesis. A test of the null hy-
pothesis is a test of whether or not the observed data were generated by Pθ for some
θ ∈ Θ0.

Example 10.2.2. The hypothesis of purchasing power parity is tested by considering
models such as

p = a + βep∗ + σu (10.13)

where p is a price or index of domestic prices, e is an exchange rate, p∗ is a corre-
sponding foreign price, u is a disturbance term and a, β, σ are parameters. The null
hypothesis for absolute purchasing power parity is that (10.13) holds with a = 0 and
β = 1. Since σ is not pinned down by the null, this is a composite null hypothesis.
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Formally, a test of H0 is a binary function φ mapping the observed data zD into
{0, 1}. The decision rule is

if φ(zD) = 1, then reject H0

if φ(zD) = 0, then do not reject H0

(Failing to reject H0 should not be confused with accepting H0. More on this below.)
Our aim will be to design φ such that it takes the value 1 when the data present
strong evidence against H0.

Example 10.2.3. Let zD be a set of pairs zn = (xn, yn) from some unknown bivari-
ate distribution Pθ. If H0 is the hypothesis that the correlation between x and y is
negative, then a large positive sample correlation would constitute evidence against
H0. Hence our test might take the form φ(zD) = 1{$̂ > c}, where $̂ is the sample
correlation. An appropriate value of c remains to be determined.

The outcome of our test depends on the random sample zD, and, being random, its
realization can be misleading. There are two different ways in which the realization
can mislead us. First, we can mistakenly reject the null hypothesis when it is in fact
true. This is called type I error. Second, we can fail to reject the null hypothesis
when it is false. This is called type II error.

The power function associated with the test φ is the function

β(θ) := Pθ{φ(zD) = 1} (θ ∈ Θ)

Here and below, the symbol Pθ indicates that we are computing probabilities under
the assumption that L(zD) = PDθ . Thus, β(θ) is the probability that the test rejects
when the data are generated by the probabilistic model identified by θ.

Ideally, we would like β(θ) = 0 when θ ∈ Θ0, and β(θ) = 1 when θ /∈ Θ0. In
practice, this is difficult to achieve.

As discussed above, we tend to be conservative in rejecting the null, because we
don’t want to discard good theories. For this reason, it is traditional to keep the
probability of type I error small. Then, if our test tells us to reject the null, it’s
unlikely the null is true. Because of this, the standard procedure is to choose a small
number α such as 0.05 or 0.01, and then adjust the test such that

β(θ) 6 α for all θ ∈ Θ0 (10.14)

If (10.14) holds, then the test is said to be of size α. Similarly, the size of any test
with power function β is

α := sup
θ∈Θ0

β(θ) (10.15)
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This is the maximal rejection probability when the null hypothesis is true.

In constructing tests, a common (but not universal) set up is to define a real-valued
test statistic T and a critical value c, and then set

φ(zD) := 1{T(zD) > c} (10.16)

The pair (T, c) then defines the test, and the rule becomes:

Reject H0 if and only if T(zD) > c

Example 10.2.4. Suppose that x1, . . . , xN are independent draws from N(µ, 1) where
the value of µ is unknown. The null hypothesis is µ 6 0, or Θ0 = (−∞, 0]. Since we
want to make inference about the mean, a natural choice for our test statistic is the
sample mean. Thus,

T(zD) :=: T(x1, . . . , xN) := x̄N

Each c ∈ R now gives us a test via (10.16), with power function β(µ) = Pµ{x̄N > c}.
To evaluate β, recall that L(x̄N) = N(µ, 1/N). As a result, if Φ is the CDF of the
standard normal distribution and z ∼ Φ, then

Pµ{x̄N 6 c} = P{µ + N−1/2z 6 c} = P{z 6 N1/2(c− µ)} = Φ[N1/2(c− µ)]

∴ β(µ) = 1−Φ[N1/2(c− µ)] (10.17)

Given c, the power function is increasing in µ, because higher µ pushes up the mean
of x̄N, making the event {x̄N > c} more likely. Given µ, the function is decreasing
in c, because higher c makes the event {x̄N > c} less likely.

Plots of the power function β in (10.17) are presented in figure 10.4 for two different
values of c. Here N is fixed at 10. Since Θ0 = (−∞, 0], the size of the test in each
case is supµ60 β(µ). Since the power curves are increasing, this is just β(0).

Figure 10.4 illustrates a typical trade-off between type I and type II error. If we
increase c we make rejection less likely for all values of µ. This pushes down type I
error but it also increases the probability that we fail to reject a false null.

10.2.2 Choosing Critical Values

Let’s think a bit more about the test in (10.16). Typically, the choice of T is suggested
by the problem. For example, if our hypothesis is a statement about the second mo-
ment of a random variable, then we might take T to be the sample second moment.
Once T is fixed, we need to adjust c such that (T, c) attains the appropriate size.
Thus, the standard procedure is to:
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Figure 10.4: The power function β

(i) choose a desired size α according to our tolerance for type I error,

(ii) identify a suitable test statistic T, and

(iii) choose a critical value c so that (T, c) is of size α.

In performing the last step, we can balance our desire to minimize type II error while
maintaining a size α test by choosing c such that (10.14) holds with equality. In this
case, the problem is to choose c to solve

α = sup
θ∈Θ0

Pθ{T(zD) > c} (10.18)

Figure 10.5 gives an illustration. In the figure, we’ve taken Θ0 to be the two element
set {θa, θb}. The blue line gives an imaginary distribution of T(zD), represented as a
density, when zD is generated by θa. The black line gives the same for θb. Assuming
that a value of α is prescribed, the next step is to determine the c such that (10.18)
holds. Here, we choose c such that the largest of the two shaded areas is equal to α.

Example 10.2.5. Let’s look again at example 10.2.4, where x1, . . . , xN
IID∼ N(µ, 1)

for µ unknown, and our null hypothesis is µ 6 0. Given α, our task is to find the
appropriate critical value c so that the test (T, c) is of size α. To solve for c given α we
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Figure 10.5: Determining the critical value

use (10.18). Applying the expression for the power function in (10.17), this becomes

α = sup
µ60
{1−Φ[N1/2(c− µ)]}

The right hand side is increasing in µ, so the supremum is obtained by setting µ = 0.
Setting µ = 0 and solving for c, we obtain

c(α) := N−1/2Φ−1(1− α)

where Φ−1 is the quantile function of the standard normal distribution. In R, this
function can be evaluated using qnorm. For example,

> alpha = 0.05
> qnorm(1 - alpha)
[1] 1.644854

Since Φ−1 is increasing, we see that smaller α corresponds to larger c(α)—we reduce
the probability of type I error by increasing the critical value that the mean x̄N must
obtain for rejection to occur. Also, higher N brings down c(α): More data allows us
to reduce the critical value without increasing the probability of rejecting a true null.
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10.2.3 Asymptotic Tests

In general, constructing a test of a given size requires some knowledge of the dis-
tribution of the test statistic under the null hypothesis. In many cases, however,
we know relatively little about the distribution of the test statistic. Fortunately we
still have options. One approach is to bootstrap. Another is to try to determine
the asymptotic distribution of the test statistic. As we’ve learned from the central
limit theory, asymptotics hold out the possibility that we can pin down distributions
without actually assuming a parametric structure a priori.

To proceed we need to switch to a notion of asymptotic size for tests, rather than
finite sample size. Writing βN instead of β to emphasize the fact that the power
function typically depends on sample size, a test is called asymptotically of size α

if
lim

N→∞
βN(θ) 6 α for all θ ∈ Θ0 (10.19)

Example 10.2.6. Let x1, . . . , xN be an IID sample with mean θ and variance σ2. As-
sume that both θ and σ are unknown. We wish to test the hypothesis H0 : θ = θ0.
Consider the statistic

tN :=
√

N
{

x̄N − θ0

sN

}
=

x̄N − θ0

se(x̄N)
(10.20)

where se(x̄N) := sN√
N

as in (10.10). As discussed in example 10.1.3, this expression
converges in distribution to a standard normal. Hence

φN(x) := 1{|tN| > zα/2} (10.21)

is asymptotically of size α (see ex. 10.4.3).

10.2.3.1 A Test for the Empirical Distribution

As another example of how to construct tests which are asymptotically of size α,
let’s return to the standardized daily returns data presented in figure 10.3. Let Φ be
the standard normal CDF as before and let H0 be that standardized returns are IID

draws from Φ. Let α be given, and let k1−α = K−1(1− α) be the 1− α quantile of the
Kolmogorov distribution K, as defined in (10.12). Finally, let F̂N be the ECDF of the
data. If the null hypothesis is true, then, by (10.11) on page 278, we have

√
N sup

s∈R
|F̂N(s)−Φ(s)| d→ K (10.22)
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For the test

φN(x) := 1

{√
N sup

s∈R
|F̂N(s)−Φ(s)| > k1−α

}
let βN(Φ) be the value of the power function when the null hypothesis is true. By
(10.22), we have

lim
N→∞

βN(Φ) = lim
N→∞

P

{√
N sup

s∈R
|F̂N(s)−Φ(s)| > k1−α

}
= α

Hence (10.19) is verified, and the test is asymptotically of size α. Notice how the
construction of the test inverts the confidence set in §10.1.3.

The Nikkei data set used here has 364 observations. The value of the test statistic√
N sups∈R |F̂N(s)−Φ(s)| is 1.548. If α = 0.05, then, as shown in §10.1.3, the critical

value k1−α is 1.36. Hence the test statistic exceeds the critical value, and the null
hypothesis is rejected. See johnstachurski.net/emet.html for the code.

While the departure from normality is not easy to see in figure 10.3, it can be seen
more clearly in a comparison of the histogram and density, as in figure 10.6. The
data are noticeably more peaked and there is some evidence of heavier tails.

An additional point worth making about this example is that it illustrates how tests
typically depend on a range of assumptions beyond those that are the focus of a null
hypothesis in a given study. Here, for example, a better description of H0 is that
standardized returns are IID draws from the standard normal density. The rejection
suggests this null is false, but it may be the IID assumption rather than the normality
assumption that makes our null a poor fit to the data.3

10.2.3.2 p-Values

Typically, a test that rejects at size 0.05 will also reject at size 0.1, but may not reject
at size 0.01. Lower α means less tolerance for type I error, and forces the critical
value to become larger. Hence, for a fixed value of the test statistic, the result of the
test may switch from reject to don’t reject. A natural question, then, is: What is the
smallest value of α at which we can still reject a given test statistic? This value is
called the p-value.

To state this more precisely, consider again the setting of §10.2. The null hypothesis
is H0 : θ ∈ Θ0 and, for each α ∈ (0, 1), a test (T, c(α)) of size α. We assume here that

3. The test we’ve implemented can be modified to tackle the case of dependent data. See Negri
and Nishiyama (2010) for one such test and more references.
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Figure 10.6: Standardized daily returns for the Nikkei 225

c(α) is determined via the relationship in (10.18). In this setting, the p-value of the
test is defined as

p(zD) := inf{α ∈ (0, 1) : c(α) < T(zD)}
Roughly speaking, this is the α at which the test switches from reject to don’t reject.
Typically α 7→ c(α) is continuous, and in this case the expression for p(zD) reduces
to

p(zD) := the α such that c(α) = T(zD) (10.23)

Example 10.2.7. Recall the test (10.21). Here c(α) := Φ−1(1 − α/2), and c(α) is
continuous in α, so we can apply the definition of p(zD) in (10.23). To solve for
p(zD), then, we need to solve for α in the expression Φ−1(1 − α/2) = |tN(zD)|.
With a bit of rearranging and an application of symmetry, we obtain

p(zD) = 2Φ(−|tN(zD)|) (10.24)

10.2.4 Accepting the Null?

Sometimes failure to reject a null hypothesis comes to be seen as presenting evidence
in favor of that hypothesis. This is a slippery slope. Here’s one illustration.

In the 1980s, econometricians found a new set of toys called unit root tests. First it
was discovered that a newly developed test due to Dickey and Fuller (1979) did not
reject the null hypothesis of a unit root when applied to a variety of economic time
series (see, e.g., Nelson and Plosser (1982)). It was argued that this finding called
into question a range of earlier time series methods that assumed trend stationarity,
as well as a variety of business cycle studies that assumed stationary innovations
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around a trend. A raft of new unit root tests appeared. The idea that innovations to
major economic time series contain a permanent component became something like
a stylized fact.

Let’s think about this carefully. For the sake of concreteness, suppose we are consid-
ering unemployment rate data, where the unit root hypothesis was associated with
the concept of hysteresis (see, e.g.,Mitchell (1993)). In this setting, the unit root null
can be expressed most simply as the hypothesis that a = 1 in the AR(1) process

ut+1 = aut + b + εt+1 (10.25)

Here {ut} is unemployment, a and b are parameters and {εt} is a zero mean inno-
vation (see, e.g., eq. (5) of Mitchell (1993)). Letting T be the length of the sample, the
standard one-sided Dickey–Fuller test of the unit root null is to

(i) estimate the parameters as â and b̂ by least squares (see page 223),

(ii) reject the null if T(â− 1) < c where c is a critical value.

Intuitively, when the estimated coefficient â is well below unity, the test statistic will
evaluate to a large negative number in large samples. While we omit the derivation,
Dickey and Fuller (1979) showed that the test statistic converges in distribution and
tabulated critical values for different test sizes.

A number of studies have been unable to reject a unit root null for unemployment
rate data (see Mitchell (1993) for an earlier study or Cheng et al. (2012) for a study
using a newer set of tests). How should we interpret failure to reject the null in this
setting? One possibility is that (10.25) is a good model for the data with a = 1. This
is not the only possibility, however. Another possibility is that the data are being
generated by some other process against which this test has little power.

The second possibility seems more plausible than the first. Indeed, if a = 1 in (10.25)
then P{ut ∈ B} → 0 as t → ∞ for every bounded B-measurable B ⊂ R. But
employment rates don’t diverge. A more likely story is that while unemployment
rates are highly persistent for some range of values, there are equilibrium forces that
become increasingly stronger outside this band. For example, the further the unemploy-
ment rate falls, the more tightness in the labor market boosts wages, encouraging
employers to substitute towards other factors of production and putting upwards
pressure on the unemployment rate.

We can easily reconcile these equilibrium forces with the idea that the unemploy-
ment rate is highly persistent at commonly observed values by adopting a nonlinear
model. For example, consider the following simple variation on a random walk:

ut+1 = h(ut) + εt+1 (10.26)
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Figure 10.7: A nonlinear process for unemployment dynamics

where h is the generalized logistic function depicted in figure 10.7, along with the
45 degree line. For unemployment rates in a band between about 5 and 15, the
function has a slope close to one, and the process exhibits strong persistence, just
like a random walk. For values above and below this number the shape of h causes
drift back to the band.

Listing 7 gives code for a simulation when this model generates the data. The code
is available at johnstachurski.net/emet.html. The details of the function h are con-
tained in the code. The shocks {εt} are independent Gaussian. In each loop, a
time series of length 100 is drawn and the Dickey–Fuller test statistic is calculated.
The size of the test is set to 0.05, in which case the critical value for the test is -13.7
Hayashi (2000, p. 576). If you run the code you will see that for this random seed,
the rejection frequency over 5,000 repetitions is 0.0474. In other words, the Dickey–
Fuller test is unable to reject the null of a unit root 95% of the time. This is the same
rejection frequency as when the null is true. The test has no ability to distinguish
this model from the null.

The interesting thing about this experiment is that the nonlinear data generating
process that the test was unable to reject has very different properties from the null.
Not only is it stationary, it is uniformly ergodic, as can be seen by checking the con-
ditions of theorem 16.0.2 of Meyn and Tweedie (2009). This is the strongest possible
form of stationarity after the IID property. It means that the effect of initial condi-
tions dies out at a geometric rate that is bounded away from one uniformly over the
state space. There is no “permanent component.”
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Figure 10.8: Simulated unemployment dynamics

10.2.5 Statistical Tests in Economics

While the mechanics of hypothesis testing are relatively straightforward, the scien-
tific paradigm based around hypothesis testing is the subject of continual debate.
Macroeconomics is an interesting case in point. In the 1970s, the rational expecta-
tions revolution ushered in a new class of macroeconomic models. One of the first
things the proponents of rational expectations did was to test these models against
data. Thomas Sargent’s account runs as follows (Evans and Honkapohja (2005)):

My recollection is that Bob Lucas and Ed Prescott were initially very en-
thusiastic about rational expectations econometrics. After all, it simply
involved imposing on ourselves the same high standards we had criti-
cized the Keynesians for failing to live up to. But after about five years of
doing likelihood ratio tests on rational expectations models, I recall Bob
Lucas and Ed Prescott telling me that those tests were rejecting too many
good models.

In the following years, many macroeconomists moved away from formal hypothesis
testing. A standard response to classical testing was: “I already know that my model
is wrong. Rejection of my model using standard inference tells me nothing new.”
For example, Kydland and Prescott (1991) define econometrics as a process without
tests:

The main steps in econometric analysis are as follows: defining the ques-
tion; setting up the model; calibrating the model; and reporting the find-
ings.
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How does this line of thinking compare with the standard statistical paradigm?
The standard paradigm certainly recognizes that all models are wrong. All sensible
models are wrong along some dimensions because they are, by definition, simpli-
fied representations of reality. Rejection of models is intended to facilitate survival
of the fittest: Those models that explain observed phenomena effectively, and, at the
same time, are most difficult to reject, will survive.4

At the same time, it’s reasonable to feel sympathy for the frustration with classical
hypothesis testing expressed by some economists. While the hypothesis that water
boils at 100 degrees C will never be refuted (at least at sea level), in economics even
the best models capture only some phenomena of interest. Inevitably they fail to
match with reality when viewed in other ways. With enough data almost all sensible
economic models can be rejected. But should we discard them? Perhaps some of
these models are still useful in guiding our thinking.

Example 10.2.8. The consumption-based asset pricing model of Lucas (1978) fails to
provide a good fit for returns on most classes of assets. But the key pricing equa-
tion still provides an important benchmark, as well as a way for econometricians to
organize their thoughts on asset prices in a quantitative manner.

How to resolve these different points of view? Some researchers argue that cal-
ibration and matching of moments are sufficient as a means of validating their
models. But this form of validation imposes little discipline on model builders.
Clever economists can find multiple ways to replicate most interesting phenomena
observed in the data, each with their own distinct policy implications. More im-
portantly, the objective of matching moments is a purely in-sample criterion. The
potential dangers of such an approach were illustrated in figure 8.4 on page 230.

One middle ground approach is testing of partially specified models, where tests are
only concerned with a specific restriction implied by theory. A second path forward
is more emphasis on out-of-sample performance in economic studies, which pro-
vides a much stricter test of true understanding. A third is offered by the Bayesian
approach to model selection, where the emphasis is on comparing and improving
models rather than rejection. A fourth is improvements in economic theory, to better
match our models to the data.

4. Incidentally, given this description of model selection, it might appear there is an easy way
to produce a model that survives forever in the pool of currently acceptable theories, without ever
being culled via rejection: Just make sure that the model has no testable implications. However,
this strategy does not work because a model with no testable implications cannot be considered as a
theory of anything. The definition of a scientific theory, as proposed by Karl Popper, is that the theory
has one or more testable implications. In other words, the theory can be falsified.
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Listing 7 DF test applied to a nonlinear time series (Julia)

N = 100 # Length of time series
alpha = 0.05 # Size of test
critical = -13.7 # Critical value for DF test of size 0.05
srand(123) # Set random seed

function h(x, a=0.0, k=22, b=.16, q=0.6, m=10)
return a + (k - a) / ((1 + q * exp(-b * (x - m)))ˆ(1/q))

end

function dickey_fuller_stat(y)
y1 = y[1:end-1]
y2 = y[2:end]
z2 = y2 - mean(y2)
z1 = y1 - mean(y1)
rho = dot(z1, z2) / dot(z1, z1)
return length(y1) * (rho - 1)

end

function sim_dgp(N)
y = Array(Float64, N)
y[1] = 8 # Initial value of unemployment rate
for i in 1:N-1

y[i+1] = h(y[i]) + 0.5 * randn()
end
return y

end

M = 5000
rejections = 0
for m in 1:M

y = sim_dgp(N)
rejections += (dickey_fuller_stat(y) < critical)

end
println("Fraction under critical value: ", rejections / M)
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10.3 Further Reading

For a technical discussion of the results surrounding the convergence to the Kol-
mogorov distribution in (10.12), see section 19.4 of Van der Vaart (2000).

For a discussions of statistical testing in econometrics see, for example, McCloskey
and Ziliak (1996) and Freedman (2009). Discussions of calibration in relation to es-
timation and hypothesis testing can be found in Kydland and Prescott (1991), Kim
and Pagan (1999) and many other places. Hansen (2014b) presents the main ar-
guments in favor of tests of restrictions in partially specified models. Silver (2012)
provides an interesting read on estimation and uncertainty with applications in fore-
casting.

An excellent summary of unit root tests is given in Hayashi (2000). For a critical
overview of unit root testing see Cochrane (1991).

10.4 Exercises

Ex. 10.4.1. Confirm fact 10.1.1 on page 276.

Ex. 10.4.2. Show that (10.8) is valid when (10.6) and (10.7) hold.

Ex. 10.4.3. Let α ∈ (0, 1) and set zα/2 := Φ−1(1 − α/2). Show that if tN(x)
d→

N(0, 1) whenever H0 is true, and TN(x) = |tN(x)|, the sequence of tests φN(x) :=
1{TN(x) > zα/2} is asymptotically of size α.

Ex. 10.4.4. If a test is well-designed, then the rejection probability will converge to
one as N → ∞ whenever H0 is false:

βN(θ)→ 1 as N → ∞ whenever θ /∈ Θ0

Such a test is said to be consistent. Show that the test in example 10.2.6 is consistent
whenever α ∈ (0, 1).5

Ex. 10.4.5 (Computational). The chi-squared goodness of fit test is used to test
whether or not a given data set was generated from a particular discrete distribu-
tion, described by a PMF p1, . . . , pJ over values 1, . . . , J. More precisely, let x1, . . . , xN

5. Hint: In essence, you need to show that the absolute value of the test statistic |tN | in (10.20)
diverges to infinity when θ 6= θ0. Try the add and subtract strategy, replacing the expression x̄N − θ0
in (10.20) with (x̄N − θ) + (θ − θ0).
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be N random variables, each xn taking integer values between 1 and J. The null hy-
pothesis of the test is that the sample is IID with P{xn = j} = pj for n ∈ {1, . . . , N}
and j ∈ {1, . . . , J}. The test statistic is given by

X := N
J

∑
j=1

(qj − pj)
2

pj
(10.27)

where qj is the fraction of the sample x1, . . . , xN taking the value j. Write a function
called chsqts that takes arguments observations and p, where observations is a
vector storing the sample x1, . . . , xN and p is a vector storing the values p1, . . . , pJ .
The function call chsqts(observations, p) should return the value X in equation
(10.27).6

Ex. 10.4.6 (Computational). This exercise continues on from ex. 10.4.5. Under the
null hypothesis, X in (10.27) is asymptotically chi-squared with J − 1 degrees of
freedom. Let J = 3 with p1 = 0.2, p2 = 0.2 and p3 = 0.6. Let N = 20. By
repeatedly simulating 20 IID observations x1, . . . , x20 from this PMF,7 generate 5,000
independent observations of the statistic X, and store them in a vector called obsX.
Plot the ECDF of obsX. In the same figure, plot the chi-squared CDF with 2 degrees of
freedom. The functions should be close. (You can improve the fit further by taking
N larger.)

10.4.1 Solutions to Selected Exercises

Solution to Ex. 10.4.1. Assume the conditions of fact 10.1.1. Let s2
N be the sample

variance. Combining fact 5.1.16 on page 138, example 9.1.4 on page 248, fact 9.1.1
on page 248 and equation (10.2), the distribution of

√
N
(x̄N − µ)

σ

√
N − 1

Ns2
N/σ2

has a t distribution with N− 1 degrees of freedom. Minor manipulations give (10.3).

Solution to Ex. 10.4.2. We aim to show that (θ̂N − θ)/ se(θ̂N) converges in distri-

bution to a standard normal when
√

N(θ̂N − θ)
d→ N(0, v(θ)) and

√
N se(θ̂N)

p→
6. R has a built-in function called chisq.test for implementing the chi-squared test. You can use

this to test your results.
7. In particular, draw each xn such that P{xn = j} = pj for j = 1, 2, 3.
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v(θ). To see this, observe that

θ̂N − θ

se(θ̂N)
= ξNηN where ξN :=

√
N(θ̂N − θ)√

v(θ)
and ηN :=

√
v(θ)√

N se(θ̂N)

Using the various rules for convergence in probability and distribution (check them

carefully—see facts 6.1.1 and 6.1.6) we obtain ξN
d→ Z ∼ N(0, 1) and ηN

p→ 1.

Applying Slutsky’s theorem (page 167) now gives ξNηN
d→ Z, as was to be shown.

Solution to Ex. 10.4.3. Fix α ∈ (0, 1) and let z ∼ N(0, 1). In view of (4.36) on

page 113, we have P{|z| > zα/2} = α. If H0 is true, then tN(x)
d→ z by assumption.

Since g(s) := |s| is continuous, fact 6.1.6 on page 167 implies that |tN(x)| d→ |z|. As
a result, we have

lim
N→∞

βN(θ) = lim
N→∞

Pθ{|tN(x)| > zα/2} = P{|z| > zα/2} = α

This confirms (10.19), and the exercise is done.
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Chapter 11

Regression

11.1 Linear Regression

Linear regression is one of the core topics of statistics. It is even more central to
econometrics, where a shortage of controlled experiments often leaves econometri-
cians trying to factor heterogeneity out ex post. We begin with a nontraditional view
of linear regression based on minimal assumptions.

11.1.1 Set Up

Let’s start with the kind of prediction problem discussed in §8.2.2. We study a sys-
tem with vector input xn ∈ RK followed by scalar output yn. For example,

• xn is a description of a lottery (probabilities, possible outcomes, etc.) in a con-
trolled experiment and yn is willingness to pay in order to participate (see, e.g.,
Peysakhovich and Naecker (2015)).

• xn is a set of household characteristics (ethnicity, age, location, etc.) and yn is
household wealth at some later date (see, e.g., McKernan et al. (2014)).

• xn is price of electricity, prices of alternatives, temperature, household income
and measurements of the regional income distribution, while yn is regional
electricity consumption (see, e.g., Auffhammer and Wolfram (2014)).

Although we don’t exclude the possibility that y is categorical (i.e., discrete), our
loss function will be oriented towards regression (where y takes values in R).

Suppose we have N observations zn := (xn, yn), all of which are draws from some
fixed joint distribution P.
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B Since P is fixed we are assuming that the system is stationary across the set of
draws.

Our aim is to predict new output values from input values on the basis of this data.
In particular, our problem is to

choose a function f : RK → R such that f (x) is a good predictor of y (11.1)

To define “good predictor” mathematically we need a loss function. Throughout
this chapter we will be using quadratic loss. Thus, in the language of §8.2.2, our aim
is to minimize the prediction risk

R( f ) := EP (y− f (x))2 (11.2)

As we saw in §5.2.5, the minimizer of (11.2) over the set of all B-measurable func-
tions is the regression function f ∗(x) := EP [y | x]. If we could compute this then all
our problems would be solved. But we cannot compute it because P is not known.
Instead we apply the principle of empirical risk minimization (see §8.2.2), which
leads to the problem

min
f∈H

Remp( f ) where Remp( f ) :=
1
N

N

∑
n=1

(yn − f (xn))
2 (11.3)

Here H is the hypothesis space, a set of candidate functions mapping RK into R.
For obvious reasons, the problem (11.3) is called a least squares problem.

If we take H to be the set of all functions from RK to R, then, provided the input
vectors are all distinct, we can set the empirical risk Remp( f ) to zero by choosing
any function f satisfying yn = f (xn) for all n. However, as discussed at length in
§8.2.3, minimizing empirical risk is different from minimizing the prediction risk
R( f ). The latter is what we actually want to minimize. Thus,H must be restricted.

In this chapter we consider the case H = H`, where H` is all linear functions from
RK to R. Recalling theorem 3.1.1 on page 46, we can write

H` :=
{

f : RK → R : f (x) = xᵀb for some b ∈ RK
}

(11.4)

The problem (11.3) then reduces to

min
b∈RK

N

∑
n=1

(yn − xᵀnb)2 (11.5)

The term 1
N has been dropped because it does not affect the minimizer. This is the

multivariate version of (8.22) on page 227.
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The idea of choosing b to minimize (11.5) is intuitive: We are choosing a “line of best
fit” to minimize in-sample prediction error. This optimization problem has a long
tradition. It dates back at least as far as Carl Gauss’s work on the orbital position of
Ceres, published in 1801.

You might be wondering whether the choice H = H` is a suitable one. This is an
excellent question. It might not be. However, there are good reasons to start with
H`, even in this setting where no linearity assumptions are imposed. First, H` is a
natural starting point when seeking a class of simple, well-behaved functions. Sec-
ond, as we’ll see, settingH = H` allows us to obtain an analytical expression for the
minimizer, which simplifies both analysis and computation. Third, the technique
has an extension fromH` to a broader classes of functions, as described in §11.2.1.

11.1.2 The Least Squares Estimator

Now let’s solve (11.5). Armed with our knowledge of overdetermined systems
(see §3.3.2), we already have all the necessary tools. This will be more obvious after
we switch to matrix notation. To do this, let

y :=


y1
y2
...

yN

 , xn :=


xn1
xn2

...
xnK

 = n-th observation of all regressors (11.6)

and

X :=


xᵀ1
xᵀ2
...

xᵀN

 :=:


x11 x12 · · · x1K
x21 x22 · · · x2K

...
...

...
xN1 xN2 · · · xNK

 (11.7)

Sometimes X is called the design matrix. By construction, colk X = all observations
on the k-th regressor. Also, for any b ∈ RK, we have

Xb =


xᵀ1 b
xᵀ2 b

...
xᵀNb


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It follows that the objective function in (11.5) can be written as

N

∑
n=1

(yn − xᵀnb)2 = ‖y− Xb‖2

Since strictly increasing transforms preserve the set of minimizers (see §15.1.4),

argmin
b∈RK

‖y− Xb‖2 = argmin
b∈RK

‖y− Xb‖ (11.8)

We already know now to solve for the minimizer on the right hand side of (11.8). By
theorem 3.3.2 (page 61), the solution is

β̂ := (XᵀX)−1Xᵀy (11.9)

Traditionally, this random vector β̂ is called the least squares estimator. Once we
move to more classical assumptions it will be an estimator of a particular parameter
vector. At this stage it just defines our answer to the problem posed in (11.1). That
is,

given x ∈ RK, our prediction of y is f (x) = xᵀβ̂

In terms of geometric interpretation, since Xβ̂ solves (11.8), it is the closest point in
colspace X to y. In particular,

Py = Xβ̂ when P := proj colspace X

(Cf. (3.13) on page 61.) In what follows, M is the residual projection, as defined in
(2.11) on page 31.

11.1.2.1 Assumptions

Theorem 3.3.2 and our definition of β̂ in 11.9 require that X has full column rank (or,
equivalently, that the columns of X are linearly independent—see page 47).

Assumption 11.1.1. X has full column rank with probability one.

By theorem 2.1.3 on page 19, N > K is a necessary condition for assumption 11.1.1
to hold. (If N < K, then RN, which is necessarily spanned by N vectors, cannot
contain K linearly independent vectors.)

If assumption 11.1.1 fails, then a minimizer of (11.8) still exists but is no longer
unique (see ex. 3.5.34). While we can treat this case, it rarely occurs in well-designed
regression problems.
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Let’s also put some mild regularity conditions on the common joint distribution P
of each data point zn := (xn, yn).

Assumption 11.1.2. P is such that all elements of EP[znzᵀn] are finite. Moreover,

Σx := EP[xnxᵀn] is finite and positive definite (11.10)

Finite second moments are imposed because want to evaluate expected squared
errors. This assumption cannot be weakened unless we are willing to work with a
different loss function. Positive definiteness of Σx ensures that the asymptotic limit
of our estimator is well defined.1

11.1.2.2 Notation

There’s a range of standard notation associated with linear least squares estimation.
Let’s collect it in one place. First, the projection

ŷ := Xβ̂ = Py

is called the vector of fitted values. The n-th fitted value ŷn is the prediction xᵀn β̂ as-
sociated with least squares estimate and the n-th observation xn of the input vector.
The vector My is often denoted û, and called the vector of residuals:

û := My = y− ŷ

The vector of residuals corresponds to the error that occurs when y is approximated
by Py. From fact 2.2.8 on page 31 we have

My ⊥ Py and y = Py + My (11.11)

In other words, y can be decomposed into two orthogonal vectors Py and My,
where the first represents the best approximation to y in colspace X, and the sec-
ond represents the residual.

Related to the fitted values and residuals, we have some standard definitions:

• total sum of squares := TSS := ‖y‖2.

• residual sum of squares := RSS := ‖My‖2.

• explained sum of squares := ESS := ‖Py‖2.

1. In essence, positive definiteness of Σx requires that no random variable in x can be written as a
linear combination of other variables in x. See exercise 11.4.1.
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By (11.11) and the Pythagorean law (page 26) we have

TSS = ESS + RSS (11.12)

When running regressions it is conventional to report the coefficient of determina-
tion, or R2. The plain vanilla definition of R2 is

R2 :=
ESS

TSS
(11.13)

Many regression packages report an alternative definition of R2, which is discussed
in §11.2.3.

11.1.3 Out-of-Sample Fit

We have stressed a number of times that learning from data (statistics) means gen-
eralization from current observations to new ones. As such, the most important
measure of success for a statistical procedure is out-of-sample fit. So how does lin-
ear least squares perform out of sample? We start with a general observation about
linear predictors.

Theorem 11.1.1. If ` is the linear function `(x) = xᵀb, then

R(`) = E(y− f ∗(x))2 +E( f ∗(x)− xᵀb∗)2 + (b∗ − b)ᵀΣx(b∗ − b)

Here f ∗ is the regression function and b∗ = Σx
−1E [x y] is the vector of coefficients

in the best linear predictor (see page 146). R( f ) is the prediction risk of f and expec-
tations are taken under the unknown joint distribution P of the pairs (x, y).

The proof of theorem 11.1.1 is given in §11.1.3.1. For now let’s look at interpretation.
The general question is how well we can generalize (i.e., reduce prediction risk) us-
ing linear functions. Theorem 11.1.1 decomposes the prediction risk of an arbitrary
linear predictor `(x) = xᵀb into three terms:

(i) the intrinsic risk E(y− f ∗(x))2,

(ii) the approximation error E( f ∗(x)− xᵀb∗)2,

(iii) the estimation error (b∗ − b)ᵀΣx(b∗ − b).

The intrinsic risk is also called Bayes’ risk (see example 8.2.3 on page 225). It is
the residual error after y is approximated with the best possible predictor (i.e., the
regression function). It is large to the extent that y is hard to predict using x.
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The approximation error or bias is the deviation between the best predictor and the
best linear predictor. It reflects the cost of our decision to approximate the regression
function using a linear architecture. If this architecture is held fixed, the approxima-
tion error is also fixed and cannot be reduced in the estimation process.

The estimation error is caused by the deviation of our estimator from the best linear
predictor b∗. This deviation occurs because we are predicting using finite sample
information on the joint distribution of (x, y).

Theorem 11.1.1 tells us that once H is set to the class of linear functions, the best
we can do is find an estimation method (a learning algorithm) that produces an
estimate that is close to b∗ on average when the sample size is sufficiently large.
The next result states that the least squares estimator β̂ has this property.

Theorem 11.1.2. Let assumptions 11.1.2–11.1.1 hold and let β̂N be the least squares esti-
mator given sample size N. If the observations {zn} are independent, then

β̂N
p→ b∗ as N → ∞ (11.14)

The proof is below. Independence is required only for the LLN to function. We
could weaken this to ergodicity (see §7.1.1) and obtain the same conclusion.2

On one level, theorems 11.1.1 and 11.1.2 are reassuring. They tell us that if the un-
derlying process is relatively linear, then we will attain small risk asymptotically. On
the other hand, the Glivenko-Cantelli theorem tells us that we can learn everything
about the underlying distribution in the limit. Here we are bounded away from this
kind of consistency whenever the approximation error is positive.

As will be discussed in chapter 14, a general principle of induction is that we should
introduce bias in finite samples to avoid overfitting, while at the same time reducing
bias asymptotically, as the empirical distribution converges to the true distribution.
By comparison, in standard linear regression the bias is held fixed by the linearity
assumption.

11.1.3.1 Proofs

Proof of theorem 11.1.1. Fix b ∈ RK and let `(x) = xᵀb. In view of (8.17) on page 225,
we have the prediction risk

R(`) = E [(y− f ∗(x))2] +E [( f ∗(x)− xᵀb)2]

2. Later, in §13.1, we’ll do something similar (i.e., weaken independence to ergodicity) in a setting
with some additional structure.
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Hence the result will established if we can show that

E [( f ∗(x)− xᵀb)2] = E [( f ∗(x)− xᵀb∗)2] +E [(b∗ − b)ᵀxxᵀ(b∗ − b)] (11.15)

To see that (11.15) holds, observe that

f ∗(x)− xᵀb = f ∗(x)− xᵀb∗ + xᵀ(b∗ − b) (11.16)

The terms f ∗(x)− xᵀb∗ and xᵀ(b∗−b) are orthogonal. The reason is that xᵀb∗ is the
orthogonal projection of f ∗(x) onto S = span{x}, the linear subspace of L2 spanned
by all linear combinations of the form aᵀx. (See ex. 5.4.18 on page 154.) As such,
f ∗(x) − xᵀb∗ is orthogonal to every element of the target subspace span{x}. This
includes xᵀ(b∗ − b).

For any orthogonal elements u and v of L2 we have E [(u + v)2] = E [u2] + E [v2].
(This is the Pythagorean law in L2.) Squaring both sides of (11.16), taking expecta-
tions and applying this law gives (11.15). The proof of theorem 11.1.1 is done.

Proof of theorem 11.1.2. The proof of theorem 11.1.2 is not hard if we express β̂N in a
slightly different way. Multiplying and dividing by N in the definition of β̂N and
then expanding out the matrix products (see ex. 11.4.9) gives

β̂N =

[
1
N

XᵀX
]−1

· 1
N

Xᵀy =

[
1
N

N

∑
n=1

xnxᵀn

]−1

· 1
N

N

∑
n=1

xnyn (11.17)

By the matrix LLN in fact 6.2.3 (page 171), we have

1
N

N

∑
n=1

xnxᵀn
p→ Σx and

1
N

N

∑
n=1

xnyn
p→ E [xy] as N → ∞

By fact 6.2.1 on page 169, convergence in probability is preserved over the taking of
inverses and products. Hence β̂N

p→ Σx
−1E [x y] = b∗, as was to be shown.

11.1.4 In-Sample Fit

In-sample fit measures how well a given model fits the same data set that it was es-
timated on. The difference between in-sample fit (empirical risk) and out-of-sample
fit (risk) was discussed in §8.2.3. In-sample fit of a regression is often measured with
R2 (see (11.13)). Let’s make some further comments on R2 and then discuss how R2

relates to in-sample fit.

Fact 11.1.1. 0 6 R2 6 1 with R2 = 1 if and only if y ∈ colspace X.
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That R2 6 1 is immediate from ‖Py‖ 6 ‖y‖ (cf. theorem 2.2.2 on page 30). Exer-
cise 11.4.17 asks you to prove the second claim. More generally, a high R2 indicates
y is relatively close to colspace X. This fact suggestions that we can increase R2 at
least weakly by adding regressors. As we do so the column space of X expands,
pushing out towards y. Here’s a formal statement:

Fact 11.1.2. Let Xa and Xb be two design matrices. If R2
a and R2

b are the respective
coefficients of determination, then

colspace Xa ⊂ colspace Xb =⇒ R2
a 6 R2

b

For a proof see exercise 11.4.8 and its solution.

High R2 is sometimes equated with successful regression. This is a misunderstand-
ing of the aim of statistics. The correct definition of statistical learning is effective
generalization from existing data. In the present context this means that the linear
predictor produced by regression attains low risk.

So how does R2 relate to risk? What R2 actually measures is the degree to which
empirical risk is minimized. To see this, note that

R2 = 1− RSS

TSS
= 1− N

Remp( f̂ )
TSS

where Remp is as defined in (11.3) and f̂ is our linear predictor f̂ (x) = xᵀβ̂. Thus,
high R2 means low empirical risk and good in-sample fit. But low empirical risk is
no guarantee of low prediction risk, as was emphasized in §8.2.3.

Here’s a simulation that shows how we can produce high R2 without estimating
anything meaningful. We take xn and yn as independent draws from a uniform
distribution on [0, 1]. By construction, there is no relationship between these two
variables. For the regressors we take the powers 1, x, x2, . . . xK where K is a positive
integer. The R code below runs these regressions for different values of K. At K = 25
the value of R2 is around 0.95. This is despite the fact that no relationship exists
between x and y.

set.seed(1234)
N <- 25

y <- runif(N)

x <- runif(N)

X <- rep(1, N)

Kmax <- 25
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for (K in 1:Kmax) {

X <- cbind(X, xˆK)

results <- lm(y ˜ 0 + X)

Py2 <- sum(results$fitted.valuesˆ2)
y2 <- sum(yˆ2)
cat("K =", K, "Rˆ2 =", Py2 / y2, "\n")

}

(You can obtain all code from the text at johnstachurski.net/emet.html.)

To finish this section, let’s draw a connection between fact 11.1.2, which says that the
value of R2 is at least weakly increasing in the number of right hand side variables,
and fact 8.2.1 on page 228. Suppose that x lists a large number of possible regressors.
Let the hypothesis space be

Hj :=
{

all f : Rj → R s.t. f (x) = xᵀb for some b ∈ Rj
}

(11.18)

Here 1 6 j 6 K. Empirical risk minimization over Hj is equivalent to linear re-
gression over the first j regressors. Empirical risk falls as j increases by fact 8.2.1 on
page 228. Hence R2 increases. This is the same conclusion as fact 11.1.2.

11.2 The Geometry of Least Squares

In this section we cover transformations of the data and an important theorem on
subsets of the least squares estimator.

11.2.1 Transformations and Basis Functions

In discussing the decision to set H = H` in §11.1.1, we mentioned that we can use
many of the same ideas when extendingH to a broader class of functions. The idea
is to first transform the data using some arbitrary function φ : RK → RJ . The action
of φ on x ∈ RK is

x 7→ φ(x) =


φ1(x)
φ2(x)

...
φJ(x)

 ∈ RJ

The individual functions φ1, . . . , φJ mapping RK into R are sometimes called basis
functions. In machine learning texts, the range of φ is called feature space. Linear
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least squares is now applied in feature space. That is, we solve the empirical risk
minimization problem when the hypothesis space is

Hφ := {all functions ` ◦φ, where ` is a linear function from RJ to R}

The empirical risk minimization problem is then

min
`

N

∑
n=1
{yn − `(φ(xn))}2 = min

γ∈RJ

N

∑
n=1

(yn − γ
ᵀ
φ(xn))

2 (11.19)

Switching to matrix notation, if

Φ :=


φ1(x1) · · · φJ(x1)
φ1(x2) · · · φJ(x2)

... · · · ...
φ1(xN) · · · φJ(xN)

 ∈ RN×J (11.20)

then the objective in (11.19) can be expressed as ‖y−Φγ‖2. Since increasing func-
tions don’t affect minimizers, the problem becomes

argmin
γ∈RJ

‖y−Φγ‖ (11.21)

Assuming that Φ is full column rank, the solution is

γ̂ := (Φ
ᵀ
Φ)−1Φ

ᵀy

Example 11.2.1. Adding an intercept to a regression can be regarded as a trans-
formation of the data. Indeed, adding an intercept is equivalent to applying the
transformation

φ(x) =
(

1
x

)
=


1
x1
...

xK


In practice, adding an intercept means fitting an extra parameter, and this extra
degree of freedom allows a more flexible fit in our regression.

Example 11.2.2. Let K = 1, so that xn ∈ R. Consider the mononomial basis func-
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tions φj(x) := xj−1, so that

γ
ᵀ
φ(xn) = γ

ᵀ


x0

n
x1

n
...

x J−1
n

 =
J

∑
j=1

γjx
j−1
n (11.22)

The mononomial basis transformation applied to scalar x corresponds to univari-
ate polynomial regression, as discussed in §8.2.3. Under this transformation, the
matrix Φ in (11.20) is called the Vandermonde matrix. By the Weierstrass approxi-
mation theorem, polynomials of sufficiently high order can effectively approximate
any one-dimensional continuous nonlinear relationship.

Example 11.2.3. Example 11.2.2 uses mononomials as the basis functions. A com-
mon alternative is to use orthogonal polynomials such as Chebychev polynomials
or Hermite polynomials. Other alternatives include wavelets and splines. In econo-
metrics this procedure is often referred to as nonparametric series regression. A key
topic is the optimal number of basis functions.3

Figures 11.1 and 11.2 help illustrate how transformations can reduce approximation
error. In figure 11.1 it is clear that no linear function mapping x to y can produce
small approximation error. Figure 11.2 shows the data after applying the transfor-
mation R 3 x 7→ φ(x) := (x, x3)ᵀ ∈ R2. The plane drawn in figure 11.2 represents
a linear function ` : R2 → R. The composition ` ◦ φ has low approximation error.
The two figures illustrate how nonlinear data can become linear when projected into
higher dimensions.

Below, when y is regressed on x, we can imagine that the data have already been
transformed, and x is the result. Hence we use X to denote the design matrix instead
of Φ without loss of generality.

11.2.2 The Frisch-Waugh-Lovell Theorem

The Frisch-Waugh-Lovell (FWL) theorem yields an expression for an arbitrary sub-
vector of the least squares estimator β̂ obtain by regressing y on X. Among other
things, this expression allows us to clarify the difference between the interpretation
of coefficients in univariate and multivariate regression.

In stating the theorem we continue with the minimal assumptions of §11.1. Let y
and X be given and let β̂ be the least squares estimate in (11.9). In addition, for any
fixed integer K1 with 1 6 K1 < K, let

3. See, for example, Hong and White (1995), Sun (2011) or Chen and Christensen (2015).
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Figure 11.1: A nonlinear relationship between x and y
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Figure 11.2: Approximate linearity after projecting the data to R2
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◦ X1 be a matrix consisting of the first K1 columns of X.

◦ X2 be a matrix consisting of the remaining K2 := K− K1 columns.

◦ β̂1 be the K1 × 1 vector consisting of the first K1 elements of β̂.

◦ β̂2 be the K2 × 1 vector consisting of the remaining K2 elements of β̂.

◦ P1 := proj(colspace X1).

◦ M1 := I− P1 = the corresponding residual projection (see page 31).

Here’s our main result for this section:

Theorem 11.2.1 (FWL theorem). The vector β̂2 satisfies

β̂2 = (Xᵀ
2 M1X2)

−1Xᵀ
2 M1y (11.23)

Proof of theorem 11.2.1. From (11.11) and the definitions above we have

y = Xβ̂ + My = X1β̂1 + X2β̂2 + My (11.24)

Premultiplying both sides of this expression by Xᵀ
2 M1, we obtain

Xᵀ
2 M1y = Xᵀ

2 M1X1β̂1 + Xᵀ
2 M1X2β̂2 + Xᵀ

2 M1My (11.25)

The first term on the right hand side is zero by fact 3.3.1 on page 59. The last term is
also zero because

(Xᵀ
2 M1My)ᵀ = yᵀMᵀMᵀ

1 X2 = yᵀMM1X2 = yᵀMX2 = 0

In the first equality we used the usual property of transposes (fact 3.2.4), in the
second we used symmetry of M and M1 (see page 59), in the third we used fact 2.2.9
on page 32, and in the fourth we used fact 3.3.1 again (which tells us that M maps
all columns of X, and hence all columns of X2, to the zero vector).

In light of the above, (11.25) becomes Xᵀ
2 M1y = Xᵀ

2 M1X2β̂2. To go from this equation
to (11.23), we just need to check that the matrix premultiplying β̂2 is nonsingular.
The proof of this last fact is left as an exercise (ex. 11.4.24).

As exercise 11.4.23 asks you to show, the expression for β̂2 in theorem 11.2.1 can be
rewritten as

β̂2 = [(M1X2)
ᵀM1X2]

−1(M1X2)
ᵀM1y (11.26)

Close inspection of this formula confirms the following claim: There is another way
to obtain β̂2 besides just regressing y on X and then extracting the last K2 elements:
We can also regress M1y on M1X2 to produce the same result.

preliminary draft 311



Ch. 11

To get some feeling for what this means, let’s look at a special case, where X2 is the
single column colK X, containing the observations on the K-th regressor. To tie into
this notation let’s write X1 as X−K to remind us that it stands for all columns of X
expect the K-th one, and similarly for M1. In view of the preceding discussion, the
least squares estimate β̂K can be found by regressing

ỹ := M−Ky = residuals of regressing y on X−K (11.27)

on
x̃K := M−K colK X = residuals of regressing colK X on X−K (11.28)

Loosely speaking, these two residual terms ỹ and x̃K can be thought of as the parts
of y and colK X that are “not explained by” X−K. Thus, on an intuitive level, the
process for obtaining the least squares estimate β̂K is:

(i) Remove effects of all other regressors from y and colK X, producing ỹ and x̃K.

(ii) Regress ỹ on x̃K.

This is obviously different from the process for obtaining the coefficient of the vector
colK X in a simple univariate regression, the latter being just

(i) Regress y on colK X.

In words, the difference between the univariate least squares estimated coefficient
of the K-th regressor and the multiple regression least squares coefficient is that the
multiple regression coefficient β̂K measures the isolated relationship between xK and
y, without taking into account indirect channels involving other variables.

We can illustrate this idea further with a small simulation. Suppose that

y = x1 + x2 + u where u IID∼ N(0, 1)

If we generate N independent observations from this model and regress y on the
observations of (x1, x2), then, provided that N is sufficiently large, the coefficients
for x1 and x2 will both be close to unity (see theorem 11.1.2). However, if we regress
y on x1 alone, then the coefficient for x1 will depend on the relationship between x1
and x2. For example:

> N <- 1000

> x1 <- runif(N)

> x2 = 10 * exp(x1) + rnorm(N)

> y <- x1 + x2 + rnorm(N)

> results <- lm(y ˜ 0 + x1)

> results$coefficients
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x1

30.83076

Here the coefficient for x1 is much larger than unity, because an increase in x1 tends
to have a large positive effect on x2, which in turn increases y. The coefficient in the
univariate regression reflects this total effect.

11.2.2.1 Application: Simple Regression

We’ll see various applications of the FWL theorem below. Let’s start with an easy
one: Deriving the familiar expression for the slope coefficient in simple linear re-
gression from the multivariate expression.

Simple linear regression was first described in §8.2.1.1. It is a special case of multi-
variate regression when the intercept is included by taking 1 to be the first column
of X and setting K = 2. For simplicity, the second column of X will be denoted
simply by x. As we saw in (8.14) on page 223, the least squares estimates are

β̂2 =
∑N

n=1(xn − x̄)(yn − ȳ)

∑N
n=1(xn − x̄)2

and β̂1 = ȳ− β̂2x̄

where x̄ is the sample mean of x and ȳ is the sample mean of y. We can rewrite the
slope coefficient β̂2 more succinctly as

β̂2 = [(x− x̄1)ᵀ(x− x̄1)]−1(x− x̄1)ᵀ(y− ȳ1) (11.29)

By the FWL theorem (equation 11.26), we also have

β̂2 = [(Mcx)ᵀMcx]−1(Mcx)ᵀMcy (11.30)

where Mc is the residual projection associated with the linear subspace S = span{1},
as defined in (3.10) on page 59. For this residual projection Mc and any z, we have
Mcz = z− z̄1. It is now easy to see that the right hand sides of (11.29) and (11.30)
coincide.

11.2.3 Centered Observations

Let’s generalize the preceding discussion to the case where there are multiple non-
constant regressors. The only difference is that instead of one column x of obser-
vations on a single non-constant regressor, we have a matrix X2 containing multi-
ple columns, each a vector of observations on a non-constant regressor. If the least
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squares estimate β̂ is partitioned into (β̂1, β̂2), then we can write

Xβ̂ = 1β1 + X2β̂2

Applying the FWL theorem (equation 11.26) once more, we can write β̂2 as

β̂2 = [(McX2)
ᵀMcX2]

−1(McX2)
ᵀMcy

where Mc is the residual projection in (3.10). As we saw in the last section, Mcy
is y centered around its mean. Similarly, McX2 is a matrix formed by taking each
column of X2 and centering it around its mean.

What we have shown is this: In a least squares regression with an intercept, the
estimated coefficients of the non-constant (i.e., non-intercept) regressors are equal to
the estimated coefficients of a zero-intercept regression performed after all variables
have been centered around their mean.

Let’s use some related ideas to discuss an alternative to the coefficient of determina-
tion introduced in (11.13). While we have downplayed R2 as a measure of success
of a regression, it is widely reported in regression studies. In fact there are several
versions of R2. One of these is so called centered R2. The version in (11.13) will be
called the uncentered R2 for clarity.

One motivation for introducing an alternative to uncentered R2 is that it is not in-
variant to certain kinds of changes of units. While it is invariant to changes of
units that involve rescaling of the regressand y (see ex. 11.4.2), it is not invariant
to changes of units that involve addition or subtraction (actual inflation versus in-
flation in excess of a certain level, income versus income over a certain threshold,
etc.) whenever X contains an intercept. Exercise 11.4.3 asks you to prove this.

For this reason, many economists and statisticians use the centered R2 rather than
R2, at least when the regression contains an intercept. For the purposes of this sec-
tion, let’s assume that this is the case (or, more generally, that 1 ∈ colspace X). Cen-
tered R2 is defined as

R2
c :=

‖PMcy‖2

‖Mcy‖2 =
‖McPy‖2

‖Mcy‖2 (11.31)

Mc is as defined in (3.10) on page 59. The equality of the two expressions for R2
c is

left as an exercise (ex. 11.4.5). Adding a constant to each element of y will have no
effect on R2

c because Mc maps constant vectors to 0 (see example 3.3.1).

Centered R2 can be re-written (ex. 11.4.6) as

R2
c =

∑N
n=1(ŷn − ȳ)2

∑N
n=1(yn − ȳ)2

(11.32)
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It is a further exercise (ex. 11.4.4) to show that, in the case of the simple regression,
the R2

c is equal to the square of the sample correlation between the regressor and
regressand, as defined in (8.5) on page 217. Thus, centered R2 is a measure of corre-
lation.

11.3 Further Reading

For additional references on the material covered in this chapter see, for example,
Friedman et al. (2009), Ruud (2000), Cameron and Trivedi (2005) or Davidson and
MacKinnon (2004).

11.4 Exercises

Ex. 11.4.1. Let x := (z, az)ᵀ, where a ∈ R and z is any scalar random variable. Show
that Exxᵀ is nonnegative definite but fails to be positive definite.

Ex. 11.4.2. Show that uncentered R2 is invariant to changes of units that involve
rescaling of the regressand y (dollars versus cents, kilometers versus miles, etc.)

Ex. 11.4.3. Fix X, y and consider regressing y on X. Suppose that X contains the in-
tercept, in the sense that 1 ∈ colspace X. Let R2 represent the uncentered coefficient
of determination. Let R2

α represent the same when y is replaced by y + α1. Show
that R2

α → 1 as α→ ∞.

Ex. 11.4.4. Show that, in the case of the simple regression model in §11.2.2.1, R2
c is

equal to the square of the sample correlation between x and y.

Ex. 11.4.5. Confirm the equality of the two alternative expressions for R2
c in (11.31).

Ex. 11.4.6. Verify the expression for R2
c in (11.32).

Ex. 11.4.7. Show that the coefficient of determination R2 is invariant to a rescaling
of the regressors (where all elements of the design matrix X are scaled by the same
constant).

Ex. 11.4.8. Prove fact 11.1.2 on page 306.

Ex. 11.4.9. Verify expression (11.17).

Ex. 11.4.10. Let’s show that β̂ solves the least squares problem in a slightly different
way: Let b be any K× 1 vector, and let β̂ := (XᵀX)−1Xᵀy.
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(i) Show that ‖y− Xb‖2 = ‖y− Xβ̂‖2 + ‖X(β̂− b)‖2.

(ii) Using (i), argue that β̂ is the minimizer of ‖y− Xb‖2 over all K× 1 vectors b.

Ex. 11.4.11. Verify that ∑N
n=1(yn − bᵀxn)2 = ‖y− Xb‖2.

Ex. 11.4.12. Show carefully that any solution to minb∈RK ‖y−Xb‖2 is also a solution
to minb∈RK ‖y− Xb‖ and vice versa.

Ex. 11.4.13. Confirm that P1 = 1 whenever 1 ∈ colspace X.

Ex. 11.4.14. Show that, for any regression containing the intercept, the vector of
residuals must sum to zero.

Ex. 11.4.15. Show that, for any regression containing the intercept, the mean of the
fitted values ŷ = Py is equal to the mean of y.

Ex. 11.4.16. Show that PM = MP = 0. Using this fact (instead of the orthogonal
projection theorem), show that the vector of fitted values and the vector of residuals
are orthogonal.

Ex. 11.4.17. Show that if R2 = 1, then Py = y and y ∈ colspace X.

Ex. 11.4.18. Suppose that the regression contains an intercept. Let ȳ be the sample
mean of y, and let x̄ be a 1 × K row vector such that the k-th element of x̄ is the
sample mean of the k-th column of X. Show that ȳ = x̄β̂.

Ex. 11.4.19. Show that if R2 = 1, then the vector of residuals is identically zero.

Ex. 11.4.20. Suppose the regression contains an intercept. Let Mc be as defined in
(3.10). Show that the following identity always holds:

‖My‖2 = ‖Mcy‖2 − ‖PMcy‖2 (11.33)

Ex. 11.4.21. Let Xa and Xb be N × Ka and N × Kb respectively. Suppose that every
column of Xa is also a column of Xb. Show that colspace Xa ⊂ colspace Xb.

Ex. 11.4.22. Let x := (x1, . . . , xN) and y := (y1, . . . , yN) be sequences of scalar ran-
dom variables. Show that the sample correlation $̂ between x and y (defined in (8.5)
on page 217) can be written as

$̂ =
(Mcx)ᵀ(Mcy)
‖Mcx‖‖Mcy‖

Ex. 11.4.23. Show that the two expressions for β̂2 in (11.23) and (11.26) are equal.4

4. Hint: Use the symmetry and idempotence of the matrix M1.
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Ex. 11.4.24. At the end of the proof of theorem 11.2.1, it was claimed that the matrix
Xᵀ

2 M1X2 is nonsingular. Verify this claim.

Ex. 11.4.25 (Computational). Build an arbitrary data set X, y by simulation. Run
a regression with the intercept, and record the values of the estimated coefficients
of the non-constant (i.e., k > 2) regressors. Confirm that these values are equal to
the estimated coefficients of the no-intercept regression after all variables have been
centered around their mean.

11.4.1 Solutions to Selected Exercises

Solution to Ex. 11.4.1. The expression Exxᵀ is nonnegative definite for any x be-
cause, given c ∈ RK, we have

cᵀExxᵀc = E(cᵀx)(xᵀc) = E(xᵀc)2 > 0

Here we used the fact that the transpose of a scalar is equal to the scalar. On the
other hand, if x := (z, az)ᵀ, then

Exxᵀ = Ez2
(

1 a
a a2

)
The second column is a multiple of the first, so the matrix is singular and the deter-
minant is zero. As such it cannot be positive definite (cf. fact 3.2.9 on page 58).

Solution to Ex. 11.4.2. If y is scaled by α ∈ R, then

‖Pαy‖2

‖αy‖2 =
‖αPy‖2

‖αy‖2 =
α2‖Py‖2

α2‖y‖2 =
‖Py‖2

‖y‖2

Hence the uncentered R2 is unchanged.

Solution to Ex. 11.4.3. Fix α ∈ R. By definition, R2
α is

‖P(y + α1)‖2

‖y + α1‖2 =
‖Py + αP1‖2

‖y + α1‖2 =
‖Py + α1‖2

‖y + α1‖2 =
α2‖Py/α + 1‖2

α2‖y/α + 1‖2 =
‖Py/α + 1‖2

‖y/α + 1‖2

where the second inequality follows from the fact that 1 ∈ colspace X. Taking the
limit as α→ ∞, we find that R2

α → 1 as α→ ∞.

Solution to Ex. 11.4.4. From exercise 11.4.22, the squared sample correlation between
x and y can be written as

$̂2 =
[(Mcx)ᵀ(Mcy)]2

‖Mcx‖2‖Mcy‖2
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On the other hand, we have R2
c = ‖McPy‖2/‖Mcy‖2. Hence it suffices to show that

for the simple linear regression model in §11.2.2.1 we have

‖McPy‖ = |(Mcx)ᵀ(Mcy)|
‖Mcx‖ (11.34)

Let X = (1, x) be the design matrix, where the first column is 1 and the second
column is x. Let

β̂1 := ȳ− β̂2x̄ and β̂2 :=
(Mcx)ᵀ(Mcy)
‖Mcx‖2

be the least squares estimators of β1 and β2 respectively (see §11.2.2.1). We then
have

Py = Xβ̂ = 1β̂1 + xβ̂2

∴ McPy = McXβ̂ = Mcxβ̂2

∴ ‖McPy‖ = ‖Mcxβ̂2‖ = |β̂2|‖Mcx‖ = |(Mcx)ᵀ(Mcy)|
‖Mcx‖2 ‖Mcx‖

Canceling ‖Mcx‖ we get (11.34). This completes the proof.

Solution to Ex. 11.4.5. It is sufficient to show that PMc = McP. Since 1 ∈ colspace X
by assumption, we have P1 = 1, and 1ᵀP = (Pᵀ1)ᵀ = (P1)ᵀ = 1ᵀ. Therefore
P11ᵀ = 11ᵀP, and

PMc = P− 1
N

P11ᵀ = P− 1
N

11ᵀP = McP

Solution to Ex. 11.4.6. It suffices to show that ‖PMcy‖2 = ∑N
n=1(ŷn − ȳ)2. This

holds because

N

∑
n=1

(ŷn − ȳ)2 = ‖Py− 1ȳ‖2 = ‖Py− P1ȳ‖2 = ‖P(y− 1ȳ)‖2 = ‖PMcy‖2

Solution to Ex. 11.4.7. This follows immediately from the definition of R2, and the
fact that, for any α 6= 0,

P = X(XᵀX)−1Xᵀ
=

α2

α2 X(XᵀX)−1Xᵀ
= (αX)((αX)ᵀ(αX))−1(αXᵀ

)

Solution to Solution 11.4.8. Adopt the notation and assumptions of fact 11.1.2 on
page 306. Let y be given. Let Pa and Pb be the projections onto the column spaces of
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Xa and Xb respectively, so that R2
i = ‖Piy‖2/‖y‖2 for i ∈ {a, b}. From fact 2.2.7 on

page 31 we have PaPby = Pay. Using this fact, and setting yb := Pby gives

R2
a

R2
b
=

(‖Pay‖
‖Pby‖

)2

=

(‖PaPby‖
‖Pby‖

)2

=

(‖Payb‖
‖yb‖

)2

6 1

where the final inequality follows from theorem 2.2.2 on page 30. Hence R2
b > R2

a,
and regressing with Xb produces (weakly) larger R2.

Solution to Ex. 11.4.10. Part (ii) follows immediately from part (i). Regarding part
(i), observe that

‖y− Xb‖2 = ‖y− Xβ̂ + X(β̂− b)‖2

By the Pythagorean law, the claim

‖y− Xb‖2 = ‖y− Xβ̂‖2 + ‖X(β̂− b)‖2

will be confirmed if y − Xβ̂ ⊥ X(β̂ − b). This follows from the definition of β̂,
because for arbitrary a ∈ RK we have

(Xa)ᵀ(y− Xβ̂) = aᵀ(Xᵀy− XᵀX(XᵀX)−1Xᵀy) = aᵀ(Xᵀy− Xᵀy) = 0

Solution to Ex. 11.4.12. Let β̂ be a solution to minb∈RK ‖y − Xb‖2, which is to say
that

‖y− Xβ̂‖2 6 ‖y− Xb‖2 for any b ∈ RK

If a and b are nonnegative constants with a 6 b, then
√

a 6
√

b, and hence

‖y− Xβ̂‖ 6 ‖y− Xb‖ for any b ∈ RK

In other words, β̂ is a solution to minb∈RK ‖y − Xb‖. The “vice versa” argument
follows along similar lines.

Solution to Ex. 11.4.14. To see why the vector of residuals sums to zero, observe
that

1ᵀMy = 1ᵀy− 1ᵀPy = 1ᵀy− (Pᵀ1)ᵀy = 1ᵀy− (P1)ᵀy

where the last equality uses the fact the P is symmetric. Moreover, by exercise 11.4.13,
we have P1 = 1 whenever 1 is a column of X. Therefore,

1ᵀMy = 1ᵀy− (P1)ᵀy = 1ᵀy− 1ᵀy = 0
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Solution to Ex. 11.4.15. Since 1 ∈ colspace X, we have P1 = 1. It follows that

1
N

N

∑
n=1

ŷn =
1
N

1ᵀŷ =
1
N

1ᵀPy =
1
N

1ᵀy =
1
N

N

∑
n=1

yn

Solution to Ex. 11.4.17. If R2 = 1, then, by (11.12) on page 303, we have ‖My‖2 = 0,
and hence have My = 0. Since My + Py = y, this implies that Py = y. But then
y ∈ colspace X by (vi) of theorem 2.2.2.

Solution to Ex. 11.4.19. If R2 = 1, then ‖Py‖2 = ‖y‖2, and hence

‖y‖2 = ‖Py‖2 + ‖My‖2 = ‖y‖2 + ‖My‖2

Therefore ‖My‖2 = 0, and, by fact 2.1.2 on page 12, My = 0.

Solution to Ex. 11.4.20. Fact 2.2.8 tells us that for any conformable vector z we have
z = Pz + Mz, where the two vectors on the right hand side are orthogonal. Letting
z = Mcy, we obtain

Mcy = PMcy + MMcy

From fact 2.2.9 we have MMcy = My. Using this result, orthogonality and the
Pythagorean law, we obtain

‖Mcy‖2 = ‖PMcy‖2 + ‖My‖2

Rearranging gives (11.33)

Solution to Ex. 11.4.21. It suffices to show that if z ∈ colspace Xa, then z ∈ colspace Xb.
Let x1, . . . , xJ be the columns of Xa and let x1, . . . , xJ+M be the columns of Xb. If
z ∈ colspace Xa, then z = ∑J

j=1 αjxj for some scalars α1, . . . , αJ . But then

z =
J

∑
j=1

αjxj +
J+M

∑
j=J+1

0 xj

In other words, z ∈ colspace Xb.

Solution to Ex. 11.4.24. To see that the matrix Xᵀ
2 M1X2 is nonsingular, note that, in

view of idempotence and symmetry of M1,

Xᵀ
2 M1X2 = Xᵀ

2 M1M1X2 = Xᵀ
2 Mᵀ

1 M1X2 = (M1X2)
ᵀM1X2
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In view of fact 3.2.9, to show that this matrix is nonsingular, it suffices to show that
the matrix is positive definite. So take any a 6= 0. We need to show that

aᵀ(M1X2)
ᵀM1X2a = (M1X2a)ᵀM1X2a = ‖M1X2a‖2 > 0

Since the only vector with zero norm is the zero vector, it now suffices to show that
M1X2a is non-zero. From fact 2.2.8 on page 31, we see that M1X2a = 0 only when
X2a is in the column span of X1. Thus, the proof will be complete if we can show
that X2a is not in the column span of X1.

Indeed, X2a is not in the column span of X1. For if it were, then we could write
X1b = X2a for some b ∈ RK1 . Rearranging, we get Xc = 0 for some non-zero c
(recall a 6= 0). This contradicts linear independence of the columns of X.
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Chapter 12

Ordinary Least Squares

In chapter 11 we imposed only mild regularity conditions on the data. To further
investigate linear least squares estimation and provide additional interpretation of
the estimated coefficients, we need to make more assumptions. The purpose of this
chapter is to describe the properties of linear least squares estimation under the
classical OLS assumptions, where OLS stands for ordinary least squares.

12.1 Estimation under OLS

In this section we introduce the OLS assumptions—which are far stronger than our
previous assumptions—and study the finite sample properties of the OLS estima-
tors under these assumptions.

12.1.1 Assumptions

Let X and y be as defined in §11.1. The OLS assumptions are as follows:

Assumption 12.1.1 (Full rank). X has full column rank with probability one.

Assumption 12.1.2 (Linearity). The observations satisfy y = Xβ + u for some un-
known K-vector of parameters β and unobservable vector of shocks u.

Assumption 12.1.3 (Orthogonal regressors). E [u |X] = 0.

Assumption 12.1.4 (Spherical errors). E [uuᵀ |X] = σ2I for some unknown σ > 0.
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Let’s break these assumptions down and see what they imply.

Assumption 12.1.1 is just a repetition of assumption 11.1.1 from chapter 11. As-
sumption 12.1.2 can be decomposed into the separate equations

yn = xᵀn β + un, n = 1, . . . , N. (12.1)

Here are some examples of models that produce relationships in the form of (12.1).

Example 12.1.1. The Cobb-Douglas production function relates capital and labor
inputs with output via y = Aka`δ where A is a random, firm-specific productivity
term and a and δ are parameters. Taking logs yields the linear regression model

ln y = γ + a ln k + δ ln `+ u

where the random term ln A is represented by γ + u.

Example 12.1.2. The gravity model relates international trade flows between coun-
try ` and country n via the equation T`n = λξ`nGα

` Gβ
n/Dγ

`n. Here T`n is exports from
country ` to country n, λ is a constant term, ξ`n is a shock, G` and Gn are GDP in
country ` and n respectively, and D`n is distance between them. Taking logs gives
the linear model

ln T`n = ln λ + α ln G` + β ln Gn − γ ln D`n + ln ξ`n (12.2)

For motivation and discussion, see, for example, Bergeijk and Brakman (2010).

Fact 12.1.1. If the linearity assumption 12.1.2 holds, then

(i) My = Mu.

(ii) Py = Xβ + Pu.

(iii) RSS = uᵀMu.

The notation in fact 12.1.1 follows §11.1.2.2. For the proof see exercise 12.4.2.

Fact 12.1.2. If assumption 12.1.3 holds, then

(i) E [u] = 0.

(ii) E [um | xnk] = 0 for any m, n, k.

(iii) E [umxnk] = 0 for any m, n, k (orthogonality).

(iv) cov[um, xnk] = 0 for any m, n, k.

Exercise 12.4.3 asks you to give proofs.
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Fact 12.1.3. If assumption 12.1.4 holds, then

(i) var[u] = E [uuᵀ] = σ2I.

(ii) E [u2
i |X] = E [u2

j |X] = σ2 for any i, j in 1, . . . , N.

(iii) E [uiuj |X] = 0 whenever i 6= j.

Parts (ii) and (iii) are called homoskedasticity and zero correlation respectively.

Combining assumptions 12.1.3 and 12.1.4 gives

var[u |X] := E [uuᵀ |X]−E [u |X]E [uᵀ |X] = E [uuᵀ |X]

Thus the conditional variance-covariance matrix is the diagonal matrix σ2I.

12.1.2 The OLS Estimators

The standard estimator of β in (12.1) is the least squares estimator β̂ defined in (11.9).
That is,

β̂ := (XᵀX)−1Xᵀy (12.3)

Unlike chapter 11, it’s now understood as an estimator of the unknown parameter
vector β. In this context, β̂ is also called the OLS estimator of β. Substituting y =
Xβ + u into (12.3) and cancel terms gives the useful comparison

β̂ = β + (XᵀX)−1Xᵀu (12.4)

The usual OLS estimator of the parameter σ2 introduced in assumption 12.1.4 is

σ̂2 :=
RSS

N − K
(12.5)

While we can compute β̂ and σ̂2 directly using the expressions in (12.3) and (12.5), in
practice it’s more common to pass them to a routine in a regression package. Here’s
an example that runs the gravity model regression equation (12.2) on 2013 world
trade data using Python. Like other worked examples, the full set of code and data
for replicating these results can be found at johnstachurski.net/emet.html, along
with references, details on the data source and the definitions of the variables.

First we import some Python libraries often used for statistics:

import pandas as pd
import statsmodels.formula.api as smf

preliminary draft 324



Ch. 12

Then we read in the data to a pandas DataFrame from a local CSV file:

data = pd.read_csv("./data/gravity_dataset_2013.csv")

Next we build a model using a formula to indicate the regression we want to run
symbolically (similar to R).

formula = "log(value) ˜ log(egdp) + log(igdp) + log(dist)"
model = smf.ols(formula, data)

The formula used above is analogous to (12.2). We omit the shock (the last term in
(12.2)) because it is not part of the data set, as well as the constant term, which is
included automatically. The names egdp and igdp represent exporter and importer
GDP respectively.

Now we can perform the estimation and print a table summarizing results:

result = model.fit(cov_type='HC1')
print(result.summary())

The output is as follows:

OLS Regression Results

==============================================================================

Dep. Variable: log(value) R-squared: 0.652

Model: OLS Adj. R-squared: 0.652

Method: Least Squares F-statistic: 1.203e+04

Date: Wed, 04 Nov 2015 Prob (F-statistic): 0.00

Time: 16:02:42 Log-Likelihood: -47185.

No. Observations: 19655 AIC: 9.438e+04

Df Residuals: 19651 BIC: 9.441e+04

Df Model: 3

Covariance Type: HC1

==============================================================================

coef std err z P>|z| [95.0% Conf. Int.]

------------------------------------------------------------------------------

Intercept -30.2350 0.394 -76.773 0.000 -31.007 -29.463

log(egdp) 1.2783 0.008 153.772 0.000 1.262 1.295

log(igdp) 1.0287 0.009 118.885 0.000 1.012 1.046

log(dist) -1.3483 0.023 -58.113 0.000 -1.394 -1.303

==============================================================================
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Omnibus: 1819.031 Durbin-Watson: 1.798

Prob(Omnibus): 0.000 Jarque-Bera (JB): 3361.159

Skew: -0.639 Prob(JB): 0.00

Kurtosis: 4.571 Cond. No. 708.

==============================================================================

The value of the OLS estimate β̂ is the column under coef. Objects such as standard
errors are discussed below. The argument cov type=’HC1’ to the model.fit call that
produced this table requests heteroskedasticity consistent or “robust” standard er-
rors, which will be discussed in §12.2.1.

Let’s check that the values for β̂ reported under coef coincide with the expression
for β̂ given in (12.3). First we build the design matrix X (see the URL given above
for details) and then compute as follows:

betahat = inv(X.T @ X) @ X.T @ y

When we print the result the output agrees with the output in the table

[-30.23498073 1.27825004 1.02865139 -1.34830012]

The expression for the R2 in the table above is for the centered R2, as given in (11.32).
A verification is provided in the code available at johnstachurski.net/emet.html.

Figure 12.1 shows a partial regression plot for the linear model just described. It is
produced from the result object generated above via the commands

import matplotlib.pyplot as plt
import statsmodels.api as sm
fig = plt.figure()
fig = sm.graphics.plot_partregress_grid(result, fig=fig)

To understand the figure, consider, for example, the bottom left subplot, which
shows the relationship between log(igdp) and the dependent variable. The data
points in the plot correspond to the residuals in (11.27) and (11.28). In particular,
the values on the horizontal axis are the residuals from regressing log(igdp) on all
other columns in X, while those on the vertical axis are the residuals from regressing
the dependent variable log(value) on all other columns in X.

The relationship between these residuals measures the change in log(value) asso-
ciated with changing log(igdp) while holding all other variables fixed. The slope
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Figure 12.1: Partial regression plot for the gravity model

of the regression line running through the plot is exactly the coefficient estimate on
log(igdp). For clarification see the discussion surrounding (11.27) and (11.28).

The partial regression plot can be useful both for interpretation and diagnostics. For
now, however, let’s look at some general theory concerning properties of the OLS
estimators.

12.1.3 Finite Sample Properties

Let’s start with classical results on finite sample properties under the OLS assump-
tions. These are elegant results, although you also read §14.2 if you want to view
them with proper perspective. Our first result shows that, under the OLS assump-
tions, the OLS estimators are unbiased.

Theorem 12.1.1. Under assumptions 12.1.1–12.1.3, we have

E β̂ = E [β̂ |X] = β (12.6)

If assumption 12.1.4 also holds, then

E σ̂2 = E [σ̂2 |X] = σ2 (12.7)

Proof. By (12.4) and assumption 12.1.3, we have

E [β̂ |X] = β + (XᵀX)−1Xᵀ
E [u |X] = β
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Taking the unconditional expectation gives (12.6).

Regarding (12.7), if we use the expression for RSS in fact 12.1.1 we get

E [RSS |X] = E [uᵀMu |X] = σ2E [ξ
ᵀMξ |X] where ξ := σ−1u

It follows now from fact 5.1.3 on page 125 that E [RSS |X] = σ2 trace M. Hence

E [σ̂2 |X] = σ2 trace(M)

N − K

By fact 3.3.4 on page 59 we have trace M = N − K. Inserting this into the preceding
equation and taking unconditional expectations gives (12.7).

Now that we know β̂ is unbiased, let’s consider the variance.

Theorem 12.1.2. If assumptions 12.1.1–12.1.4 hold, then

var[β̂ |X] = σ2(XᵀX)−1 (12.8)

For a proof see exercise 12.4.5 and its solution.

Is the value on the right hand side of (12.8) small or large? A famous result in
OLS theory is that under the stated conditions, the OLS estimator β̂ is best linear
unbiased, which means that, in the class of linear unbiased estimators of β, the OLS
estimator has the lowest variance.

Theorem 12.1.3 (Gauss-Markov). Let assumptions 12.1.1–12.1.4 hold and let b be an
estimator of β. If b is linear and unbiased, then

var[β̂ |X] 6 var[b |X]

Here var[β̂ |X] 6 var[b |X] means that var[b |X]−var[β̂ |X] is nonnegative definite.
Since matrices have no standard ordering, this is one way to assert that var[b |X] is
“larger.” One implication is that var[bk |X] > var[β̂k |X] for all k. (Why?)

Also, linearity of b means that b is linear as a function of y, taking X as fixed. In
view of theorem 3.1.1 on page 46, this is equivalent to requiring that

b = Cy for some matrix C

The matrix C is allowed to depend on X but not y.

The statement that b is unbiased means E [b |X] = E [Cy |X] = β for all β ∈ RK.
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Proof of theorem 12.1.3. Let b = Cy, as described above, and let D := C−A, where
A := (XᵀX)−1Xᵀ. Then

b = Cy = Dy + Ay = D(Xβ + u) + β̂ = DXβ + Du + β̂ (12.9)

Taking conditional expectations and using the fact that D is a function of X, we
obtain

E [b |X] = E [DXβ |X] +E [Du |X] +E [β̂ |X]
= DXE [β |X] + DE [u |X] +E [β̂ |X]
= DXβ + 0 + β

Since b is unbiased and, in particular, E [b |X] = β for any given β, we have

β = DXβ + β for all β ∈ RK

∴ 0 = DXβ for all β ∈ RK

In light of exercise 3.5.13 on page 69, we conclude that DX = 0. Combining this
result with (12.9), we obtain b = Du + β̂. Hence b is equal to the OLS estimator
plus zero mean noise.

To complete the proof, observe that

var[b |X] = var[Du + β̂ |X] = var[(D + A)u |X] = (D + A) var[u |X](D + A)
ᵀ

Using assumption 12.1.4 and fact 3.2.4, the right hand side of this expression be-
comes

σ2(D + A)(Dᵀ
+ Aᵀ

) = σ2(DDᵀ
+ DAᵀ

+ ADᵀ
+ AAᵀ

)

Since
DAᵀ

= DX(XᵀX)−1 = 0(XᵀX)−1 = 0

and
AAᵀ

= (XᵀX)−1XᵀX(XᵀX)−1 = (XᵀX)−1

we conclude that

var[b |X] = σ2[DDᵀ
+ (XᵀX)−1] = σ2DDᵀ

+ var[β̂ |X]

The matrix σ2DDᵀ is nonnegative definite, so the proof is now done.
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12.1.3.1 Precision of the Estimates

Theorem 12.1.2 shows that the variance-covariance matrix of β̂ given X is σ2(XᵀX)−1.
The scalar variances of the individual OLS coefficient estimates β̂1, . . . , β̂K are given
by the principal diagonal of this matrix. Since each β̂k is unbiased (theorem 12.1.1),
small variance means probability mass concentrated around the true parameter βk.
In this case, we say that the estimator has high precision.

The Gauss-Markov theorem states that, as far as unbiased linear estimators go, the
OLS estimates will have highest precision. But what if we hold the estimation tech-
nique fixed, as well as the sample size, and vary the application. Which problems
will have high precision estimates, and which will have low precision estimates?

To answer this question, let’s focus on the variance of a fixed coefficient βk. We can
write y = Xβ + u as

y = X1β1 + colk(X)βk + u (12.10)

where colk(X) is the vector of observations of the k-th regressor, X1 contains as its
columns the observations of the other regressors, and β̂1 is the OLS estimates of the
corresponding coefficients. By the FWL theorem,

β̂k = (colk(X)
ᵀM1 colk(X))−1 colk(X)

ᵀM1y (12.11)

where M1 is the residual projection M1 := I− P1 and P1 := X1(X
ᵀ
1 X1)

−1Xᵀ
1 projects

onto colspace X1. Applying M1 to both sides of (12.10) yields

M1y = M1 colk(X)βk + M1u

Substituting into (12.11) gives

β̂k = βk + (colk(X)
ᵀM1 colk(X))−1 colk(X)

ᵀM1u (12.12)

Some calculations then show (ex. 12.4.11) that

var[β̂k |X] = σ2(colk(X)
ᵀM1 colk(X))−1 = σ2‖M1 colk(X)‖−2 (12.13)

Thus, the variance of β̂k depends on two components, the variance σ2 of the shock
u and the norm of the vector M1 colk X.

The variance in σ2 is unavoidable: Some data are noisier than others. The larger the
variance in the unobservable shock, the harder it will be to estimate βk with good
precession.

The other term is more interesting. M1 colk X is the residuals from regressing colk X
on X1, and ‖M1 colk X‖ is the norm of this vector. If this norm is small, then the
variance of β̂k will be large.
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Figure 12.2: Distribution of β̂2 when col2 X = δ col1 X + (1− δ)z

When will this norm be small? It will be so when colk X is “almost” a linear combi-
nation of the other regressors and hence close to colspace X1. Then

‖M1 colk X‖ = ‖ colk X− P1 colk X‖ ≈ 0

This situation is sometimes referred to as multicollinearity.

Figure 12.2 gives an illustration of the effect of multicollinearity on the variance
of OLS estimate β̂2. In this example X has two columns. They are related by
col2 X = δ col1 X + (1− δ)z, where z is a vector of N independent draws from the
standard normal distribution. Larger δ means more dependence between col1 X and
col2 X. The true parameter is β2 = 1. The figure shows the distribution of β̂2 for dif-
ferent values of δ. The estimator β̂2 is unbiased but its variance increases with δ.
Further details on the simulation can be found at johnstachurski.net/emet.html.
(The normal shape of the distribution is explained in the next section.)

12.1.4 Inference with Normal Errors

If we want to compute confidence intervals or test hypotheses about the coefficients
in finite samples (i.e., without appealing to asymptotics) we need to strengthen our
OLS assumptions even further, by specifying the parametric class of the error vector
u. Because of its many attractive properties, the normal distribution is the default.

Assumption 12.1.5. X and u are independent and L(u) = N(0, σ2I).

Assumption 12.1.5 implies both assumption 12.1.3 and assumption 12.1.4. It also
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Figure 12.3: Simulated observations of β̂ and its marginals

implies that the conditional distribution of β̂ given X is normal, as can be seen from
(12.4) and fact 5.1.5 on page 131. The next theorem records this result.

Theorem 12.1.4. Under assumptions 12.1.1–12.1.2 and 12.1.5, we have

L
[

β̂ |X
]
= N(β, σ2(XᵀX)−1)

It follows from theorem 12.1.4 and (5.12) on page 132 that the distribution of indi-
vidual coefficient β̂k given X is also normal, with

L
[

β̂k |X
]
= L

[
eᵀk β̂ |X

]
= N(βk, σ2vk(X)) (12.14)

Here vk(X) := the (k, k)-th element of (XᵀX)−1.

Theorem 12.1.4 and the normality of the marginal distributions along the individual
coefficients is illustrated in figure 12.3. The central plot shows the contours of a den-
sity estimate that can be understood as a smoothed histogram based on simulated
observations of β̂ (see §14.1 for details on these density estimates). Each observation
β̂ = (β̂1, β̂2) is obtained by fitting the regression model yn = β1 + β2xn + un, where
β1 = 0.5, β2 = 1 and un is standard normal. The sample size for each fit is N = 250.
The univariate distributions on the top and right are univariate density estimates
based on the observations of β̂1 and β̂2 respectively.1

We also want to know the distribution of σ̂2, as defined in (12.5). It turns out to be

1. The code for the simulation can be found at johnstachurski.net/emet.html.
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more convenient to work with a transformation of σ̂2 defined as

Q :=
RSS

σ2 = (N − K)
σ̂2

σ2 (12.15)

Theorem 12.1.5. Under assumptions 12.1.1–12.1.2 and 12.1.5, we have

L [ Q |X ] = χ2(N − K)

Proof. Recalling fact 12.1.1 on page 323, we have

Q =
uᵀMu

σ2 = (σ−1u)ᵀM(σ−1u)

The claim now follows from fact 5.1.19 on page 139 and the fact that trace M =
N − K. (The last equality was discussed in the proof of theorem 12.1.1.)

Fact 12.1.4. Under assumptions 12.1.1–12.1.2 and 12.1.5, the random elements σ̂2

and β̂ are independent given X (see ex. 12.4.6).

12.1.4.1 The t-test

Let’s consider the problem of testing a hypothesis about an individual coefficient
βk. Specifically, we consider the null hypothesis

H0 : βk = β0
k

where β0
k is any number. If we knew σ2, we could construct a test of H0 based around

the following observation:

zk :=
β̂k − βk

σ
√

vk(X)
=⇒ L[ zk |X ] = N(0, 1) (12.16)

(The implication follows from (12.14).) Since we don’t, the standard methodology
is to replace σ2 with its estimator σ̂2, and determine the distribution of the resulting
test statistic. Our next result implements this idea. In doing so, we will make use of
the following notation:

se(β̂k) :=
√

σ̂2vk(X)

The term se(β̂k) is called the standard error of β̂k. It can be regarded as the sample
estimate of the standard deviation of β̂k. Replacing this standard deviation with its
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sample estimate se(β̂k) and βk with β0
k in (12.16), we obtain the t-statistic

tk :=
β̂k − β0

k

se(β̂k)
(12.17)

associated with the hypothesis H0. The distribution of this statistic under the null is
described in the next theorem.

Theorem 12.1.6. Let assumptions 12.1.1–12.1.2 and 12.1.5 hold. If H0 is true, then

L [ tk |X ] = Student’s t with N − K degrees of freedom

Proof. Taking X as fixed, we need to show that tk can be written as

tk = zk

√
N − K

Q
(12.18)

where zk is standard normal, Q is χ2(N − K) and zk and Q are independent. The
desired result then follows from fact 5.1.16 on page 138.

To establish these properties, observe that, under H0,

tk =
β̂k − β0

k√
σ̂2vk(X)

=
β̂k − βk√
σ2vk(X)

√
σ2

σ̂2

In view of the definition of zk in (12.16), the definition of Q in (12.15) and theo-
rem 12.1.5, it remains only to show that zk and Q are independent given X. Since
we can write zk as a function of β̂ and Q as a function of σ̂2, this follows from
fact 12.1.4.

Let T := |tk| and let a desired size α for our test of H0 be given. In view of (10.18) on
page 284, to generate a test of size α we choose c = cα to solve α = Pθ{T > c}, or

1− α = Pθ{|tk| 6 c}

From (4.36) on page 113, the solution is cα = F−1(1− α/2), where F is the Student’s
t CDF with N − K degrees of freedom. In view of example 10.2.7, the corresponding
p-value is 2F(−|tk|).
Example 12.1.3. A common implementation of the t-test is the test that a given co-
efficient is equal to zero. For the k-th coefficient βk, this leads to the statistic

tk :=
β̂k

se(β̂k)
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This statistic is sometimes called the Z-score. An application with simulated data
is given in listing 8. Running the code shows that the Z-scores calculated by the
zscore function agree with the “t value” column of the summary table produced
by R’s summary function (the last line of listing 8, output not shown). It is left as an
exercise to check that the p-values in the same table agree with the formula 2F(−|tk|)
given above.

Listing 8 Calculating Z-scores (R)

set.seed(1234)
N <- 50; K <- 3
beta <- rep(1, K)
X <- cbind(runif(N), runif(N), runif(N))
u <- rnorm(N)
y <- X %*% beta + u

betahat <- solve(t(X) %*% X) %*% t(X) %*% y
residuals <- y - X %*% betahat
sigmahat <- sqrt(sum(residualsˆ2) / (N - K))

# Compute t-stat (Z-score) for k-th regressor
zscore <- function(k) {

se <- sigmahat * sqrt(solve(t(X) %*% X)[k, k])
return(betahat[k] / se)

}
# Print t-stats
for (k in 1:3) {

cat("t-stat, k =", k, ":", zscore(k), "\n")
}
# For comparison:
print(summary(lm(y ˜ X - 1)))

12.1.4.2 The F-test

The t-test is used to test hypotheses about individual regressors. For hypotheses
concerning multiple regressors, the most common test is the F-test. The F-test can
test quite general hypotheses. For simplicity we will focus on null hypotheses that
restrict a subset of the coefficients to be zero.

Let X1, X2, β̂1, β̂2, P1 and M1 be as defined in §11.2.2. As our null hypothesis we
take

H0 : β2 = 0
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Since
y = Xβ + u = X1β1 + X2β2 + u (12.19)

it follows that under the null hypothesis we have

y = X1β1 + u (12.20)

Letting
USSR := ‖My‖2 and RSSR := ‖M1y‖2

be the residual sums of squares for the unrestricted regression (12.19) and restricted
regression (12.20) respectively, the standard test statistic for our null hypothesis is

F :=
(RSSR− USSR)/K2

USSR/(N − K)
(12.21)

Large residuals in the restricted regression (12.20) relative to those in (12.19) result
in large values for F, which translates to evidence against the null hypothesis.

Theorem 12.1.7. Let assumptions 12.1.1–12.1.2 and 12.1.5 hold. If H0 is true, then, given
X, the statistic F defined in (12.21) has the F distribution with parameters (K2, N − K).

Proof. Let Q1 := (RSSR− USSR)/σ2 and let Q2 := USSR/σ2, so that

F =
Q1/K2

Q2/(N − K)

In view of fact 5.1.17 on page 138, it now suffices to show that, under the null hy-
pothesis,

(a) Q1 is chi-squared with K2 degrees of freedom.

(b) Q2 is chi-squared with N − K degrees of freedom.

(c) Q1 and Q2 are independent.

Part (b) was established in theorem 12.1.5. Regarding part (a), observe that, under
the null hypothesis,

• USSR = ‖My‖2 = ‖M(X1β1 + u)‖2 = ‖Mu‖2 = uᵀMu, and

• RSSR = ‖M1y‖2 = ‖M1(X1β1 + u)‖2 = ‖M1u‖2 = uᵀM1u.

It follows that

RSSR− USSR = uᵀM1u− uᵀMu = uᵀ
(M1 −M)u
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Using the definitions of M and M1, we then obtain

Q1 =
RSSR− USSR

σ2 =
uᵀ(I− P1 − I + P)u

σ2 = (σ−1u)ᵀ(P− P1)(σ
−1u)

It is an exercise to show that (P− P1) is symmetric and idempotent.2 Hence

rank(P− P1) = trace(P− P1) = trace P− trace P1 = K− K1 = K2

Via fact 5.1.19, we conclude that Q1 ∼ χ2(K2), as was to be shown.

To complete the proof, it remains to show that, under the null hypothesis and taking
X as given, Q1 and Q2 are independent. To see this, observe that Q1 is a function of
(P− P1)u, while Q2 is a function of Mu. Hence it suffices to show that (P− P1)u
and Mu are independent given X. By fact 5.1.12 on page 135, it suffices to show that
their covariance is zero. To verify this, observe that

cov[(P− P1)u, Mu |X] = E [(P− P1)u(Mu)ᵀ |X] = E [(P− P1)uuᵀM |X]

Since P, P1 and M are just functions of X, this becomes

(P− P1)E [uuᵀ |X]M = σ2(P− P1)M = σ2(P− P1)(I− P)

Using idempotence and fact 2.2.7, the matrix product on the right is

(P− P1)(I− P) = P− P2 − P1 + P1P = P− P− P1 + P1 = 0

This completes the proof of independence, and hence of theorem 12.1.7.

The most common implementation of the F test is the test that all coefficients of
non-constant regressors are zero. In this case (12.19) becomes

y = 1β1 + X2β2 + u (12.22)

where β2 is the vector of coefficients corresponding to the non-constant regressors.
Since X1 = 1, we then have M1 = Mc, where the latter is defined in (3.10) on page 59,
and hence RSSR is the squared norm of y− ȳ1. An application with simulated data
is given in listing 9. If you run the program, you will find that the F statistic calcu-
lated by the theoretical formula agrees with the F statistic produced by R’s summary
function.

It is an exercise to show that in the case of (12.22), the F statistic in (12.21) can be

2. Hint: See fact 2.2.7 on page 31.
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Listing 9 Calculating the F statistic (R)

set.seed(1234)
N <- 50; K <- 3
beta <- rep(1, K)
x2 <- runif(N); x3 <- runif(N)
X <- cbind(rep(1, N), x2, x3)
u <- rnorm(N)
y <- X %*% beta + u

betahat <- solve(t(X) %*% X) %*% t(X) %*% y
residuals <- y - X %*% betahat
ussr <- sum(residualsˆ2)
rssr <- sum((y - mean(y))ˆ2)

Fa <- (rssr - ussr) / 2
Fb <- ussr / (N - K)

cat("F =", Fa / Fb, "\n") # Print result
print(summary(lm(y ˜ x2 + x3))) # For comparison

rewritten as

F =
R2

c
1− R2

c

N − K
K2

(12.23)

where R2
c is the centered R squared defined in §11.2.3. Can you provide some intu-

ition as to why large F is evidence against the null?

12.2 Problems and Extensions

The standard OLS assumptions are strict and the results we have obtained are sen-
sitive to their failure. Let’s discuss some situations where the OLS assumptions fail
and investigate the implications.

12.2.1 Non-Spherical Errors

Heteroskedasticity occurs when the variance of the error term is not constant across
observations, in contradiction to assumption 12.1.4. In particular, the errors are
called heteroskedastic if the diagonal terms of E [uuᵀ |X] are not constant. If the
off-diagonal terms are nonzero then the errors are said to have serial correlation.
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Failure of assumption 12.1.4 does not by itself cause bias in the OLS estimator β̂.
This is easily verified by reading the proof of the first part of theorem 12.1.1. Indeed,
the proof that β̂ is unbiased for β does not require assumption 12.1.4. On the other
hand, the claim that σ̂2 is unbiased for σ in the second part of theorem 12.1.1 does not
make sense without assumption 12.1.4, and the expression var[β̂ |X] = σ2(XᵀX)−1

from (12.8) is no longer valid. The Gauss–Markov theorem also breaks down. The
most important practical consequence is that the results on inference in §12.1.4,
which depend on the expression for the variance given above, are no longer valid.

What happens if we replace the assumptionE [uuᵀ |X] = σ2I with the more general
assumption

E [uuᵀ |X] = Ω (12.24)

for some positive definite matrix Ω? (Assumptions 12.1.1–12.1.3 are maintained.)
Using (12.4) on page 324, the variance of the OLS estimator β̂ under these conditions
becomes

var[β̂ |X] = E [(β̂− β)(β̂− β)
ᵀ |X] = (XᵀX)−1Xᵀ

ΩX(XᵀX)−1 (12.25)

If Ω is known, then we can estimate under assumptions 12.1.1–12.1.3 and (12.24)
using generalized least squares. The idea is as follows: In view of fact 3.3.10 on
page 65, there exists a nonsingular matrix C such that CᵀC = Ω−1. Using C we
transform the regression model by multiplying both sides of y = Xβ + u by C. This
gives

yc = Xcβ + uc where yc := Cy, Xc := CX and uc := Cu

Exercise 12.4.17 asks you to show that

E [uc |Xc] = 0 and E [ucuᵀ
c |Xc] = I (12.26)

Hence, the full set of OLS assumptions 12.1.1–12.1.4 is satisfied for the transformed
data. If we use the transformed data to estimate β via (Xᵀ

c Xc)−1Xᵀ
c yc we recover the

best linear unbiased property. Expanding out the definitions of Xc and yc and using
CᵀC = Ω−1, the new estimator is easily shown to be

β̂GLS := (Xᵀ
Ω−1X)−1Xᵀ

Ω−1y (12.27)

This estimator is called the generalized least squares (GLS) estimator of β.

In practice, Ω is rarely known. While we can estimate it, estimation is difficult unless
additional structure is imposed. This is because Ω is N × N, implying that, absent
further restrictions, the number of parameters contained in Ω grows faster than the
sample. Our estimation problem gets harder the more data that we have.

A common way of adding structure is to assume that Ω is diagonal. That is, Ω =
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diag(σ2
1 , . . . , σ2

N), where each σn is strictly positive and unknown. The diagonal as-
sumption rules out correlation but maintains the possibility of heteroskedasticity.
One estimator of Ω is

Ω̂ := diag(û2
1, . . . , û2

N) where û := My

Replacing Ω with Ω̂ in (12.25) leads to the estimate of var[β̂ |X] given by

V̂ := (XᵀX)−1Xᵀ
Ω̂X(XᵀX)−1 (12.28)

If we use this expression in place of the usual variance estimate σ̂2(XᵀX)−1 when we
form our standard errors we get the heteroskedasticity-consistent standard errors
proposed by White (1980).

12.2.2 Endogeneity Bias

In §12.2.1 we considered what happens when assumption 12.1.4 (spherical errors)
fails. What about the other OLS assumptions? Assumption 12.1.1 (full rank) is fairly
benign. Assumptions 12.1.2 and 12.1.3 (linearity and exogeneity) are more problem-
atic. Let’s have a look at how they might fail and the consequences.

The linearity assumption yn = xᵀn β + un is fundamental. If we replace it with a
more general assumption such as yn = f (xn) + un for some arbitrary function f ,
then OLS theory falls apart. For example, we cannot even ask if the OLS estimator is
unbiased because β has vanished. There is no parameter vector for β̂ to estimate.3

The remaining assumption we need to consider is exogenous regressors. What hap-
pens if all other OLS assumptions hold but assumption 12.1.3 fails?

Observe that, by (12.4) on page 324,

E [β̂ |X]− β = (XᵀX)−1Xᵀ
E [u |X] (12.29)

Without E [u |X] = 0, we cannot assert that the right hand side is zero. Hence, β̂ is
biased. Bias due to failure of assumption 12.1.3 is called endogeneity bias.

As discussed in several parts of this text, striving for unbiasedness is somewhat
misguided. Better estimators can usually be constructed by admitting some degree
of bias in order to penalize complexity (thereby acknowledging that the empirical

3. It is an interesting habit of economists to quibble endlessly about whether someone’s estimators
are biased, even when their models are wildly speculative in terms of specific functional forms. (For
example, do we really believe that log GDP per capita is a linear function of various measures of
institutional quality and an Africa dummy, say, or even that this is a close depiction of reality? If not,
what exactly does it mean to say that β̂ is biased?)
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distribution is not the true distribution). However, there is an important difference
with the bias in (12.29). Good estimators reduce bias as the sample size increases,
so that the object they aim to compute can be recovered asymptotically. This is not
true for the OLS estimator when exogeneity fails.

To see this, recall from theorem 11.1.2 on page 304 that β̂
p→ E [xxᵀ]−1E [x y] as

N → ∞. The right hand side is the vector of coefficients in the best linear predictor
(see page 146). If y = xᵀβ + u, then this becomes

β̂
p→ E [xxᵀ]−1E [x (xᵀβ + u)] = β +E [xxᵀ]−1E [x u]

With exogeneity we get E [x u] = E [xE [u | x]] = 0 and the OLS estimator is consis-
tent. Without exogeneity we cannot assert the same.

12.2.2.1 Examples of Endogeneity Bias

Let’s look at some applications where assumption 12.1.3 fails. First up, consider
again the Cobb-Douglas example on page 323, which yields the regression model

ln yn = γ + a ln kn + δ ln `n + un

Here y is output, k is capital, ` is labor, and subscript n indicates observation on the
n-th firm. The term un is a firm specific productivity shock. A likely problem here is
that the firm will choose higher levels of both capital and labor when it anticipates
high productivity in the current period. This will lead to endogeneity bias.

To illustrate, suppose un,−1 is the productivity shock received by firm n last period
and this value is observable to the firm. Suppose further that productivity follows a
random walk, with un = un,−1 + ηn, where ηn is zero mean white noise. As a result,
the firm forecasts period n productivity as E [un | un,−1] = un,−1. Finally, suppose
that the firm increases labor input when productivity is anticipated to be high, with
the specific relationship `n = a + bE [un | un,−1] for b > 0. When all shocks are zero
mean, we then have

E [`nun] = E [(a + bun,−1)(un,−1 + ηn)] = E [bu2
n,−1]

This term will be strictly positive whenever un,−1 has positive variance. Thus, the
conditions of fact 12.1.2 (page 323) fail, and therefore assumption 12.1.3 does not
hold (because assumption 12.1.3 implies fact 12.1.2).

This source of endogeneity bias in estimating production functions has been dis-
cussed many times in the literature. The best solution is better modeling. For one
illustration of careful modeling see Olley and Pakes (1996).
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As a second example of endogeneity bias, suppose next we have in hand data gen-
erated according to the simple AR(1) model

x0 = 0 and xn = βxn−1 + un for n = 1, . . . , N (12.30)

Let {un}N
n=1 be IID with distribution N(0, σ2). The unknown parameters are β and

σ2. Letting

y := (x1, . . . , xN), x := (x0, . . . , xN−1) and u := (u1, . . . , uN)

we can write the N equations in (12.30) as y = βx + u. The OLS estimate of β is
β̂ := (xᵀx)−1xᵀy.

By fact 12.1.2, if assumption 12.1.3 holds, then E [umxn+1] = 0 for any m and n. In
the current set-up this equality fails. For example, if n > m, then we can (ex. 12.4.15)
write xn as

xn =
n−1

∑
j=0

βjun−j (12.31)

Hence E [xnum] = ∑n−1
j=0 βjE [un−jum] = βn−mσ2. In particular, assumption 12.1.3

fails whenever β 6= 0.

To illustrate the bias in β̂, listing 10 generates the data 10,000 times, computes β̂ on
each occasion and histograms the result. The parameters are N = 25 and β = 0.9.
The output is figure 12.4. If you modify the code to print the sample mean it gives
around 0.82. Since the number of replications is large, this is close to E [β̂]. An
asymptotic 95% confidence interval for our estimate is around (0.818, 0.824).

12.2.3 Instrumental Variables

The discussion in §12.2.2 shows that the OLS estimator is biased and inconsistent
when regressors are endogenous. Here we show that a consistent estimator of β can
be found when extra information is available in the form of “exogenous” variables
called instruments. These instruments will be collected into a J×N matrix Z, where
each column is observations on one exogenous variable. We connect Z and the other
variables via the following assumptions:

(i) y = Xβ + u.

(ii) E [u |Z] = 0.

(iii) E [uuᵀ |Z] = σ2I for some positive constant σ.

(iv) ZᵀX has full column rank.
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Listing 10 Generates and histograms observations of β̂ (Python)
import numpy as np
import matplotlib.pyplot as plt

N = 25
x = np.zeros(N)
beta = 0.9
num_reps = 10000
betahat_obs = np.empty(num_reps)

for j in range(num_reps):
u = np.random.randn(N)
for t in range(N-1):

x[t+1] = beta * x[t] + u[t+1]
y = x[1:] # x_1 ,..., x_N
x_vec = x[:-1] # x_0, ..., x_{N-1}
betahat_obs[j] = np.sum(x_vec * y) / np.sum(x_vec**2)

plt.hist(betahat_obs, bins=50, alpha=0.6, normed=True)
plt.show()

As exercise 12.4.18 asks you to show, assumption (iv) implies that J > K, which is
to say that we have at least as many instruments as regressors. If J > K, the model
is said to be overidentified. If J = K, the model is called exactly identified. (When
J < K the model is called underidentified.)

The idea of instrumental variables least squares is to multiply y = Xβ + u by Zᵀ to
produce

Zᵀy = ZᵀXβ + w where w := Zᵀu (12.32)

Applying (ii) and (iii) from the IV assumptions givesE [w |Z] = 0 andE [wwᵀ |Z] =
σ2ZᵀZ. This suggests that we might apply generalized least squares estimation to
the linear equation in (12.32). We can use the expression for the GLS estimator from
(12.27) after substituting X for ZᵀX, y for Zᵀy and Ω for σ2ZᵀZ. This leads to the
instrumental variable least squares (IVLS) estimator

β̂IVLS := (XᵀZ(ZᵀZ)−1ZᵀX)−1XᵀZ(ZᵀZ)−1Zᵀy (12.33)

In the case where J = K, this reduces to the simpler expression

β̂IVLS := (ZᵀX)−1Zᵀy (12.34)
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Figure 12.4: Observations of β̂ when β = 0.9

In the preceding discussion, the analogy with GLS was not exact. (Direct application
of GLS to (12.32) would require that E [w |ZᵀX] = 0 rather than E [w |Z] = 0.) As
a consequence, we cannot claim unbiasedness and other properties by appealing to
the GLS theory. Indeed, β̂IVLS is in general biased (see ex. 12.4.20).

At the same time, the bias is typically smaller than OLS and vanishes asymptotically
(see, e.g., section 8.3 of Davidson and MacKinnon (2004)). Figure 12.5 gives some
illustration. This figure corresponds to OLS and IVLS estimates of β in y = xβ + u
when β = 10, z is draw independently of u and x is set equal to αz + (1 − α)u.
Thus, z is exogenous and x is a mixture of z and u. The value α is a constant. In
the simulation, α is set to 0.8, so z is a relatively strong instrument. The histograms
are observations of the two estimators over 25,000 repetitions, each one having a
sample size of 250. IV provides a much better estimator of β in this case.4

There is another way to derive the expression given for β̂IVLS on the right hand
side of (12.33). It involves a method called two-stage least squares. The key idea
is to project the endogenous regressors onto the column space of the exogenous
instruments before running the regression. Exercise 12.4.21 walks you through the
details.

4. For code and full details of the simulation see johnstachurski.net/emet.html.
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Figure 12.5: Simulated draws of OLS and IVLS estimators of β

12.2.4 Causality

Causality is a slippery concept. Let’s touch on some basic points, particularly con-
cerning the connection between causality and regression. (References to more de-
tailed treatments are given in §12.3.)

You might have heard R2 interpreted as measuring the “explanatory power” of the
regressors in a particular econometric problem. The idea is that regression amounts
to decomposing y into the sum of two orthogonal parts, the fitted values Py and the
residuals My. As in (11.12), the squared norm ‖y‖2 =: TSS can then be decomposed
as ‖Py‖2 =: ESS plus ‖My‖2 =: RSS. This is sometimes paraphrased as “the total
variation in y is the sum of explained and unexplained variation.” The value of R2

is then claimed to be the fraction of the variation in y “explained” by the regressors.

This terminology is problematic because the notion that the regressors “explain”
variation in y suggests causation, and R2 says nothing about causation per se. In-
stead, R2 is better thought of as a measure of correlation (see §11.2.3). As has been
observed on many occasions, correlation and causation are not the same thing. Two
informal examples are as follows:

• We often see car crashes and ambulances together (correlation). This does not
imply that ambulances cause crashes.

• Suppose we observe that people sleeping with their shoes on often wake up
with headaches. One possible explanation is that wearing shoes to bed causes
headaches. Another is that both phenomena are caused by too many pints at
the pub the night before.
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Identifying causality in observational data can be very challenging. Here’s another
example, which, although it falls in the realm of traffic safety, is nonetheless inter-
esting because it involves choices and human behavior: It has been observed that
motorcycles fitted with ABS brakes have much lower crash rates than those with-
out anti-lock brakes (see, e.g., Teoh (2011)). Does that mean fitting ABS to a given
motorcycle will reduce the probability that the bike is involved in an accident by a
similar amount? If so, should traffic authorities mandate the use of ABS brakes?

There’s an obvious problem in jumping to this conclusion: selection bias in the sam-
ple. Cautious motorcyclists are more likely to choose bikes with safety features such
as ABS. Lower crash rates for ABS bikes might therefore be caused primarily by
more careful riding.

We can eliminate the selection bias by randomly assigning bikes of both types to a
large group of riders and observing the results. One might expect that such random-
ization would reduce the observed effect, although perhaps not eliminate it entirely.
In fact such a study has already been conducted for the case of passenger vehicles.
In Munich, half of a large fleet of taxis were fitted with anti-lock brakes and half
were fitted with conventional brakes (Aschenbrenner and Biehl (1994)). The study
lasted three years and drivers were randomly assigned across vehicles. A total of
747 accidents were observed. The authors found that accidents rates where slightly
higher for taxis fitted with ABS.

The conclusion of the authors is that while anti-lock brakes do improve braking per-
formance, drivers compensate by driving faster, making shaper turns, poorer lane
change behavior and so forth. (This altered behavior is called “risk compensation”.)
The net effect is roughly zero: mandatory ABS brakes will cause no appreciable drop
in accident rates.

In general, understanding causality requires either good experiments or good the-
ory. There is no magic econometric procedure that can reliably extract causality from
observational data without a good model.

12.3 Further Reading

General econometrics texts treating OLS and its extensions include Hayashi (2000),
Kennedy (2008), Greene (2011), Davidson and MacKinnon (2004), Wooldridge (2010)
and Cameron and Trivedi (2005). A comprehensive treatment of theory can be found
in Ruud (2000).

Regarding robust standard errors, asymptotics of the estimator in (12.28) are pro-
vided in White (1980). Closely related is the covariance matrix estimator proposed
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in Newey and West (1987). See Hayashi (2000), Hansen (2015) and Cameron and
Trivedi (2005) for textbook treatments.

Measurement errors form another source of bias in OLS estimators. There is a stan-
dard approach to so-called errors-in-variables models based around instrumental
variables. See, for example, chapter 8 of Davidson and MacKinnon (2004). For a
treatment of nonlinear errors-in-variables see Chen, Hong, and Nekipelov (2011).

For more discussion of causality see Freedman (2009), Angrist and Pischke (2009),
Pearl (2009) or Imbens and Rubin (2015). An important notion of causality in time
series models is the ability of one time series to predict another. A seminal contribu-
tion is Granger (1969). See Dufour and Taamouti (2010) for a more recent discussion.
Chernozhukov et al. (2013) consider how to perform inference on counterfactual
distributions. Belloni et al. (2014) discuss treatment effects in high dimensional set-
tings.

12.4 Exercises

Ex. 12.4.1. Argue that the sample mean of a random sample y1, . . . , yN from a given
distribution F can be viewed as a least squares estimator of the mean of F.

Ex. 12.4.2. Prove the claims in fact 12.1.1 on page 323.

Ex. 12.4.3. Prove the claims in fact 12.1.2.

Ex. 12.4.4. Confirm part (i) of fact 12.1.3: Show that var[u] = E [uuᵀ] = σ2I.

Ex. 12.4.5. Prove theorem 12.1.2 on page 328.

Ex. 12.4.6. Prove fact 12.1.4 on page 333.5

Ex. 12.4.7. Show by direct calculation that cov[Py, My |X] = 0.

Ex. 12.4.8. Show that under assumptions 12.1.1–12.1.4 we have cov[β̂, Mu |X] = 0.

Ex. 12.4.9. Show that E [Py |X] = Xβ and var[Py |X] = σ2P.

Ex. 12.4.10. Show that E [My |X] = 0 and var[My |X] = σ2M.

Ex. 12.4.11. Confirm (12.13) on page 330.

Ex. 12.4.12. Using (12.13), show that for the simple OLS model y = β11 + β2x + u,
the variance of β̂2 given x is σ2/ ∑N

n=1(xn − x̄)2.

5. Hint: Use fact 5.1.13 on page 136.
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Ex. 12.4.13. Show that in the case of (12.22), the F statistic in (12.21) can be rewritten
as (12.23).

Ex. 12.4.14. Suppose that assumption 12.1.5 holds, so that X and u are independent
and u ∼ N(0, σ2I). Show that, conditional on X,

(i) Py and My are normally distributed, and

(ii) Py and My are independent.

Ex. 12.4.15. Verify the expression for xn in (12.31).

Ex. 12.4.16. Obtain fact 10.1.1 on page 276 as a special case of theorem 12.1.6.6

Ex. 12.4.17. Prove the claims E [uc |Xc] = 0 and E [ucuᵀ
c |Xc] = I from (12.26).

Ex. 12.4.18. In connection with the theory of instrumental variables in §12.2.3, show
that if Z is N × J, X is N × K and ZᵀX has full column rank, then J > K.

Ex. 12.4.19. Let all OLS assumptions hold except 12.1.2 (page 322). Suppose that the
data generating process is

y = Xβ + Zθ+ u (12.35)

with θ 6= 0 and E [u |X, Z] = 0. Suppose further that we mistakenly ignore Z, and
simply regress y on X. Show that the OLS estimator is biased whenever XᵀZ = 0.

Ex. 12.4.20. Show that the assumptions of §12.2.3 are not sufficient for unbiasedness
of the IVLS estimator of β.

Ex. 12.4.21. This exercise asks you to construct β̂IVLS in (12.33) via an alternative
approach called two-stage least squares. Your task is to show that the estimator
produced by the following two steps is identical to the expression given in the right
hand side of (12.33).

(i) Construct X̂ by projecting each column of X onto colspace Z.

(ii) Regress y on X̂ using OLS.

12.4.1 Solutions to Selected Exercises

Solution to Ex. 12.4.1. Letting µ := E [yn] we can write yn = µ + un when un :=
yn − µ. In other words, y = 1µ + u. The OLS estimate of µ is

µ̂ := (1ᵀ1)−11ᵀy =
1
N

1ᵀy =
1
N

N

∑
n=1

yn = ȳN

Reading right to left, the sample mean of y is the OLS estimate of the mean.
6. Hint: Consider the regression model y = 1β + u.
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Solution to Ex. 12.4.2. From fact 3.3.1 on page 59 we have MX = 0 and PX = X.
From this (i) and (ii) follow easily. For example,

My = M(Xβ + u) = Mu

Regarding (iii), since M is symmetric and idempotent (page 59), we have

RSS := ‖My‖2 = ‖Mu‖2 = (Mu)ᵀ(Mu) = uᵀMᵀMu = uᵀMMu

Solution to Ex. 12.4.3. The respective proofs for claims 1–4 are as follows:

(i) E [u] = E [E [u |X]] = E [0] = 0

(ii) E [um | xnk] = E [E [um |X] | xnk] = E [0 | xnk] = 0

(iii) E [umxnk] = E [E [umxnk | xnk]] = E [xnkE [um | xnk]] = 0

(iv) cov[um, xnk] = E [umxnk]−E [um]E [xnk] = 0

Solution to Ex. 12.4.4. By definition, var[u] = E [uuᵀ]−E [u]E [uᵀ]. Since E [u] =
E [E [u |X]] = 0, this reduces to var[u] = E [uuᵀ]. Moreover,

E [uuᵀ
] = E [E [uuᵀ |X]] = E [σ2I] = σ2I

Solution to Ex. 12.4.5. If A := (XᵀX)−1Xᵀ, then by (12.4) we have β̂ = β + Au, and

var[β̂ |X] = var[β + Au |X] = var[Au |X]

Treating A as non-random given X and applying fact 5.1.2 on page 125, we have

var[Au |X] = A var[u |X]Aᵀ
= A(σ2I)Aᵀ

Moreover, A(σ2I)Aᵀ = σ2AAᵀ = σ2(XᵀX)−1XᵀX(XᵀX)−1 = σ2(XᵀX)−1. Hence

var[β̂ |X] = var[Au |X] = σ2(XᵀX)−1

Solution to Ex. 12.4.6. Note first that Pu and Mu are independent by fact 5.1.13 on
page 136. By fact 5.1.10 on page 135, functions of independent random vectors are
likewise independent. Hence it suffices to show that β̂ and σ̂2 are functions of Pu
and Mu respectively. The case of σ̂2 is straightforward. For β̂ we have

β̂ = β + (XᵀX)−1XᵀPu

as can be seen by writing out P in terms of X and canceling to get (12.4).
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Solution to Ex. 12.4.7. Note that

E [My |X] = E [Mu |X] = ME [u |X] = 0

Using these facts, we obtain

cov[Py, My |X] = cov[Xβ + Pu, Mu |X] = E [(Xβ + Pu)(Mu)ᵀ |X]

From linearity of expectations and symmetry of M, this becomes

cov[Py, My |X] = E [XβuᵀM |X] +E [PuuᵀM |X]

Regarding the first term on the right hand side, we have

E [XβuᵀM |X] = XβE [uᵀ |X]M = 0

Regarding the second term on the right hand side, we have

E [PuuᵀM |X] = PE [uuᵀ |X]M = Pσ2IM = σ2PM = 0

∴ cov[Py, My |X] = 0

Solution to Ex. 12.4.8. Since M is a function of X, we haveE [Mu |X] = ME [u |X] =
0. As a result,

cov[β̂, Mu |X] = E [β̂ (Mu)ᵀ |X]
= E [β(Mu)ᵀ + (XᵀX)−1Xᵀu (Mu)ᵀ |X]
= E [(XᵀX)−1Xᵀu (Mu)ᵀ |X]
= E [(XᵀX)−1XᵀuuᵀM |X] = σ2(XᵀX)−1XᵀM

The claim now follows from XᵀM = (MX)ᵀ = 0.

Solution to Ex. 12.4.9. Regarding the claim that E [Py |X] = Xβ, our previous re-
sults and linearity of expectations gives

E [Py |X] = E [Xβ + Pu |X] = Xβ + PE [u |X] = Xβ

Regarding the claim that var[Py |X] = σ2P, our rules for manipulating variances
yield

var[Py |X] = var[Xβ + Pu |X] = var[Pu |X] = P var[u |X]Pᵀ
= Pσ2IPᵀ

Using symmetry and idempotence of P, we obtain var[Py |X] = σ2P.
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Solution to Ex. 12.4.10. Similar to the solution of exercise 12.4.9.

Solution to Ex. 12.4.11. Repeating (12.12) we have

β̂k = βk + (colk(X)
ᵀM1 colk(X))−1 colk(X)

ᵀM1u (12.36)

Since βk is constant, taking the variance of (12.36) conditional on X we obtain

var[β̂k |X] = var[Au |X] where A := (colk(X)
ᵀM1 colk(X))−1 colk(X)

ᵀM1

Since A is a function of X, we can treat it as constant given X, and we obtain

var[β̂k |X] = A var[u |X]Aᵀ
= Aσ2IAᵀ

= σ2AAᵀ

To complete the proof, we just observe that

AAᵀ
= (colk(X)

ᵀM1 colk(X))−1 colk(X)
ᵀM1Mᵀ

1 colk(X)(colk(X)
ᵀM1 colk(X))−1

= (colk(X)
ᵀM1 colk(X))−1

where the last equality is due to symmetry and idempotence of M1. We conclude
that (12.13) is valid.

Solution to Ex. 12.4.12. We will apply (12.13). For the model y = β11 + β2x + u,
the matrix M1 is the residual projection Mc associated with 1, and colk X is just x.
Hence, from (12.13), we have

var[β̂2 |X] = σ2(xᵀMcx)−1

Using symmetry and idempotence of Mc, this becomes

var[β̂2 |X] = σ2[(Mcx)ᵀMcx]−1 = σ2/
N

∑
n=1

(xn − x̄)2

Finally, since the only random variables in X are the random variables in x, we
obtain the solution

var[β̂2 | x] = σ2/
N

∑
n=1

(xn − x̄)2

Solution to Ex. 12.4.13. We need to show that in the special case (12.22) we have

(RSSR− USSR)/K2

USSR/(N − K)
=

R2
c

1− R2
c

N − K
K2
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or, equivalently,
RSSR− USSR

USSR
=

R2
c

1− R2
c

(12.37)

Consider first the left hand side of (12.37). In the case of (12.22), this becomes

RSSR− USSR

USSR
=
‖Mcy‖2 − ‖My‖2

‖My‖2

On the other hand, regarding the right hand side of (12.37), the definition of R2
c and

some minor manipulation gives

R2
c

1− R2
c
=

‖PMcy‖2

‖Mcy‖2 − ‖PMcy‖2

Hence, to establish (12.37), we need to show that

‖Mcy‖2 − ‖My‖2

‖My‖2 =
‖PMcy‖2

‖Mcy‖2 − ‖PMcy‖2

This is can be established using (11.33).

Solution to Ex. 12.4.14. We have shown previously that My = Mu and Py = Xβ +
Pu. Since we are conditioning on X we can treat it as constant. When X is constant,
P, M and Xβ are all constant. Since linear (or affine) transformations of normal
random vectors are normal, Mu and Xβ + Pu are both normally distributed.

It remains to show that Py and My are independent given X. Since they are normally
distributed given X, we need only show that they are uncorrelated given X. This was
already proved in exercise 12.4.7.

Solution to Ex. 12.4.17. The proof of E [uc |Xc] = 0 is easy. Regarding the second
claim, recall that C is a nonsingular matrix chosen to satisfy CᵀC = Ω−1. (Existence
is from the Cholesky decomposition—see page 65.) From uc = Cu we have

E [ucuᵀ
c |Xc] = CE [uuᵀ |Xc]C

ᵀ
= C ΩCᵀ

Since C is nonsingular, we have

CΩCᵀ
= C(CᵀC)−1Cᵀ

= CC−1(Cᵀ
)−1Cᵀ

= I

Solution to Ex. 12.4.18. If not then ZᵀX has fewer rows than columns, and hence its
columns cannot be linearly independent. See theorem 2.1.3 on page 19.
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Solution to Ex. 12.4.19. The OLS estimator is β̂ = (XᵀX)−1Xᵀy. Substituting into
(12.35) gives

β̂ = (XᵀX)−1Xᵀ
(Xβ + Zθ+ u) = β + (XᵀX)−1XᵀZθ+ (XᵀX)−1Xᵀu

Therefore
E [β̂] = E [E [β̂ |X, Z]] = β +E [(XᵀX)−1XᵀZ]θ

If XᵀZ = 0 then the last term on the right hand side drops out, and β̂ is unbiased.
Otherwise β̂ is biased.

Solution to Ex. 12.4.20. To solve this exercise it suffices to give an example of a
model that satisfies the assumptions of §12.2.3 and yet produces a biased IV esti-
mator. To this end suppose we have only one observation and let all variables be
scalar. Let z and u be independent random variables with L(u) = N(0, σ2) and let
x = u. Let y = xβ + u. While the IV assumptions of §12.2.3 are satisfied, the IVLS
estimator is biased. Indeed, the expression (12.34) combined with y = xβ + u gives
us

β̂IVLS = (zx)−1zy = β + (zx)−1zu = β +
x
u

Using x = u gives E [β̂IVLS] = β̂IVLS = β + 1.

Solution to Ex. 12.4.21. By theorem 3.3.1 on page 58, the matrix that implements or-
thogonal projection onto colspace Z is PZ := Z(ZᵀZ)−1Zᵀ. Applying this operation
to each column of X is equivalent to premultiplying X by PZ. Hence X̂ = PZX.
Regressing y on X̂ using OLS produces the estimator

β̂2SLS = [(PZX)ᵀ(PZX)]−1(PZX)ᵀy = [XᵀPZX]−1XᵀPZy

(The second equality uses symmetry and idempotence of PZ. See fact 3.3.2 on
page 59.) Using the definition of PZ gives (12.33).
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Large Samples and Dependence

With IID data, the joint distribution of the sample is pinned down by the common
marginal of the observations. The statistical learning problem becomes one of learn-
ing the marginal. With dependent data the joint distribution is more complex. The
fundamental statistical problem from page 212 has to be extended as follows:

Problem 13.0.1. We observe a draw zD from some joint distribution PD, which is
assumed to belong to a given class of distributions P but is otherwise unknown.
We wish to infer some features of PD from the observation zD.

Let’s look at how we might tackle this problem, starting with estimation based on
least squares.

13.1 Large Sample Least Squares

Our treatment of least squares in this chapter permits dependent data but at the
same time requires that the sample size is large. Large samples allow us to drop
some of the strict parametric assumptions on the error term we made when we
considered finite sample inference (see, e.g., assumption 12.1.5 on page 331). In this
sense, the theory developed below is also useful for cross-sectional environments
with no correlation between observations.

13.1.1 Set Up and Assumptions

Let’s go back to the linear model assumption of chapter 12. That is, we assume that
our data (y1, x1), . . . , (yT, xT) is generated by the linear model

yt = xᵀt β + ut, t = 1, . . . , T, (13.1)
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where β is a K-vector of unknown coefficients, and ut is an unobservable shock.
Observations are indexed by t rather than n to remind us that observations are de-
pendent. The sample size will be denoted by T.

We let y be the T-vector of observed outputs, so that yt is the t-th element of the
T × 1 vector y, and u be the vector of shocks, so that ut is the t-th element of the
T × 1 vector u. We let X be the T × K matrix X := (xtk) where 1 6 t 6 T and
1 6 k 6 K.

We will estimate the parameter vector β via least squares. The OLS estimate is there-
fore unchanged at

β̂T =

[
1
T

T

∑
t=1

xtx
ᵀ
t

]−1

· 1
T

T

∑
t=1

xtyt

(Recall (11.17) on page 305.) The expression for the sampling error in (12.4) can be
expanded into sums to obtain

β̂T − β =

[
1
T

T

∑
t=1

xtx
ᵀ
t

]−1

· 1
T

T

∑
t=1

xtut (13.2)

In this section we drop the exogeneity assumption E [u |X] = 0 (assumption 12.1.3)
because it excludes too many dynamic models. For example, we know from §12.2.2
that exogeneity fails when we try to estimate the simple AR(1) model yt+1 = βyt +
ut+1 by setting xt = yt−1, thereby producing the regression model

yt = βxt + ut, t = 1, . . . , T (13.3)

The problem is that for this specification of (13.1), the regressor is correlated with
lagged values of the shock.

Assumption 13.1.1. The matrix X is full column rank with probability one and the
sequence {xt} is stationary. Moreover,

(i) Σx := E [xtx
ᵀ
t ] exists and is positive definite.

(ii) The sequence {xt} satisfies 1
T ∑T

t=1 xtx
ᵀ
t

p→ Σx as T → ∞.

The full column rank condition is the same as assumption 11.1.1 on page 301 and
ensures that expressions like the matrix inverse in (13.2) make sense. Condition (i)
is borrowed from the identical condition given in (11.10) on page 302 and ensures
that the limit in (13.2) exists. Condition (ii) gives convergence.
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Example 13.1.1. Let {xt} be the Markov process in example 7.2.11 on page 195. To
repeat,

xt+1 = a|xt|+ (1− a2)1/2wt+1 with − 1 < a < 1 and {wt} IID∼ N(0, 1)

As discussed in example 7.2.11, the model has a unique, globally stable stationary
distribution π∞. If L(x0) = π∞, then the process {xt} is stationary (see fact 7.2.5 on
page 191) and all of the conditions in assumption 13.1.1 are satisfied (see ex. 13.4.3).

Assumption 13.1.2 (Weak exogeneity). The shocks {ut} are IID. Moreover,

(i) E [ut] = 0 and E [u2
t ] = σ2 for all t, and

(ii) ut is independent of x1, x2, . . . , xt for all t.

Assumption 13.1.2 permits dependence between current shocks and future regres-
sors. This is desirable in a time series setting, since current shocks usually feed into
future state variables.

Example 13.1.2. In the AR(1) regression (13.3), assumption 13.1.2 holds whenever
the shock process {ut} is IID, because the contemporaneous and lagged regressors
x1, . . . , xt are equal to the lagged state variables y0, . . . , yt−1, which in turn are func-
tions of only y0 and u1, . . . , ut−1, and therefore independent of ut.

One consequence of assumption 13.1.2 is that

E [usut | x1, . . . , xt] =

{
σ2 if s = t
0 if s < t

(13.4)

The proof is an exercise (ex. 13.4.4).

A useful implication of assumptions 13.1.1 and 13.1.2 is that linear functions of
{xtut} form a martingale difference sequence (MDS). This will allow us to apply
the sample path results in theorem 7.3.1.

Lemma 13.1.1. If assumptions 13.1.1 and 13.1.2 both hold, then, for any constant vector
a ∈ RK, the sequence {mt} defined by mt = aᵀxtut is

(i) stationary with E [m2
t ] = σ2aᵀΣxa for all t, and

(ii) an MDS with respect to the filtration defined by

Ft := {x1, . . . , xt, xt+1, u1, . . . , ut} (13.5)
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Proof. First let’s check part (i). That {mt} is stationary follows from the assumption
that {ut} and {xt} are stationary. Regarding the second moment E [m2

1], we have

E [m2
1] = E [E [u2

1(a
ᵀx1)

2 | x1]] = E [(aᵀx1)
2E [u2

1 | x1]]

From independence of u1 and x1, the inner expectation is σ2. Moreover,

(aᵀx1)
2 = aᵀx1aᵀx1 = aᵀx1xᵀ1 a

∴ E [m2
1] = E [aᵀx1xᵀ1 a σ2] = σ2aᵀE [x1xᵀ1 ]a = σ2aᵀΣxa

To check part (ii), note that {mt} is adapted to {Ft}, since mt := uta
ᵀxt is a function

of variables in Ft. Moreover, we have

E [mt+1 |Ft] = E [ut+1aᵀxt+1 |Ft] = aᵀxt+1E [ut+1 |Ft] = aᵀxt+1E [ut+1] = 0

(Here the second equality follows from the fact that xt+1 ∈ Ft, while the third fol-
lows from the independence in assumption 13.1.2.) This confirms that {mt} is an
MDS with respect to {Ft}.

13.1.2 Consistency

Under the conditions of §13.1.1, the OLS estimator β̂T is consistent for β. In partic-
ular,

Theorem 13.1.1. If assumptions 13.1.1 and 13.1.2 hold, then

β̂T
p→ β as T → ∞

Proof. It suffices to show that the expression on the right hand side of (13.2) con-
verges in probability to 0. As a first step, let’s show that 1

T ∑T
t=1 xtut

p→ 0. In view of
fact 6.1.1 on page 160, it suffices to show that, for any a ∈ RK, we have

aᵀ
[

1
T

T

∑
t=1

xtut

]
p→ aᵀ0 = 0 (13.6)

If we define mt := aᵀxtut, then the left hand side of (13.6) can be written as T−1 ∑T
t=1 mt.

Since {mt} is a stationary MDS (lemma 13.1.1), the convergence T−1 ∑T
t=1 mt

p→ 0 fol-
lows from theorem 7.3.1 (page 200).

Now let’s return to the expression on the right hand side of (13.2). By assump-
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tion 13.1.1 and fact 6.2.1, we see that[
1
T

T

∑
t=1

xtx
ᵀ
t

]−1
p→ Σx

−1 as T → ∞ (13.7)

Appealing to fact 6.2.1 once more, we obtain

β̂T − β =

[
1
T

T

∑
t=1

xtx
ᵀ
t

]−1

· 1
T

T

∑
t=1

utxt
p→ Σx

−1 0 = 0

13.1.2.1 Consistency of σ̂2
T

In (12.5) we estimated the error variance σ2 using σ̂2 := RSS/(N− K), with N being
the sample size. Here the sample size is T, and, since T is assumed to be large
relative to K, we have 1/(T − K) ≈ 1/T. Hence in this chapter we set σ̂2

T = RSS/T
instead. (None of the following theory is affected if we use RSS/(T − K), however.)

Theorem 13.1.2. If assumptions 13.1.1 and 13.1.2 hold, then

σ̂2
T

p→ σ2 as T → ∞

Proof. By the definition of σ̂2
T and the linear model assumption (13.1),

σ̂2
T =

1
T

T

∑
t=1

(yt − xᵀt β̂T)
2 =

1
T

T

∑
t=1

[
ut + xᵀt (β− β̂T)

]2
(13.8)

Expanding out the square gives

σ̂2
T =

1
T

T

∑
t=1

u2
t + 2(β− β̂T)

ᵀ 1
T

T

∑
t=1

xtut + (β− β̂T)
ᵀ

[
1
T

T

∑
t=1

xtx
ᵀ
t

]
(β− β̂T)

By assumption 13.1.2 and the law of large numbers, the first term on the right hand
side converges in probability to σ2. Hence it suffices to show that the second and
third term converge in probability to zero as T → ∞. These results follow from
repeated applications of fact 6.2.1 on page 169, and convergence results we have
already established. The details are left as an exercise.

13.1.3 Asymptotic Normality of β̂

Next we show that
√

T(β̂T − β) is asymptotically normal. From this information we
can develop asymptotic tests and confidence intervals.
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Theorem 13.1.3. Under assumptions 13.1.1 and 13.1.2 we have

√
T(β̂T − β)

d→ N
(

0, σ2Σ−1
x

)
as T → ∞

Proof. Expression (13.2) gives

√
T(β̂T − β) =

[
1
T

T

∑
t=1

xtx
ᵀ
t

]−1

· T−1/2
T

∑
t=1

utxt (13.9)

Let z be a random variable satisfying L(z) = N(0, σ2Σx). Suppose we can show that

T−1/2
T

∑
t=1

utxt
d→ z as T → ∞ (13.10)

If (13.10) is valid, then, applying assumption 13.1.1 along with fact 6.2.2, we obtain

√
T(β̂T − β) =

[
1
T

T

∑
t=1

xtx
ᵀ
t

]−1

· T−1/2
T

∑
t=1

utxt
d→ Σ−1

x z

Clearly Σ−1
x z is Gaussian with zero mean. By symmetry of Σ−1

x (since Σx is symmet-
ric) the variance of Σ−1

x z is

Σ−1
x var[z]Σ−1

x = Σ−1
x σ2 Σx Σ−1

x = σ2Σ−1
x

This completes the proof of theorem 13.1.3, conditional on (13.10). Let’s now check
that (13.10) is valid.

By the Cramér-Wold device (fact 6.1.6 on page 167), it suffices to show that for any
a ∈ RK we have

aᵀ
[

T−1/2
T

∑
t=1

utxt

]
d→ aᵀz (13.11)

Fixing a and letting mt := uta
ᵀxt, the expression on the left of (13.11) can be rewrit-

ten as T−1/2 ∑T
t=1 mt. Since L(z) = N(0, σ2Σx), to establish (13.11) we need to show

that

T−1/2
T

∑
t=1

mt
d→ N(0, σ2aᵀΣxa) (13.12)

From lemma 13.1.1 we know that {mt} is stationary with E [m2
t ] = σ2aᵀΣxa and an

MDS with respect to the filtration given in (13.5). By the martingale difference CLT
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on page 200, the result in (13.12) holds whenever

1
T

T

∑
t=1
E [m2

t |Ft−1]
p→ σ2aᵀΣxa as T → ∞ (13.13)

Since xt ∈ Ft−1, we have

E [m2
t |Ft−1] = E [u2

t (a
ᵀxt)

2 |Ft−1] = (aᵀxt)
2E [u2

t |Ft−1] = σ2(aᵀxt)
2

Another way to write the last expression is σ2aᵀxtx
ᵀ
t a. The left hand side of (13.13)

is therefore

1
T

T

∑
t=1
E [m2

t |Ft−1] =
1
T

T

∑
t=1

(σ2aᵀxtx
ᵀ
t a) = σ2aᵀ

[
1
T

T

∑
t=1

xtx
ᵀ
t

]
a

which converges in probability to σ2aᵀΣxa by assumption 13.1.1 and fact 6.2.1. This
verifies (13.13), completing the proof of theorem 13.1.3.

Example 13.1.3. Consider again the scalar linear Gaussian AR(1) model xt+1 =
axt + wt+1 with |a| < 1 and {wt} IID and standard normal. Let {xt} be stationary.
As discussed in §12.2.2, the OLS estimator of a is

âT :=
xᵀy
xᵀx

where y := (x1, . . . , xT) and x := (x0, . . . , xT−1)

Both assumption 13.1.1 and assumption 13.1.2 are satisfied, so
√

T(âT − a) con-
verges in distribution to N(0, σ2Σ−1

x ). In this case, σ2 = 1 because the shocks are
standard normal. Furthermore, Σ−1

x reduces to 1/E [x2
1], where the expectation is

under the stationary distribution. By (7.18) on page 191, we see that the stationary
distribution is N(0, 1/(1− a2)). Hence the inverse of E [x2

1] is 1− a2, and

√
T(âT − a) d→ N(0, 1− a2) (13.14)

13.1.4 Large Sample Tests

In §12.1.4.1 we considered the problem of testing a hypothesis about an individual
coefficient βk. Let’s consider this problem again in the large sample setting. The
hypothesis to be tested is

H0 : βk = β0
k

In §12.1.4.1 we showed that if the error terms are normally distributed, then the ex-
pression (β̂k − βk)/ se(β̂k) is t-distributed with N − K degrees of freedom. In the
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large sample case, we can use the CLT to show that the same statistic is asymp-
totically normal. This isn’t surprising, because the t-distribution converges to the
standard normal distribution as the degrees of freedom converges to infinity.1 The
next theorem gives details.

Theorem 13.1.4. Let assumptions 13.1.1 and 13.1.2 hold, and let

se(β̂T
k ) :=

√
σ̂2

Tvk(X)

Under the null hypothesis H0, we have

zT
k :=

β̂T
k − β0

k

se(β̂T
k )

d→ N(0, 1) as T → ∞ (13.15)

In the theorem, σ̂T is as defined in (13.8) on page 358 and vk(X) is the (k, k)-th ele-
ment of (XᵀX)−1.

Proof. Recall from theorem 13.1.3 that
√

T(β̂T − β)
d→ z where z is a random vector

with distribution N(0, σ2Σ−1
x ) and β is the true parameter vector. It follows that

√
T(β̂T

k − βk) = eᵀk [
√

T(β̂T − β)]
d→ eᵀk z

The distribution of eᵀk z is N(0, eᵀk var[z]ek) = N(0, σ2eᵀk Σ−1
x ek), so

√
T(β̂T

k − βk)√
σ2eᵀk Σ−1

x ek

d→ N(0, 1) (13.16)

Applying (13.7) and (v) of fact 6.2.1 on page 169,

Tvk(X) = Teᵀk (X
ᵀX)−1ek = eᵀk

[
1
T

T

∑
t=1

xtx
ᵀ
t

]−1

ek
p→ eᵀk Σx

−1ek

By theorem 13.1.2 we have σ̂2
T

p→ σ2, and hence√
σ̂2

T Tvk(X)
p→
√

σ2eᵀk Σx
−1ek

1. We can’t use this result directly because our model assumptions are different.
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Combining this with (13.16) yields
√

T(β̂T
k − βk)√

σ̂2
T Tvk(X)

d→ N(0, 1)

Assuming H0 and canceling
√

T gives (13.15).

13.2 MLE for Markov Processes

Let’s now turn to nonlinear estimation in a time-series setting. The estimation
method is maximum likelihood. We will cover just the foundations of building and
maximizing the likelihood function.

13.2.1 The Likelihood Function

If we have IID observations from some common density, then, as we saw in §8.3.1,
the likelihood function for that data is the product of the marginals evaluated at the
sample. If, on the other hand, the data contains dependence, the likelihood is more
complex.

One intermediate case is Markov processes, the joint distribution of which was
given in (7.17) on page 189. Suppose that the transition density pθ depends on some
unknown parameter vector θ ∈ Θ. Suppose further that the process has a unique
stationary density πθ

∞ for all θ, and that x1 is a draw from this stationary density.
Then the log-likelihood function is given by

`(θ) = ln πθ
∞(x1) +

T−1

∑
t=1

ln pθ(xt+1 | xt)

In practice it is common to drop the first term in this expression, particularly when
the data size is large, since the influence of a single element is likely to be negligible.
In addition, even though the stationary density is formally defined by (7.19), for
many processes there is no known analytical expression for this density.2 Here we’ll
follow this convention and, abusing notation slightly, write

`(θ) =
T−1

∑
t=1

ln pθ(xt+1 | xt) (13.17)

2. It is still possible to compute the density numerically. See, e.g., Stachurski and Martin (2008).
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13.2.1.1 Example: The ARCH Case

Let’s look at a relatively simple case: the ARCH model from (7.5) on page 183. By
(13.17), the log-likelihood function is

`(a, b) =
T−1

∑
t=1

{
−1

2
ln(2π(a + bx2

t ))−
x2

t+1

2(a + bx2
t )

}
(13.18)

Rearranging, dropping terms that don’t depend on a or b, and multiplying by 2 (an
increasing transformation), we can rewrite this (abusing notation again) as

`(a, b) = −
T−1

∑
t=1

{
ln zt +

x2
t+1
zt

}
where zt := a + bx2

t (13.19)

Let’s run some simulations to see what this function looks like. In the simulations
we will set T = 500 and a = b = 0.5. Thus, we imagine the situation where,
unbeknown to us, the true parameter values are a = b = 0.5, and we observe a time
series x1, . . . , x500 generated by these parameters. In order to estimate a and b, we
form the likelihood function (13.19), and obtain the MLEs â and b̂ as the vector (â, b̂)
that maximizes `(a, b).

Four different simulations of ` are given in figure 13.1. In each figure, a separate
data set x1, . . . , x500 is generated using the true parameter values a = b = 0.5 and
the function ` in (13.19) is then plotted using contour lines and a color map. Lighter
colors refer to larger values. The horizontal axis is a values, and the vertical axis is b
values. The code for producing one of these figures (modulo randomness) is given
in listing 11. The function arch_like(theta, data) represents ` in (13.19), with
theta corresponding to (a, b) and data corresponding to the time series x1, . . . , xT.

In each of the four simulations, a rough guess of the MLEs can be obtained just by
looking for maximizers in the figures. For example, in simulation (a), the MLEs look
to be around â = 0.44 and b̂ = 0.61. To get more accurate estimates, we can use some
form of analytical or numerical optimization. For this problem, we don’t have any
analytical expressions for the MLEs because setting the two partial derivatives of `
in (13.19) to zero does not yield neat expressions for â and b̂. On the other hand,
there are many numerical routines we can use to obtain the MLEs for a given data
set.

The simplest approach is to use one of R’s inbuilt optimization routines. For exam-
ple, given the definition of arch_like in listing 11 and a sequence of observations
x1, . . . , xT stored in a vector xdata, the function arch_like can be optimized numer-
ically via the commands

start_theta <- c(0.65, 0.35) # An initial guess of (a,b)
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neg_like <- function(theta) {
return(-arch_like(theta, xdata)) # xdata is the data

}
opt <- optim(start_theta, neg_like, method="BFGS")

Here optim is an built-in R function for numerical optimization of multivariate func-
tions. Most built-in functions in most languages perform minimization rather than
maximization, and optim is no exception. For this reason, the function that we pass
to optim is neg_like, which is −1 times `. The first argument to optim is a vector of
starting values (a guess of the MLEs). The last argument tells optim to use the BFGS
routine, which is variation on the Newton-Raphson algorithm. The return value of
optim is a list, and the approximate minimizing vector is one element of this list
(called par).

In this particular set up, for most realizations of the data and starting values, you
will find that the algorithm converges to a good approximation to the global opti-
mizer. However, there’s no guarantee that it will. In case of problems, it’s useful to
know how these kinds of algorithms work, and how to code up simple implemen-
tations on your own. The next section will get you started.

13.2.2 The Newton-Raphson Algorithm

The Newton-Raphson algorithm is a root-finding algorithm. In other words, given a
function g : R→ R, the algorithm searches for points s̄ ∈ R such that g(s̄) = 0. Any
root-finding algorithm can be used to optimize differentiable functions because, for
differentiable functions, interior optimizers are always roots of the objective func-
tion’s first derivative.

To describe the algorithm, let’s begin with the root-finding problem and then spe-
cialize to optimization. To begin, let g : R→ R, and let s0 be some initial point in R
that we think (hope) is somewhere near a root. We don’t know how to jump from s0
straight to a root of g (otherwise there would be no problem to solve), but what we
can do is move to the root of the function which forms the tangent line to g at s0. In
other words, we replace g with its linear approximation around s0, which is given
by

g̃(s) := g(s0) + g′(s0)(s− s0) (s ∈ R)
and solve for the root of g̃. This point is represented as s1 in figure 13.2, and the
value is easily seen to be s1 := s0 − g(s0)/g′(s0). The point s1 is taken as our next
guess of the root, and the procedure is repeated, taking the tangent of g at s1, solving

preliminary draft 364



Ch. 13

0.3 0.4 0.5 0.6 0.7 0.8

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

a

b

 −444 

 −438 
 −436 

 −434 

 −434 

 −432 

 −432 

 −430 
 −428 

 −426 

 −426 

 −
42

6 

 −424 

 −424 

 −422 

 −
42

2  −420 

 −420 

 −418 

 −
41

8 

 −416 

 −416 

 −414  −
41

4 

 −412 

 −
41

2 

 −410 

 −410  −408 

 −
40

8 

 −406 

 −406  −404 

 −402 
 −400 

 −398 

 −396 

 −394 

 −392 

 −390 

 −388 

 −386 

(a) Simulation 1

0.3 0.4 0.5 0.6 0.7 0.8
0.

3
0.

4
0.

5
0.

6
0.

7
0.

8

a

b

 −456 

 −446 

 −444 

 −438 
 −436 

 −436 

 −434 

 −434 

 −432 

 −432 

 −430 

 −430 

 −428 

 −428 

 −426 

 −426 

 −424 

 −424 

 −422 

 −422 

 −420 

 −420 

 −418 

 −418 

 −416 

 −416 

 −414 

 −414 

 −412 

 −412 

 −410 

 −410 

 −408 

 −408 

 −406 

 −406 

 −404 

 −404 

 −402 

 −402 

 −400 

 −400  −398 

 −396 

 −394 

 −392 

(b) Simulation 2

0.3 0.4 0.5 0.6 0.7 0.8

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

a

b

 −438 

 −430 

 −428 

 −426 

 −426 
 −424 

 −422 

 −420 

 −420 

 −418 

 −418 

 −416 

 −416 

 −414 

 −414 

 −412 

 −412 

 −410 

 −410 

 −408 

 −408 

 −406 

 −406 

 −404 

 −404 

 −402 

 −402 

 −400 

 −400 

 −398 

 −398 

 −396 

 −396 

 −394  −
39

4 

 −392 

 −
39

2 

 −390  −390 
 −388 

 −386 

 −384 

 −382 

 −380 

(c) Simulation 3

0.3 0.4 0.5 0.6 0.7 0.8

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

a

b

 −530 
 −520 

 −516 

 −512 
 −508 

 −506 

 −504 

 −500 

 −498 

 −496 

 −494 

 −492 

 −490 

 −488 

 −486 

 −484 

 −482 

 −480 
 −478 

 −476 

 −474 

 −472 
 −470 

 −468 

 −468 

 −466 

 −466 

 −464 

 −464 

 −462 

 −462 

 −460 

 −460 

 −458 

 −458 

 −456 

 −456 

 −454 

 −454 

 −
45

2 

 −452 

 −
45

0  −450  −448 

 −446 

 −444 

 −442 

 −440 

 −438 

 −436 

 −434 

(d) Simulation 4

Figure 13.1: Simulations of the function (13.19) with T = 500
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s0s̄

g

ḡ

s1

Figure 13.2: The first step of the NR algorithm

for the root, and so on. This generates a sequence of points {sk} satisfying

sk+1 = sk −
g(sk)

g′(sk)

There are various results telling us that when g is suitably well-behaved and s0 is
sufficiently close to a given root s̄, then sequence {sk} will converge to s̄.3

To move from general root-finding to the specific problem of optimization, suppose
now that g : R → R is a twice differentiable function we wish to maximize. We
know that if s∗ is a maximizer of g, then g′(s∗) = 0. Hence it is natural to begin
our search for maximizers by looking for roots to this equation. This can be done by
applying the Newton-Raphson algorithm to g′, which yields the sequence

sk+1 = sk −
g′(sk)

g′′(sk)
(13.20)

We can extend this algorithm to the multivariate case as well. Let’s suppose that g
is a function of two arguments. In particular, suppose that g is twice differentiable
and g : R2 → R. The gradient vector and Hessian of g at (x, y) ∈ R2 are defined as

∇g(x, y) :=
(

g′1(x, y)
g′2(x, y)

)
and ∇2g(x, y) :=

(
g′′11(x, y) g′′12(x, y)
g′′21(x, y) g′′22(x, y)

)
Here g′i is the first partial of g with respect to its i-th argument, g′′ij is the second
cross-partial, and so on.

By analogy with (13.20), the Newton-Raphson algorithm for this two dimensional

3. In practical situations we often have no way of knowing whether the conditions are satisfied,
and there have been many attempts to make the procedure more robust. The R optimization routine
described above is a child of this process.
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case is the algorithm that generates the sequence {(xk, yk)} defined by

(xk+1, yk+1) = (xk, yk)− [∇2g(xk, yk)]
−1∇g(xk, yk) (13.21)

from some initial guess (x0, y0).4

For the sake of the exercise, let’s apply this to maximization of (13.19). Let zt be as
defined in (13.19). The first partials are then

∂`

∂a
(a, b) =

T−1

∑
t=1

[
x2

t+1

z2
t
− 1

zt

]
,

∂`

∂b
(a, b) =

T−1

∑
t=1

x2
t

[
x2

t+1

z2
t
− 1

zt

]

while the second partials are

∂2`

∂a2 (a, b) =
T−1

∑
t=1

[
1
z2

t
− 2

x2
t+1

z3
t

]
,

∂2`

∂b2 (a, b) =
T−1

∑
t=1

x4
t

[
1
z2

t
− 2

x2
t+1

z3
t

]

The cross-partial is
∂2`

∂a∂b
(a, b) =

T−1

∑
t=1

x2
t

[
1
z2

t
− 2

x2
t+1

z3
t

]
From these expressions we can form the gradient vector and the Hessian, pick an
initial guess, and iterate according to (13.21). Figure 13.3 shows four iterations of
this procedure, starting from (a0, b0) = (0.65, 0.35).5 In this case the convergence is
quick, and we are already close to the global optimum.

Replication of this figure (modulo randomness) is left as an exercise.

4. We are assuming that the Hessian matrix is nonsingular.
5. As before, the simulation uses a = b = 0.5 and T = 500.
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Figure 13.3: Newton-Raphson iterates
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Listing 11 Code for figure 13.1 (R)

arch_like <- function(theta, data) {
Y <- data[-1] # All but first element
X <- data[-length(data)] # All but last element
Z <- theta[1] + theta[2] * Xˆ2
return(-sum(log(Z) + Yˆ2 / Z))

}

sim_data <- function(a, b, n=500) {
x <- numeric(n)
x[1] = 0
w = rnorm(n)
for (t in 1:(n-1)) {

x[t+1] = sqrt(a + b * x[t]ˆ2) * w[t]
}
return(x)

}

xdata <- sim_data(0.5, 0.5) # True parameters

K <- 50
a <- seq(0.3, 0.8, length=K)
b <- seq(0.3, 0.8, length=K)
M <- matrix(nrow=K, ncol=K)
for (i in 1:K) {

for (j in 1:K) {
theta <- c(a[i], b[j])
M[i,j] <- arch_like(theta, xdata)

}
}
image(a, b, M, col=topo.colors(12))
contour(a, b, M, nlevels=40, add=T)
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13.3 Further Reading

Suitable topics for study after reading this chapter include GARCH models, hid-
den Markov models, Markov switching models, stochastic volatility models, factor
models and cointegration. High quality textbook treatments of these and other top-
ics in time series econometrics include Martin et al. (2012) and Hamilton (1994). Use-
ful chapters on time series econometrics can be found in Hansen (2015) and Hayashi
(2000). For a recent survey, see Diebold et al. (2009). For financial applications, see,
for example, Ruppert (2011).

13.4 Exercises

Ex. 13.4.1. Let {xt} be the scalar AR(1) process xt+1 = axt + wt+1 where |a| < 1 and
{wt} is IID and standard normal. Let x0 be drawn from the stationary distribution
π∞ = N(0, 1/(1− a2)). Show that

1√
T

T

∑
t=1

xt
d→ N(0, v) where v :=

1
(1− a)2 (13.22)

(Note how v increases in a, meaning that greater correlation makes it harder to es-
timate the mean of xt via the sample mean. The intuition is that dependent data
are less informative than independent data. When we try to learn about a given
distribution, independent draws are the gold standard.)

Ex. 13.4.2. Recall that the sample variance is a consistent and asymptotically normal
estimator of the variance of a distribution when the data are IID. A proof was given
in example 9.2.11 on page 263. Now assume the conditions of exercise 13.4.1. While
the data sequence {xt} is no longer IID, it is a stable Markov process. Using the proof
in example 9.2.11 as a starting point, prove that asymptotic normality still holds. In
particular, show that

√
T
{

s2
T − var[xt]

}
d→ N(0, γ2) where γ2 := 2

1 + a2

(1− a2)3

Note that this exercise involves a fair bit of calculation.

Ex. 13.4.3. In example 13.1.1 it was claimed that the threshold process studied in
that example satisfies all of the conditions of assumption 13.1.1. Verify that this is
the case.

Ex. 13.4.4. Verify the claim that (13.4) holds when assumption 13.1.2 is valid.
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Ex. 13.4.5. Let K × 1 random vector θ̂T be an estimator of θ. Suppose that this
estimator is asymptotically normal, in the sense that

√
T(θ̂T − θ)

d→ N(0, C)

where C is positive definite. By exercise 3.5.36, for such a C there exists a symmetric
K × K matrix D such that DCD = I. Let D̂T be a consistent estimator of D. Show
that

T‖D̂T(θ̂T − θ)‖2 d→ χ2(K) (13.23)

Incidentally, (13.23) can be used to test the null hypothesis that θ = θ0. Under the
null hypothesis, we have

T‖D̂T(θ̂T − θ0)‖2 d→ χ2(K)

Fixing α and letting c be the 1− α quantile of the χ2(K) distribution, we reject the
null if T‖D̂T(θ̂T − θ0)‖2 > c. This test is asymptotically of size α.

Ex. 13.4.6. Consider once more the scalar linear Gaussian AR(1) model xt+1 = axt +
wt+1 with |a| < 1 and {wt} IID and standard normal. In example 13.1.3 we saw that
the OLS estimator âT is a consistent and asymptotically normal estimator of a, with
asymptotic variance 1− a2. Let’s now look at another consistent and asymptotically
normal estimate of a and compare its performance with the OLS estimator in terms
of asymptotic variance (with small variance being better).

For this second estimator, we can exploit the fact that the sample variance converges
to the stationary variance of xt, which in this case is 1/(1− a2). Once we estimate
the variance with the sample variance, we can solve for the value of a. The exercise
is to formalize this idea, and show that

√
T(a∗T − a) d→ N

(
0, (1− a2)

(
1 +

1− a2

2a2

))
(13.24)

where a∗T is the estimator just described. Comments:

• The exercise shows that the OLS estimator has lower asymptotic variance than
a∗T (cf. (13.14) on page 360). We say that the OLS estimator is relatively more
efficient.

• In attempting the exercise, you should first consult exercise 13.4.2 on page 370.
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13.4.1 Solutions to Selected Exercises

Solution to Ex. 13.4.1. Let {xt} be as in the statement of the problem. The claim
is that (13.22) holds. To see that this, apply (7.27) on page 194. (All the relevant
conditions are satisfied. See in particular example 7.2.10 on page 195. Observe also
that the stationary distribution π∞ = N(0, 1/(1 − a2)) has finite moments of all
orders.) This gives

1√
T

T

∑
t=1

xt =
√

T

[
1
T

T

∑
t=1

xt

]
=
√

T

[
1
T

T

∑
t=1

xt −
∫

sπ∞(s)ds

]
d→ N(0, v)

where, from (7.28),

v = var[x0] + 2
∞

∑
t=1

cov[x0, xt]

Recall here that L(x0) = N(0, 1/(1− a2)), so this becomes

v =
1

1− a2 + 2
∞

∑
t=1

atE [x2
0] =

1
1− a2 +

2
1− a2

∞

∑
t=1

at =
1

1− a2 +
2a

(1− a)(1− a2)

Here the first equality follows from the discussion of correlation in §7.2.4. Simplify-
ing the right hand side gives v = 1/(1− a)2 as claimed.

Solution to Ex. 13.4.2. In this exercise we are assuming that xt+1 = axt +wt+1 where
|a| < 1, {wt} is IID and standard normal, and L(x0) = π∞ = N(0, 1/(1− a2)). (The
stationary distribution was obtained on page 193.) The aim is to show that

√
T
{

s2
T −

1
1− a2

}
d→ N(0, γ2) where γ2 := 2

1 + a2

(1− a2)3 (13.25)

Letting v := 1/(1− a2), note from the manipulations in example 9.2.11 that it suf-
fices to prove that

√
T

{
1
T

T

∑
t=1

x2
t − v

}
d→ N(0, γ2) (13.26)

All of the conditions of theorem 7.2.2 on page 194 are satisfied, and we apply the
resulting CLT in (7.27) with h(x) = x2 to get (13.26) with

γ2 := E [(x2
0 − v)2] + 2

∞

∑
t=1
E [(x2

0 − v)(x2
t − v)] (13.27)

To check (13.25) it only remains to show that this expression for γ2 matches that in
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(13.25). To see this, consider the first term on the right hand side of (13.27). We have

E [(x2
0 − v)2] = E [x4

0]− 2vE [x2
0] + v2 = 2v2

(The fourth moment of the distribution N(0, σ2) is 3σ4.) For the second term on the
right hand side of (13.27), we have

E [(x2
0 − v)(x2

t − v)] = E [x2
0x2

t ]− v2 = E
{

x2
0[a

tx0 + s(w)]2
}
− v2

for s(w) := ∑t
i=1 at−iwi. Note that s(w) and x0 is independent. (For a Markov

process, the initial condition is always assumed to be independent of the shocks.)
Working through all the algebra we get

E [(x2
0 − v)(x2

t − v)] = 2a2tv2

Returning to (13.27) we have

γ2 = 2v2 + 2
∞

∑
t=1

2a2tv2 = 2v2 + 4
a2

1− a2 v2 (13.28)

Using v = 1/(1− a2) and working through the remaining algebra will get you to
the expression for γ2 in (13.25).

Solution to Ex. 13.4.3. Let π∞(s) = 2φ(s)Φ(qs), where q := a(1− a2)−1/2, φ is the
standard normal density and Φ is the standard normal CDF. The process {xt} stud-
ied in example 13.4.3 is identically distributed as a result of our assumption that
x0 ∼ π∞ (see fact 7.2.5 on page 191). It remains to check the conditions on Σx. In the
present case,

Σx = E [x2
t ] =

∫ ∞

−∞
s2π∞(s)ds =

∫ ∞

−∞
s22φ(s)Φ(qs)ds

To verify that Σx is positive definite, we need to check that the term on the right
hand side is strictly positive. This is clearly true, because the function inside the
integral is strictly positive everywhere but zero. To be careful, we should also check
that Σx is finite, and this is also true because Φ(qs) 6 1, and hence∫ ∞

−∞
s22φ(s)Φ(qs)ds 6

∫ ∞

−∞
s22φ(s)ds = 2

∫ ∞

−∞
s2φ(s)ds = 2

Finally, we need to show that

1
T

T

∑
t=1

x2
t

p→ Σx = E [x2
t ] (13.29)
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Since the conditions of theorem 7.2.2 (page 194) are satisfied, the convergence in
(13.29) is valid.

Solution to Ex. 13.4.4. Suppose that assumption 13.1.2 (page 356) is valid. We need
to show that

E [usut | x1, . . . , xt] =

{
σ2 if s = t
0 if s < t

On one hand, if s = t, then E [u2
t | x1, . . . , xt] = E [u2

t ] = σ2 by independence. On the
other hand, if s < t, then

E [usut | x1, . . . , xt] = E [E [usut | x1, . . . , xt, us] | x1, . . . , xt]

= E [usE [ut | x1, . . . , xt, us] | x1, . . . , xt]

= E [usE [ut] | x1, . . . , xt]

= E [us0 | x1, . . . , xt] = 0

Solution to Ex. 13.4.5. By assumption we have D̂T
p→ D and

√
T(θ̂T − θ)

d→ z,
where z ∼ N(0, C). Applying Slutsky’s theorem, we obtain

D̂T
√

T(θ̂T − θ)
d→ Dz (13.30)

Clearly Dz is normally distributed with mean 0. Moreover,

var[Dz] = D var[z]Dᵀ
= DCD = I

In other words, Dz is standard normal. As a result, ‖Dz‖2 ∼ χ2(K). Applying the
continuous mapping theorem to (13.30), we obtain

‖D̂T
√

T(θ̂T − θ)‖2 d→ ‖Dz‖2 ∼ χ2(K)

This is equivalent to (13.23).

Solution to Ex. 13.4.6. Let v := 1/(1− a2), the asymptotic variance of xt. We can
solve this for a to get

a = g(v) for g(v) :=

√
1− 1

v

We take as our estimator a∗T the statistic g(s2
T), where s2

T is the sample variance. We
then have √

T(a∗T − a) =
√

T{g(s2
T)− g(v)}
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Applying the delta method (see page 172) combined with the result in exercise 13.4.2
we have √

T(a∗T − a) d→ N(0, g′(v)2γ2) where γ2 := 2
1 + a2

(1− a2)3

Using the definition of v and a bit of algebra leads to the expression on the right
hand size of (13.24).
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Regularization

In several sections of this book we touched on the topic of regularization (see, e.g.,
§8.2.1.2 and §8.2.3). A variety of statistical procedures and machine learning algo-
rithms employ regularization (under different names) to improve out-of-sample fit.
Good out-of-sample fit means generalization from observed data, which, as we’ve
stressed before, is the key problem of statistics. This chapter introduces a number of
methods that use regularization and discusses their statistical properties.

14.1 Nonparametric Density Estimation

Nonparametric density estimation is an application of regularization to the prob-
lem of recovering distributions from data. It combines the data with a prior belief
that probability mass most likely falls in places other than just the sample points
observed so far. As well as being of interest from a theoretical perspective, nonpara-
metric density estimation is used in a great variety of applied studies. We begin
our analysis with a review of parametric density estimation and then proceed to
nonparametric methods.

14.1.1 Introduction

Suppose our data consist of IID observations x1, . . . , xN from unknown distribution
P on Rd. We assume throughout this section that P is absolutely continuous. Our
aim is to estimate the density of P, denoted below by f .

We know how to do this in a parametric setting. For example, let’s add the assump-
tion that f belongs to the class of normal densities onR, so that f = f (· ; µ, σ) = the
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normal density for distribution N(µ, σ2). The MLEs of the parameters are µ̂N := x̄N
and σ̂N := sN (see example 8.3.1 on page 235). Plugging these back into f gives den-
sity estimate f (· ; x̄N, sN). Since x̄N and sN are consistent (see §9.2.4), the random
density f (· ; x̄N, sN) will be close to f (· ; µ, σ) with high probability for large N.

We can clarify convergence of the densities themselves if we extend the notion of
consistency from vectors to densities. Since a vector estimator is consistent when the
norm deviation from the estimator to its target concentrates all probability mass on
zero in the limit (see page 261), to extend consistency to densities we need a notion of
global deviation between densities. Perhaps the most important measures of global
distance are those defined by the Lp distances. Let’s now define and discuss them.

For any B-measurable function f : Rd → R and p > 1, we set

‖ f ‖p :=
{∫
| f |p

}1/p
:=
{∫
| f (s)|p ds

}1/p
(14.1)

where integration is over all of Rd. If this expression is finite, then we write f ∈ Lp.
For densities f and g on Rd the Lp distance between these densities is then defined
as

dp( f , g) := ‖ f − g‖p (14.2)

The norm ‖ · ‖p satisfies most of the properties of the norms we’ve met so far. For
example, we have the triangle inequality

‖ f − g‖p 6 ‖ f − h‖p + ‖h− g‖p (14.3)

for all p > 1 and f , g, h ∈ Lp. See, e.g., theorem 5.1.5 of Dudley (2002).

Specializing to p = 1 gives the L1 distance, which sums over absolute deviation.
Specializing to p = 2 gives the popular L2 distance, which is a variation of the L2
distance we used in §5.2.2. See, in particular, (5.28) on page 141, where distance
between random variables is evaluated based on expected deviation.

The L2 distance is popular largely because it’s so tractable, and because it’s simi-
larity to Euclidean vector distance means that we have L2 analogies for a variety of
fundamental results on vector space. On the other hand, the L1 distance is arguably
a better choice for studying deviation between densities. For example, the L1 dis-
tance between densities is always well-defined (see ex. 14.4.1), which is essential if
one hopes to provide universal consistency results.

Fact 14.1.1. Scheffés lemma: If { fn} and f are densities on Rd, then

fn(s)→ f (s) for all s in Rd =⇒ ‖ fn − f ‖1 → 0
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Fact 14.1.2. For any densities f , g and h on Rd we have

(i) ‖ f − g‖1 6
√

2DK( f , g), where DK( f , g) is the KL deviation defined in (8.34).

(ii) ‖ f − g‖1 = 2 supB∈B(Rd)

∣∣∫
B f −

∫
B g
∣∣.

The bound in (i) is called Pinsker’s inequality, while (ii) is called Scheffé’s identity.
Scheffé’s identity tells us that L1 distance measures something that we directly care
about: When L1 deviation is small, so is the maximal deviation between probabili-
ties assigned to events.1

In what follows, we will say that a sequence { f̂N} of random densities on Rd is
Lp-consistent for a density f on Rd if

‖ f̂N − f ‖p
p→ 0 as N → ∞

Example 14.1.1. Let f̂N = f (· ; x̄N, sN) be the N-th element of the sequence of normal
densities described above, where x1, . . . , xN are independent draws from a normal
density f = f (· ; µ, σ) and x̄N and sN the sample mean and standard deviation re-
spectively. This sequence of densities is L1-consistent for f . See exercise 14.4.3.

14.1.1.1 Failure of Consistency

The risk with the parametric approach is that the parametric assumption is incorrect,
in the sense that the parametric class doesn’t contain the density generating the data
or any good approximation. If this is the case, a parametric approach is typically not
consistent. More precisely, if we estimate f with parametric class { fθ}θ∈Θ, then the
Lp deviation between our estimate and f is bounded below by

δ( f ) := inf
θ∈Θ
‖ f − fθ‖p (14.4)

This value will be zero only when f can be attained as the limit of elements of
{ fθ}θ∈Θ.

Example 14.1.2. Consider again the setting of 14.1.1 but now suppose that the true
density f is not Gaussian. Then either the sequence f̂N is not L1-consistent for any
density, or, if it is L1-consistent for some density, then that density is not f . The
reason is that δ( f ) in (14.4) is always positive when the parametric class is Gaussian
and f is not, since the set of normal densities is closed under the taking of limits in
L1.

1. For a proof see p. 39 of Devroye and Lugosi (2001).
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14.1.2 Nonparametric Kernel Density Estimation

Sometimes we can make good choices for parametric classes by using descriptive
statistics or by appealing to some theory with sharp quantitative implications. At
other times this is difficult. In such settings it is best to use a nonparametric ap-
proach that is consistent under weaker assumptions.

Let’s start with an intuitive discussion and then turn to theory. Suppose that we
have IID data x1, . . . , xN generated from unknown density f on Rd. To estimate f
using the data we will employ a kernel density estimator (KDE), which takes the
form

f̂N(s) :=
1

Nhd

N

∑
n=1

K
(

s− xn

h

)
(14.5)

Here K is called the kernel function of the estimator, and h is called the bandwidth.
The kernel function K is required to be a density onRd but is otherwise unrestricted.
The bandwidth h is any positive number. Exercise 14.4.4 asks you to confirm that
f̂N is always a density.

To get a feeling for the estimate f̂N in (14.5), let’s look at a simple instance created
from just three data points x1, x2, x3 on R. For K we take the standard normal den-
sity. Since N = 3, the function f̂N is the sum of three individual functions, the n-th
of which can be written as

gn(s) =
1

Nh
K
(

s− xn

h

)
=

1
Nh

1√
2π

exp
{
− (s− xn)2

2h2

}
This is 1

N times the density of a N(xn, h2) random variable. So the three functions
gn are smooth bumps, each centered on one of the data points and with the degree
of concentration around xn governed by h. The top panel of figure 14.1 shows these
three functions along with the data points for when h = 1. The black line is the
pointwise sum of these functions, which is the density estimate f̂N. By construction
it is large near the data points and small away from data points.

The lower panel of figure 14.1 shows the same functions when the bandwidth is
increased to 1.4. Each gn becomes more spread out, and the sum f̂N is smoother.

As discussed in more detail below, the role of the bandwidth is to add smoothing
to the empirical distribution, so we can generalize from a finite sample. But what
is the right amount of smoothing? Figure 14.2 illustrates the trade-off associated
with smoothing. The shaded distribution is the density f , which we imagine to be
unknown. 40 observations are drawn from this distribution and represented as dots.
The black line in each panel is the KDE f̂N built from these observations. The kernel
is the standard normal density again, while the bandwidth varies across the panels.
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Figure 14.1: Nonparametric KDE, different bandwidths

As the bandwidth goes to zero, the kernel density becomes similar to the empiri-
cal distribution, with all probability mass in very small regions around the sample
points. Hence, when we use a very small bandwidth we make the mistake of treat-
ing the empirical distribution as the true distribution. This is overfitting. On the
other hand, excessive smoothing adds too much bias, hiding the features of the true
distribution.2

The optimal bandwidth in terms of minimizing Lp deviation depends on the rela-
tive smoothness of the unknown density f . If f is relatively smooth then a large
bandwidth should be used and vice versa. Of course f and its relative smooth-
ness is typically unknown. As such there are two standard approaches. One is to
make assumptions on f and choose the bandwidth accordingly. Another is to use
cross-validation. For a review of both procedures see Scott (2015). We’ll say more
about cross-validation in the context of ridge regression below. For now we turn to
asymptotic results.

2. Figure 14.2 is produced using scikit-learn. See johnstachurski.net/emet.html for code. In R,
KDEs can be constructed from the density function. Try, for example, plot(density(runif(200))).
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Figure 14.2: The effect of changing the bandwidth

14.1.3 Theory

Let’s back up and do some theory. A natural way to study kernel density estimates
is via the notion of convolutions. The convolution of an arbitrary distribution Q and
a density K on Rd is the density on Rd defined by

(K ? Q)(s′) =
∫

K(s′ − s)Q(ds) (s′ ∈ Rd) (14.6)

We already encountered this concept in the discrete case in exercise 5.4.10 on page 153,
where you were asked to prove a version of

Fact 14.1.3. For any density K and arbitrary distribution Q on Rd, the density K ? Q
equals L(x + y) when x and y are independent with L(x) = K and L(y) = Q.

Example 14.1.3. If K = N(0, σ2) for some σ > 0 and Q is a distribution on R that
puts mass qn on points s1, . . . , sN, then by (14.6) and the rule for integrating over
discrete distributions (see (5.14) on page 132),

(K ? Q)(s′) =
N

∑
n=1

K(s′ − sn)qn (14.7)

This distribution is a mixture of normals. Exercise 14.4.5 illustrates the connection
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Figure 14.3: Smoothing induced by convolutions

between (14.7) and fact 14.1.3.

We will be particularly interested in a certain class of convolutions, induced by den-
sities of the form

Kh(s) :=
1
hd K

( s
h

)
(14.8)

where K is any density and h > 0 is a parameter. The density Kh in (14.8) is the
density of hx when x is a random vector on Rd with density K. (See ex. 14.4.6.)

Example 14.1.4. Figure 14.3 shows the convolution of a tent-shaped distribution Q
and Kh when K is the standard normal density and h takes different values.

Note how in figure 14.3 the distribution of Kh ? Q is close to Q when h is near zero.
This makes sense, since Kh ? Q is the distribution of x + hy where x is drawn from
Q and y is standard normal. As we take h ↓ 0, the distribution of x + hy converges
to the distribution of x. In fact this is always true:

Fact 14.1.4. Let f and K be any densities on Rd and let Kh be defined from K via
(14.8). If f ∈ Lp, then Kh ? f ∈ Lp, and

lim
h↓0
‖Kh ? f − f ‖p = 0

For a proof see theorem 9.1 of Devroye and Lugosi (2001).

14.1.3.1 Convolution and KDEs

Let h be a positive number and let Kh be as defined in (14.8). Using this notation, we
can rewrite the KDE in (14.5) as f̂N(s) = 1

N ∑N
n=1 Kh(s− xn). Letting P̂N denote the
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empirical distribution of the sample and recalling the expression for integrals with
respect to P̂N (see page 218), we can also write this as f̂N(s′) =

∫
Kh(s′ − s)P̂N(ds),

or, more simply,
f̂N = Kh ? P̂N (14.9)

This equation says something interesting. In §8.2.1.2 we first tried to estimate the
density by a naive application of the sample analog principle. The method failed.
In (14.9) we have an alternative method that employs smoothing, or regularization.
First we apply the “smoothing operator” Kh? and then we replace the target distri-
bution with the empirical distribution. As the next section shows, this method can
be successful under very mild assumptions.

14.1.3.2 Consistency

It can be proved that, for any density f and kernel K, the nonparametric kernel
density estimator f̂N is L1-consistent for f . See theorem 9.2 of Devroye and Lugosi
(2001). The L1 proof involves a large amount of measure theoretic machinery. Here
we’ll state and prove the corresponding L2 result instead.

Theorem 14.1.1. Let f and K be densities on Rd and elements of L2. If

(i) {xn}n>1 is an IID sequence of draws from f , and

(ii) the bandwidth sequence {hN} satisfies hN → 0 and Nhd
N → ∞ as N → ∞,

then the sequence of density estimates { f̂N} defined in (14.5) is L2-consistent for f .

Let’s break this claim down into smaller pieces. For the remainder of this section,
‖ · ‖ is the L2 norm and h := hN. Using the expression for f̂N in (14.9) and the
triangle inequality in (14.3), we have

‖ f̂N − f ‖ 6 ‖Kh ? P̂N − Kh ? f ‖+ ‖Kh ? f − f ‖ (14.10)

The first term is called the estimation error, while the second is called the approx-
imation error or bias. The first error is caused by the fact that we only observe
the empirical distribution P̂N rather than the true distribution f . The second error
is caused by the smoothing we deliberately added to control the estimation error.
(Compare with the error decomposition on page 303.)

The fact that hN → 0 in condition (ii) of theorem 14.1.1 means that we shrink the
amount of smoothing as the sample size increases, thereby reducing the approxima-
tion error. On the other hand, the requirement Nhd

N → ∞ ensures that smoothing is
not reduced too quickly, allowing us to control estimation error.
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Together, (14.10) and theorem 14.1.1 provide a concise summary of some key ideas
in statistics. The aim of statistical learning is to generalize beyond the sample. To
do this we need to use the sample, but we should also avoid giving the sample—
and hence the empirical distribution—the same status as the unknown distribution.
This is why some smoothing or regularization is required.

One way to think about the relationship between inference and the empirical distri-
bution is that, when viewed as a “generalized density” with all mass on points, the
empirical distribution is too rough. To generalize we need to add smoothing. At the
same time, the need for smoothing decreases as the sample size gets large.

Proof of theorem 14.1.1. By fact 14.1.4, the approximation error converges to zero un-
der the conditions of theorem 14.1.1. Hence it suffices to show that the estimation
error converges in probability to zero. Fix δ > 0. By Chebyshev’s inequality (see
page 94), we have

P
{
‖Kh ? P̂N − Kh ? f ‖ > δ

}
= P

{
‖Kh ? P̂N − Kh ? f ‖2 > δ2

}
6

ξN

δ2

where
ξN := E

{
‖Kh ? P̂N − Kh ? f ‖2

}
To complete the proof, we need only show that ξN converges to zero. Let

K̄N(s) := (Kh ? P̂N)(s)− (Kh ? f )(s) =
1
N

N

∑
n=1
{Kh(s− xn)−E [Kh(s− xn)]}

We can then write

ξN = E

{∫
[K̄N(s)]

2 ds
}

=
∫
E
{
[K̄N(s)]

2
}

ds (14.11)

(The interchange of order of expectation and integration is valid for nonnegative
integrands—see theorem 4.4.5 of Dudley (2002).) Since K̄N(s) is the sample mean of
N IID zero mean random variables, we have

E
{
[K̄N(s)]

2
}
= var [K̄N(s)] =

1
N

var[Kh(s− xn)]

Moreover,

var[Kh(s− xn)] = E
{
[Kh(s− xn)]

2
}
− {E [Kh(s− xn)]}2 6 E

{
[Kh(s− xn)]

2
}

In summary,

ξN 6
1
N

∫
E
{
[Kh(s− xn)]

2
}

ds (14.12)
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Now observe that, switching the order of integration once more,∫
E
{
[Kh(s− xn)]

2
}

ds =
∫ {∫

[Kh(s− s′)]2 ds
}

f (s′)ds′

From the definition of Kh and a change of variable argument,

∫
[Kh(s− s′)]2 ds =

1
h2d

∫ [
K
(

s− s′

h

)]2

ds =
1
hd

∫
[K(u)]2 du

Putting this together with (14.12) gives the bound

ξN 6
∫ 1

Nhd ‖K‖
2 f (s′)ds′ =

1
Nhd ‖K‖

2

The term ‖K‖2 := ‖K‖2
2 is finite by assumption. Recalling that Nhd = Nhd

N → ∞,
we see that ξN → 0 as required.

14.1.4 Commentary

In some fields of science, researchers have considerable knowledge about paramet-
ric classes and specific functional forms. For example, the theory of Brownian mo-
tion describes how the location of a tiny particle in liquid is approximately normally
distributed. Thus, the underlying theory provides an exact parametric class. In this
kind of setting the parametric approach excels. It allows us to generalize by com-
bining data with information we have on functional forms.

Unfortunately, the quantitative foundations of economics and other social sciences
are looser and more prone to shifting over time. Econometricians often come to the
table with much less knowledge of parametric classes and functional forms. These
facts make nonparametric techniques attractive.

At the same time, nonparametric methods do not solve all our problems. The the-
oretical results presented above are purely asymptotic. Finite sample results are
available but it isn’t possible to obtain strong results in this direction without cor-
respondingly strict assumptions on the target density. There is no uniform rate of
convergence for all target densities (Devroye and Lugosi (2001), p. 85). This is be-
cause nonparametric methods have relatively little structure in the form of prior
knowledge and hence require abundant data.
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14.2 Controlling Complexity

In the last section we discussed flexible estimation methods that perform well asymp-
totically. In this section we turn our attention to finite sample properties. A common
thread will be ridge regression, which is a popular method of estimation in both
econometrics and machine learning (see, e.g., Peysakhovich and Naecker (2015),
Kim and Swanson (2014), or Varian (2014)). Ridge regression also connects to some
deep ideas at the heart of finite sample theory, including complexity, prior knowl-
edge and the bias-variance trade-off.

14.2.1 Ridge Regression

Let’s start off in the classical OLS setting of §12.1.1, with assumptions 12.1.2–12.1.4
all in force. The usual OLS estimator is β̂ as given in (12.3). It can also be expressed
as

β̂ = argmin
b∈RK

N

∑
n=1

(yn − xᵀnb)2

As shown in §11.1.2, the OLS estimator minimizes the empirical risk under quadratic
loss when the hypothesis space is the set of linear functions. Under our current
assumptions, it is also unbiased for β (theorem 12.1.1) and, by the Gauss-Markov
theorem, it has the lowest variance among all linear unbiased estimators of β (theo-
rem 12.1.3).

While the Gauss-Markov theorem has historical importance, a more natural way to
evaluate estimators is to consider their mean squared error, which tells us directly
how much probability mass the estimator puts around the object it is trying to es-
timate (see §9.2.3). Recalling (9.9) on page 258, the MSE of an estimator b̂ of β is
defined as

mse(b̂, β) := E
{
‖b̂− β‖2

}
As exercise 14.4.7 asks you to show, the following representation is also valid:

mse(b̂, β) = E
{
‖ b̂−E [b̂] ‖2

}
+ ‖E [b̂]− β ‖2 (14.13)

This equation extends (9.10) on page 258, and tells us that MSE is the sum of a
variance and a bias term. Minimization of MSE involves a trade-off between these
two terms. Typically the optimal choice is not at either extreme: MSE is minimized
when some amount of bias is admitted.

Applying this idea to the OLS setting, Hoerl and Kennard (1970) showed that there
exists a biased linear estimator that has lower mean squared error than β̂. The esti-
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mator is defined as the solution to the modified least squares problem

min
b∈RK

{
N

∑
n=1

(yn − xᵀnb)2 + λ‖b‖2

}
(14.14)

where λ > 0 is called the regularization parameter. In solving (14.14), we are mini-
mizing the empirical risk plus a term that penalizes large values of ‖b‖. The effect is
to “shrink” the solution relative to the unpenalized solution β̂. Some calculus shows
that the solution to (14.14) is

β̂λ := (XᵀX + λI)−1Xᵀy (14.15)

Note that

(i) β̂λ is the OLS estimator when λ = 0.

(ii) β̂λ is biased whenever λ > 0 (ex. 14.4.8).

The following result is proved in Hoerl and Kennard (1970).

Theorem 14.2.1. Under the OLS assumptions 12.1.2–12.1.4, there exists a λ > 0 such
that

mse
(

β̂λ, β
)
< mse

(
β̂, β

)
The reduction in MSE over the least squares estimator occurs because, for some
intermediate value of λ, the variance of β̂λ falls by more than enough to offset the
bias induced by regularization.

Note that, for suitable choice of λ, the ridge regression estimator β̂λ outperforms β̂

even though all of the classical OLS assumptions are valid. At the same time, the
right choice of λ is a nontrivial problem. This problem falls under the heading of
model selection, which is the topic treated in the next few sections.

14.2.1.1 Interpretation

The more traditional view of ridge regression in econometrics runs as follows: The
standard OLS assumptions are treated as valid. There may, however, be instances
where XᵀX is almost singular due to strong correlation between regressors. In this
case the process of inverting XᵀX is numerically unstable. We can stabilize the in-
version by adding some positive value of λ in (14.15).

The view of ridge regression in the machine learning community is quite differ-
ent. The standard OLS assumptions are regarded as implausible. With quadratic
loss we would ideally like to obtain the regression function f ∗ (see example 8.2.3
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on page 225) but recovering this infinite dimensional object with a finite amount of
data is ill-posed. (See §8.2.1.2 for an example of an ill-posed problem.) We need
to control the complexity of the candidate functions we use to approximate the re-
gression function. The regularization term in ridge regression provides a means of
managing complexity.

14.2.1.2 Tikhonov regularization

Let’s build some more intuition for the result in theorem 14.2.1 by running simula-
tions. We’ll frame the simulations in a general setting, of which ridge regression is
a special case. (See johnstachurski.net/emet.html for the simulation code.)

We know that the least squares estimator is the solution to an overdetermined sys-
tem of equations. There is an existing theory for solving ill-posed linear systems
in high dimensions. The basic idea is that any attempt to back out or infer a com-
plex object by solving a system about which we have limited information requires a
degree of regularization.

To illustrate, suppose that

(i) Ab = c is an overdetermined system, where A is N × K with N > K.

(ii) Due to measurement error, we only observe an approximation c0 of c.

(iii) b∗ is the (unobservable) least squares solution: argminb ‖Ab− c‖2.

In the absence of additional information, a natural approach to approximating b∗

is to solve Ab = c0 by least squares. An alternative, less obvious approach, is to
minimize

m(λ) := ‖Ab− c0‖2 + λ‖b‖2 (14.16)

for some small but positive λ. This second approach is called Tikhonov regulariza-
tion. We are minimizing least squares plus a penalty term.

Let’s look at a simulation where A is chosen stochastically but with a tendency to-
wards multicollinearity. Full details on the choice of A are given in the code for
this chapter at johnstachurski.net/emet.html. To aid clarity, we first set b∗ :=
(10, 10, . . . , 10)ᵀ, and then set c := Ab∗. By construction, b∗ is then a solution to the
system Ab∗ = c, and also the least squares solution.

Measurement of c is corrupted with a Gaussian shock. In particular, c0 is drawn
from N(c, σ2I) where σ is a small positive number. We then plot the OLS solution
based on c0, which minimizes ‖Ab− c0‖2, and the regularized solution, which min-
imizes m(λ) in (14.16). The former are plotted against their index in green, while
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Figure 14.4: Effect of Tikhonov regularization, λ = 1

the latter are plotted in blue. The true solution b∗ is plotted in black. The result is
figure 14.4.

The figure shows 10 solutions each for the ordinary and regularized solutions, cor-
responding to 10 draws of c0. The regularized solutions are much closer to the true
solution on average.

Note that this result is dependent on a reasonable choice for λ. If you experiment
with the code on the text website, you will see that for very small values of λ, the reg-
ularized solutions are almost the same as the unregularized solutions. Conversely,
very large values of λ pull the regularized solutions too close to the zero vector.

14.2.2 Subset Selection and Ridge Regression

One problem frequently faced in regression problems is which variables to include.
For example, if we are comparing crime rates across different cites, we can think
of any number of variables that might be relevant (median wage, unemployment,
police density, etc.). The same is true if we are trying to model credit default rates
for some group of individuals, or educational attainment across schools. A similar
problem arises in time series models, where we want to know how many lags of the
state variables to include. The general problem is known as subset selection, since
we are trying to choose the right subset of all candidate regressors.

Further dimensions appear when we consider basis functions. Given a set of covari-
ates x, we have the option to map this into a larger vector φ(x) using basis functions,
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as discussed in §11.2.1. For example, given a single covariate x, we may consider
mapping it into φ(x) = (1, x, x2, . . . , xd) and regressing y on φ(x). As we saw in fig-
ures 8.5–8.8 (page 231), a good choice of d is crucial. Choosing d is another example
of the subset selection problem because we are trying to decide whether to include
the regressor xj for some given j.

Subset selection is a version of the empirical risk minimization problem. Suppose
that we have output y and inputs x ∈ RK, in the sense that x contains K candidate
regressors. If we want to include all regressors then we can minimize empirical
risk over H` in (11.4), the hypothesis space of linear functions from RK to R. If we
wish to exclude some subset of regressors we can set I ⊂ {1, . . . , K} to be the set of
indices of the regressors we want to exclude and regress y on the remainder, which
is equivalent to minimizing the empirical risk over the hypothesis space

H−I :=
{

all functions f (x) = bᵀx with bk = 0 for all k ∈ I
}

We are back to the problem of choosing a suitable hypothesis space over which to
minimize empirical risk.

The subset selection problem has been tackled by many researchers. Well-known
approaches include those based on the Akaike Information Criterion (AIC), the
Bayesian Information Criterion (BIC) and Mallow’s Cp statistic. For example, Mal-
low’s Cp statistic consists of two terms, one increasing in the size of the empirical
risk, and the other increasing in |I|, the size of the subset selected. The objective is
to minimize the statistic, which involves trading off poor fit (large empirical risk)
against excess complexity of the hypothesis space (large |I|).
One of the problems with subset selection is that K regressors means 2K subsets
to step through.3 To avoid this computational problem, one alternative is to use
ridge regression. With ridge regression, the regularization term leads us to choose
an estimate with smaller norm. What this means in practice is that the coefficients
of less helpful regressors are driven towards zero, thereby “almost excluding” those
regressors. While the model selection problem is not solved, it has been reduced to
tuning a single parameter.

We can illustrate the idea by reconsidering the regression problem discussed in
§8.2.3. Figures 8.5–8.8 (see page 231) showed the fit we obtained by minimizing
empirical risk over larger and larger hypothesis spaces. The hypothesis spaces were
the sets Pd of degree d polynomials for different values of d. For each d we mini-
mized the empirical risk over Pd, which translates into solving

min
b

N

∑
n=1

[
yn − bᵀ

φ(xn)
]2 where φ(x) = (x0, x1, . . . , xd)

3. This is why Sala-i-Martin (1997) ran two million growth regressions.
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As discussed above, choosing the right d is isomorphic to subset selection, since
we are deciding what powers of x to include as regressors. Figure 8.4 (page 230)
showed that intermediate values of d did best at minimizing risk.

We can do a similar thing using ridge regression. First, let’s take P14 as our hypoth-
esis space. This space is certainly large enough to provide a good fit to the data, but
with empirical risk minimization the result is overfitting (see figure 8.8 on page 232).
Here, instead of using empirical risk minimization, we solve the regularized prob-
lem

min
b

N

∑
n=1

{[
yn − bᵀ

φ(xn)
]2

+ λ‖b‖2
}

for different values of λ. The data used here are exactly the same data used in the
original figures 8.5–8.8 from §8.2.3. The solution for each λ we denote by β̂λ, which
is the ridge regression estimator, and the resulting prediction function we denote by
f̂λ, so that f̂λ(x) = β̂

ᵀ
λφ(x).

The function f̂λ is plotted in red for increasingly larger values of λ over figures 14.5–
14.7. The black line is the risk minimizing function. In figure 14.5, the value of λ is
too small to impose any real restriction, and the procedure overfits. In figure 14.6,
the value of λ is larger and the fit is good. In figure 14.7 the value of λ is too large
and the estimate is poor.

As in §8.2.3, we can compute the risk of each function f̂λ, since we know the under-
lying model (see (8.25) on page 228). The risk is plotted against λ in figure 14.8. The
x-axis is on log-scale. The risk is smallest for small but nonzero values of λ.

The next two sections investigate the problem of choosing appropriate λ from dif-
ferent perspectives.

14.2.3 Bayesian Methods and Regularization

The ideal case with model selection is that we have clear guidance from economic
theory on which regressors to include, which functional forms to use, which values
of our regularization parameter to choose, and so on. If theory or prior knowl-
edge provides this information then every effort should be made to exploit it. One
technique for injecting prior information into statistical estimation is via Bayesian
analysis. Let’s now look at Bayesian linear regression and how it compares to ridge
regression.

Suppose our regression data take the linear form y = Xβ + u. To simplify the pre-
sentation we will assume that X is non-random. (Taking X to be random leads to
the same conclusions but with a longer derivation). As before, u is random and un-
observable. The new feature provided by the Bayesian perspective is that we take
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Figure 14.5: Fitted polynomial, λ ≈ 0
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Figure 14.6: Fitted polynomial, λ ≈ 0.0004
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β to be random and unobservable as well. In addition, we are assumed to have
subjective prior beliefs regarding likely values for these variates, expressed in the
form of probability distributions. Here we take the priors to be u ∼ N(0, σ2I) and
β ∼ N(0, τ2I).

Given our model y = Xβ + u, our prior on u implies that the density of y given β is
N(Xβ, σ2I). In generic notation, we can write our distributions as

p(y | β) = N(Xβ, σ2I) and p(β) = N(0, τ2I) (14.17)

Applying Bayes’ formula (see (5.25)) to the pair (y, β), we obtain

p(β | y) = p(y | β)p(β)

p(y)
(14.18)

The left hand side is the posterior density of β given the data y, and represents our
new beliefs updated from the prior on the basis of the data y.

One way to summarize the information contained in the posterior is by examining
its maximum value. The maximizer of the posterior is called the maximum a poste-
riori (MAP) probability estimate. Taking logs of (14.18) and dropping the term that
does not contain β, it can be expressed as

β̂M := argmax
β

{ln p(y | β) + ln p(β)} (14.19)

Inserting our functional forms into (14.17), dropping constant terms and multiply-
ing by −1, we obtain the expression

β̂M = argmin
β

{
N

∑
n=1

(yn − xᵀnβ)2 +
σ2

τ2 ‖β‖
2

}
(14.20)

This is precisely the penalized least squares problem (14.14) on page 387, where the
regularization parameter λ is equal to (σ/τ)2. In view of (14.15), the solution is

β̂M := (XᵀX + (σ/τ)2I)−1Xᵀy

Thus, Bayesian estimation provides a principled derivation of the penalized ob-
jective function from ridge regression. Bayesian analysis provides the same effect
as Tikhonov regularization, but now regularization arises out of combining prior
knowledge with the data. Moreover, at least in principle, the value (σ/τ)2 is part of
our prior knowledge, and hence there is no model selection problem.

In practice one can of course question the assertion that we have so much prior
knowledge that the regularization parameter λ := (σ/τ)2 is pinned down. If such
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knowledge is lacking, then we are back at the model selection problem. In the next
section we forgo the assumption that this strong prior knowledge is available, and
consider a more automated approach to choosing λ.

14.2.4 Cross-Validation

A natural way to think about model selection is to think about minimizing risk.
Recall that, given loss function L and a system producing input-output pairs (x, y) ∈
RK+1 with joint distribution P, the prediction risk of a function f : RK → R is the
expected loss

R( f ) := E [L(y, f (x))] =
∫ ∫

L(t, f (s))P(dt, ds)

that occurs when we use f (x) to predict y. Now suppose that we observe N IID

input-output pairs
zD := {(x1, y1), . . . (xN, yN)}

Given a selection of models, we would like to find the one that takes this data set
and returns a predictor f̂ such that f̂ has lower prediction risk than the predictors
returned by the other models.

We have to be precise in defining risk because if we define it as E [L(y, f̂ (x))], then
we are taking expectation over all randomness, including that in f̂ , which depends
on the data set zD. What we want to do now is take the data set as given, and see
how well we can do in terms of predicting new values as evaluated by expected
loss. Hence we define the prediction risk of f̂ to be the expected loss taking zD (and
hence f̂ ) as given:

R( f̂ | D) := E [L(y, f̂ (x)) | D] =
∫ ∫

L(t, f̂ (s))P(dt, ds)

If we have a collection of models M indexed by m, and f̂m is the predictor produced
by fitting model m with data D, then we would like to find the model m∗ such that

R( f̂m∗ | D) 6 R( f̂m | D) for all m ∈ M

The obvious problem with this idea is that risk is unobservable. If we knew the joint
distribution P then we could calculate it; but then again, if we knew P there would
be no need to estimate anything in the first place.

Looking at this problem, you might have the following idea: Although we don’t
know P, we do have the data zD, which consists of IID draws from P. From the law
of large numbers, we know that expectations can be approximated by averages over
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IID draws, so we could approximate R( f̂ | D) by

1
N

N

∑
n=1

L(yn, f̂ (xn))

where the pairs (xn, yn) are from the data set zD.

However, this is just the empirical risk, and the empirical risk is a highly biased es-
timator of the risk. This point was discussed extensively in §8.2.3. See, in particular,
figure 8.4 on page 230. The point that figure made was that complex models tend to
overfit, producing low empirical risk, but high risk. In essence, the problem is that
we are using the data zD twice, for conflicting objectives. First, we are using it to fit
the model, producing f̂ . Second, we are using it to evaluate the predictive ability of
f̂ on new observations.

So what we really need is fresh data. New data will tell us how f̂ performs out of
sample. If we had J new observations (yv

j , xv
j ), then we could estimate the risk by

1
J

J

∑
j=1

L(yv
j , f̂ (xv

j ))

Of course, this is not really a solution, because we don’t have any new data in gen-
eral. One way to work around this problem is to take zD and split it into two disjoint
subsets, called the training set and the validation set. The training set is used to fit
f̂ and the validation set is used to estimate the risk of f̂ . We then repeat this for all
models and choose the one with lowest estimated risk.

Since data are scarce, a more common procedure is cross-validation, which attempts
to use the whole data set for both fitting the model and estimating the risk. To
illustrate the idea, suppose that we partition the data set into two subsets D1 and
D2. First, we use D1 as the training set and D2 as the validation set. Next, we use
D2 as the training set, and D1 as the validation set. The estimate of the risk is the
average of the estimates of the risk produced in these two steps.

Of course, we could divide the data into more than two sets. The extreme is to
partition the data into N subsets. This procedure is called leave-one-out cross val-
idation. Letting D−n := zD \ {(xn, yn)}, the data set with just the n-th data point
(xn, yn) omitted, the leave-one-out cross validation algorithm can be expressed as
follows:

1: for n = 1, . . . , N do
2: fit f̂−n using data D−n
3: set rn := L(yn, f̂−n(xn))
4: end for

preliminary draft 396



Ch. 14

5: return the risk estimate r := 1
N ∑N

n=1 rn

At each step inside the loop, we fit the model using all but the n-th data point, and
then try to predict the n-th data point using the fitted model. The prediction quality
is evaluated in terms of loss. Repeating this n times, we then return an estimate of
the risk, using the average loss. On an intuitive level, the procedure is attractive
because we are using the available data quite intensively, but still evaluating based
on out-of-sample prediction.

In terms of model selection, the idea is to run each model through the cross-validation
procedure, and then select the one that produces the lowest value of r, the estimated
risk. Let’s illustrate this idea, by considering again the ridge regression procedure
used in §14.2.2. In this problem, the set of models is indexed by λ, the regulariza-
tion parameter in the ridge regression. The data set zD is the set of points shown in
figures 14.5–14.7. For each λ, the fitted function f̂λ is

f̂λ(x) = β̂
ᵀ
λφ(x) where β̂λ := argmin

b

N

∑
n=1

{
(yn − bᵀ

φ(xn))
2 + λ‖b‖2

}
Recall here that φ(x) = (x0, x1, . . . , xd) with d fixed at 14, so we are fitting a poly-
nomial of degree 14 to the data by minimizing regularized least squares error. The
amount of regularization is increasing in λ. The resulting functions f̂λ were shown
for different values of λ in figures 14.5–14.7. Intermediate values of λ produced the
best fit in terms of minimizing risk (see figures 14.6 and 14.8).

In that discussion, we used the fact that we knew the underlying model to evaluate
the risk. Since we could evaluate risk, we were able to determine which values of
λ produced low risk (figure 14.8). In real estimation problems, risk is unobservable,
and we need to choose λ on the basis of the data alone (assuming we don’t have
prior knowledge, as in the Bayesian case—see §14.2.3). Let’s see how a data-based
procedure such as cross-validation performs in terms of selecting a good value of λ.

In this experiment, for each λ in the grid exp(seq(-22, 10, length=10)) we per-
form leave-one-out cross-validation. The fit at each step within the loop is via ridge
regression, omitting the n-th data point, and the resulting polynomial is used to pre-
dict yn from xn. The prediction error is measured by squared loss. In other words,
for each λ in the grid, we use the following algorithm to estimate the risk:

1: for n = 1, . . . , N do
2: set β̂λ,−n := argminb ∑i 6=n{(yi − bᵀφ(xi))

2 + λ‖b‖2}
3: set rλ,n := (yn − β̂

ᵀ
λ,−nφ(xn))2

4: end for
5: return rλ := 1

N ∑N
n=1 rλ,n
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Figure 14.9: Fitted polynomial, λ ≈ 0.015

The value of λ producing the smallest estimated risk rλ is around 0.015. This is
in fact very close to the value that minimizes the actual risk (see figure 14.8 on
page 393). The associated function f̂λ is plotted in red in figure 14.9, and indeed
the fit is close. In this instance, our fully automated procedure is successful. The
code to run this experiment can be found at johnstachurski.net/emet.html.

At present a popular and high quality routine for cross validation in the context
of ridge regression can be found in the sklearn.linear_model.RidgeCV method in
Python’s scikit-learn package.

14.3 Further Reading

Textbook treatments of nonparametric methods in econometrics can be found in Pa-
gan and Ullah (1999), Li and Racine (2006), Ullah (1989) and Henderson and Parme-
ter (2015). Hansen (2015) includes a thorough treatment of nonparametric density
estimation and regression. Bosq (1996) covers nonparametrics for estimation of time
series models. Recent studies in the econometrics literature using nonparametric or
semiparametric methods include Chen and Hong (2012), Jeong et al. (2012), Hen-
derson et al. (2012), Christensen (2014), Canay et al. (2013), Su and Ullah (2013),
Bajari et al. (2013), Newey (2013), Hansen (2014a), Mastromarco and Simar (2015),
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Hickman and Hubbard (2015), Matzkin (2015), Bhattacharya (2015) and Du and Es-
canciano (2015). A beautiful overview of nonparametrics and the method of sieves
can be found in Geman and Hwang (1982).

Good discussions of ridge regression and cross validation can be found in Fried-
man et al. (2009) and Abu-Mostafa et al. (2012). One popular alternative to ridge
regression is the LASSO method introduced by Tibshirani (1996), where the penalty
term λ ∑K

k=1 b2
k in (14.14) is replaced with an absolute deviation penalty λ ∑K

k=1 |bk|.
Also related is penalized maximum likelihood estimation. A recent application of
penalized maximum likelihood in econometrics can be found in Gentzkow et al.
(2015)

An important contribution to the literature on subset selection is the least angle
regression of Efron et al. (2004). A discussion of this method in relation to other
subset techniques can be found in Hesterberg et al. (2008).

Recent papers treating regularization and related topics within the econometrics lit-
erature include Florens (2003), Carrasco et al. (2007), Chen and Reiss (2011), Florens
and Simoni (2014), Darolles et al. (2011), Hoderlein and Holzmann (2011), Horowitz
(2014), Hautsch et al. (2012), Li et al. (2014), Lunde et al. (2015), Chernozhukov et al.
(2015) and Ando and Bai (2015).

14.4 Exercises

Ex. 14.4.1. Let ‖ · ‖1 denote the L1 norm as defined in (14.2). Show that ‖ f − g‖1 is
bounded over the set of all densities.4

Ex. 14.4.2. Prove the triangle inequality in the case of L1 (see (14.3)).

Ex. 14.4.3. Prove the claim in example 14.1.1 on page 378.5

Ex. 14.4.4. For the case d = 1, show that f̂ in (14.5) is a density for every N, every
h > 0 and every realization of the sample.6

Ex. 14.4.5. Let x be a finite random variable taking value sn in {sn}N
n=1 with proba-

bility pn. Let y be independent of x with density g on R. Show that z = x + y has
density f (s′) = ∑N

n=1 g(s′ − sn)pn.

Ex. 14.4.6. Let x be multivariate Gaussian, with distribution N(µ, Σ) and let h > 0.
Suppose that Σ is nonsingular. Let K be the density of x (see page 128) and let Kh be
the density of hx. Show that K and Kh satisfy the relationship shown in (14.8). (The
result is true more generally but the Gaussian case is a nice exercise.)

4. Hint: It is a basic property of integration that g 6 h pointwise implies
∫

g 6
∫

h.
5. Hint: Use fact 14.1.2 and exercise 8.5.9 on page 244.
6. Hint: Try a change-of-variables argument.
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Ex. 14.4.7. Verify the claim in (14.13).

Ex. 14.4.8. By taking derivatives in (14.14) to find stationary points and then recon-
structing the matrices, derive the expectation of the ridge regression estimator β̂λ.
Show in addition that β̂λ is a biased estimator of β whenever λ > 0.

Ex. 14.4.9. In deriving β̂λ in (14.15), we do not require the full rank assumption (see
assumption 11.1.1 on page 301) whenever λ > 0. Explain why.

Ex. 14.4.10. Verify (14.20) on page 394 using (14.17) and (14.19).

Ex. 14.4.11. Let x1, . . . , xN be IID scalar random variables with common density f
and let f̂ be as defined in (14.5). Show that if K(t) = 1{−1/2 < t < 1/2}, then, for
any number s, we have

E [ f̂ (s)] =
1
h

∫ s+h/2

s−h/2
f (t)dt

14.4.1 Solutions to Selected Exercises

Solution to Ex. 14.4.1. Let f and g be any two densities on RJ . By the triangle in-
equality, for any given s ∈ RJ we have

| f (s)− g(s)| 6 | f (s)|+ |g(s)| = f (s) + g(s)

Integrating both sides of this inequality gives ‖ f − g‖1 6 2.

Solution to Ex. 14.4.2. Fix densities f , g and h onRd. Pick any s ∈ Rd. By the scalar
triangle inequality, we have | f (s) − g(s)| 6 | f (s) − h(s)| + |h(s) − g(s)|. As per
the hint in exercise 14.4.1, integration preserves this bound. This gives the triangle
inequality in L1.

Solution to Ex. 14.4.3. By Pinsker’s inequality and exercise 8.5.9 we have

‖ f (· ; µ, σ)− f (· ; x̄N, sN)‖1 6

√
δN

2
where δN := ln

sN

σ
+

σ2 + (µ− x̄N)
2

2s2
N

− 1
2

Since x̄N
p→ µ and sN

p→ σ (see §9.2.4), applying the rules in fact 6.1.1 on page 160,
we have δN

p→ 0. The claim follows.

Solution to Ex. 14.4.4. The nonnegativity of f̂ is obvious. To show that
∫

f̂ (s)ds =
1, it is enough to show that ∫

K
(

s− a
h

)
ds = h

preliminary draft 400



Ch. 14

for any given number a. This equality can be obtained by the change of variable
u := (s− a)/h, which leads to∫

K
(

s− a
h

)
ds =

∫
K(u)h du = h

∫
K(u)du

Since K is a density, the proof is done.

Solution to Ex. 14.4.5. Fix s′ ∈ R. By the law of total probability we have

P{z 6 s′} =
N

∑
n=1

P{x + y 6 s′ | x = sn}P{x = sn}

=
N

∑
n=1

P{y 6 s′ − sn}pn

Differentiating with respect to s′ gives the stated form for the density of z.

Solution to Ex. 14.4.6. Adopting the setting and notation of ex. 14.4.6, our aim is to
show that K and Kh satisfy (14.8). By our rules for linear transforms of Gaussians
(see page 131), the distribution of hx is N(hµ, h2Σ). That is,

Kh(s) = (2π)−d/2 det(h2Σ)−1/2 exp
{
−1

2
(s− hµ)

ᵀ
(h2Σ)−1(s− hµ)

}
Applying scalar multiple rules for inverses and determinants (see page 49 and page 50),
we can also write this as

Kh(s) =
1
hd (2π)−d/2 det(Σ)−1/2 exp

{
−1

2
(s/h− µ)

ᵀ
Σ−1(s/h− µ)

}
That is, Kh(s) := 1

hd K( s
h ) where K is the density of N(µ, Σ).

Solution to Ex. 14.4.9. The full rank assumption is not necessary because the matrix
Z := XᵀX+ λI is always invertible. To show this it suffices to show that Z is positive
definite. This is not difficult to verify using the definition.
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Chapter 15

Appendix

15.1 Part A: Analysis

15.1.1 Sets

In the course we often refer to the real numbers. This set is denoted by R, and we
understand it to contain “all the numbers.” R can be visualized as the “continuous”
real line:

0−1 3/2 e

The term “real” sounds odd but it means “not imaginary.”

R is an example of a set. A set is a collection of distinct objects viewed as a whole.
In the case of R, the objects are numbers. Other examples of sets are the set of all
rectangles in the plane, or the set of all monkeys in Japan.

If A is a set, then the statement x ∈ A means that x is contained in (alternatively, is
an element of) A. If B is another set, then A ⊂ B means that any element of A is also
an element of B, and we say that A is a subset of B. The statement A = B means
that A and B contain the same elements (or, equivalently, A ⊂ B and B ⊂ A). For
example, if I is the irrational numbers,1 then I ⊂ R. Also, 0 ∈ R, π ∈ R, −3 ∈ R,
e ∈ R, and so on.

1. The irrationals are those numbers such as π and
√

2 that cannot be expressed as fractions of
whole numbers.
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S

A B

Figure 15.1: Sets A and B in S

Commonly used subsets of R include the intervals. For arbitrary a and b in R, the
open interval (a, b) is defined as

(a, b) := {x ∈ R : a < x < b}

while the closed interval [a, b] is defined as

[a, b] := {x ∈ R : a 6 x 6 b}

We also use half open intervals such as [a, b) := {x ∈ R : a 6 x < b}, half lines such
as (−∞, b) = {x ∈ R : x < b}, and so on.

Let S be a set and let A and B be two subsets of S, as illustrated in figure 15.1. The
union of A and B is the set of elements of S that are in A or B or both:

A ∪ B := {x ∈ S : x ∈ A or x ∈ B}

Here and below, “or” is used in the mathematical sense. It means “and/or”. The
intersection of A and B is the set of all elements of S that are in both A and B:

A ∩ B := {x ∈ S : x ∈ A and x ∈ B}

The set A \ B is all points in A that are not points in B:

A \ B := {x ∈ S : x ∈ A and x /∈ B}

The complement of A is the set of elements of S that are not contained in A:

Ac := S \ A := {x ∈ S : x /∈ A}

Here x /∈ A means that x is not an element of A. Figure 15.2 illustrate these defini-
tions.
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Figure 15.2: Unions, intersection and complements

For example, since R consists of the irrationals I and the rationals Q, we have

Q ⊂ R, I ⊂ R, Q∪ I = R, Qc = I, etc.

Also,
N := {1, 2, 3, . . .} ⊂ Q ⊂ R

The empty set is, unsurprisingly, the set containing no elements. It is denoted by ∅.
If the intersection of A and B equals ∅, then A and B are said to be disjoint.

The next fact lists some well known rules for set theoretic operations.

Fact 15.1.1. Let A and B be subsets of S. The following statements are true:

(i) A ∪ B = B ∪ A and A ∩ B = B ∩ A.

(ii) (A ∪ B)c = Bc ∩ Ac and (A ∩ B)c = Bc ∪ Ac.

(iii) A \ B = A ∩ Bc.

(iv) (Ac)c = A.

15.1.1.1 Cartesian Products

In mathematics, collections with natural order are frequently written as tuples. These
are finite sequences of terms, usually denoted using notation such as (a1, a2) or
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Figure 15.3: The rectangle (2, 5]× (1, 2] in R2

(x1, x2, x3). Collections of tuples arise naturally in Cartesian products. The Carte-
sian product of set A1, . . . , AN is the set

A1 × · · · × AN := {(a1, . . . , aN) : an ∈ An for n = 1, . . . , N}

The vector space RN is one example of a Cartesian product, defined as

RN = R× · · · ×R (N times)

Thus, RN is all tuples (x1, . . . , xN) with xn ∈ R for each n.

A nice class of subsets ofRN is those that are formed as Cartesian products of inter-
vals. These are called rectangles. As a matter of convention, in probability we often
work with the left-open, right closed intervals, or sets of the form

I = ×N
n=1 (an, bn] := {(x1, . . . , xN) ∈ RN : an < xn 6 bn for n = 1, . . . , N}

where a1, b1, . . . , aN, bN are arbitrary numbers. The rectangle (2, 5]× (1, 2] is shown
in figure 15.3.

15.1.2 Functions

There are two fundamental primitives in mathematics: sets and functions.2 A func-
tion f from set A to set B is a rule that associates to each element of A a unique
element of B. The symbols f : A→ B means that f is a function from A to B. The set
A is called the domain of f , while B is called the codomain. Figure 15.4 illustrates.

If f : A → B and g : B → C then the function h : A → C defined by h(a) = g( f (a))
is called the composition of g and f , and written as g ◦ f .

2. Actually functions can be represented as a special type of set containing ordered pairs, and
hence in pure mathematics cannot claim to be as foundational as sets. However, for our purposes, it
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Figure 15.4: A function from A to B
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Figure 15.5: The composition g ◦ f

Example 15.1.1. If f : R → R is defined by f (x) = ex :=: exp(x) and g : R → R is
defined by g(x) = x2, then

(g ◦ f )(x) = g( f (x)) = exp(2x)

If a and b are points such that f (a) = b, then a is called a preimage of b. The set
of preimages of b can be empty, a singleton or contain multiple values. The set of
points

{b ∈ B : f (a) = b for some a ∈ A}
is called the range of f , and written as rng f . Thus b is in the range of f if it has at
least one preimage. Figure 15.6 depicts the range of a given function f : A→ B.

A function f : A → B is called one-to-one if distinct elements of A are always
mapped into distinct elements of B. That is, if

a ∈ A, a′ ∈ A and a 6= a′ =⇒ f (a) 6= f (a′)

or, equivalently, if f (a) = f (a′) =⇒ a = a′. Evidently f : A → B is one-to-one
if and only if each element of B has at most one preimage under f . If a function
f : A→ B and f is one-to-one, then the equation f (x) = b has at most one solution.

A function f : A → B is called onto if rng f = B; this is if every b ∈ B has at least

will be fine to think of a function as a primitive in its own right.
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A
B = codomain

range

Figure 15.6: The range of f : A→ B

one preimage. If f : A→ B and f is onto, then the equation f (x) = b has at least one
solution.

Finally, f : A → B is called a bijection if it is both one-to-one and onto. Bijections
are sometimes called one-to-one correspondences.

Example 15.1.2. The function f (x) = 2x is a bijection from R to R.

The nice thing about bijections is that the equation f (x) = b always has exactly one
solution. We can therefore define the inverse function to f , denoted by f−1, as the
map from B→ A such that f−1(b) is the unique a with f (a) = b.

Example 15.1.3. The function f : A → B in figure 15.4 is a bijection, with f−1 : B →
A mapping b1 to a1 and b2 to a2.

Example 15.1.4. If f : R→ (0, ∞) is defined by f (x) = exp(x) := ex and φ : (0, ∞)→
R is defined by φ(x) = log(x), then φ = f−1 because, for any a ∈ R we have
φ( f (a)) = log(exp(a)) = a.

Fact 15.1.2. Let f : A→ B and g : B→ C be bijections.

(i) f−1 is a bijection and its inverse is f .

(ii) f−1( f (a)) = a for all a ∈ A.

(iii) f ( f−1(b)) = b for all b ∈ B.

(iv) g ◦ f is a bijection from A to C and (g ◦ f )−1 = f−1 ◦ g−1.

Part (iv) of fact 15.1.2 is illustrated in figure 15.7.
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Figure 15.7: The inverse of g ◦ f is f−1 ◦ g−1

15.1.2.1 Preimage of Sets

Given any function f from A to B and any subset E of B, the symbol f−1(E) denotes
the set of points that are mapped into E under f . That is,

f−1(E) := {x ∈ A : f (x) ∈ E}

The set f−1(E) is called the preimage of E under f .

Example 15.1.5. If f (x) = x2 and E = [0, 1], then f−1(E) = [−1, 1].

Preimages of sets interact nicely with set theoretic operations. For example, given
any E, F ⊂ B, we have

(i) f−1(E ∪ F) = f−1(E) ∪ f−1(F).

(ii) f−1(E ∩ F) = f−1(E) ∩ f−1(F).

(iii) f−1(Ec) = [ f−1(E)]c.

The equalities in (i) and (ii) also extend to infinite intersections and unions.

15.1.3 Cardinality and Measure

For finite sets we have a fairly clear idea of what “the same size” means. For infinite
sets things get tricker. It is nonetheless valuable to distinguish infinite sets according
to size. To this end, when a bijection exists between sets A and B they are said to
have the same cardinality, and we write |A| = |B|.

Example 15.1.6. If A = {a1, . . . , an} and B = {b1, . . . , bn} then |A| = |B| because
f (an) = bn is a bijection. (Remember that elements of a set are by definition distinct.)

More generally, we have the following result:
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Fact 15.1.3. If A and B are finite then |A| = |B| if and only if A and B have the same
number of elements.

This fact tells us that classifying sets by cardinality generalizes the notion of classi-
fying sets by number of elements.

Fact 15.1.4. For any sets A, B, C we have |A| = |B| and |B| = |C| =⇒ |A| = |C|.

In other words, cardinality is transitive. This follows from the fact that compositions
of bijections are bijections (fact 15.1.2).

A nonempty set A is called finite if |A| = |{1, 2, . . . , n}| for some n ∈ N. Otherwise
A is called infinite.

Sets that either are finite or have the same cardinality as N are called countable.

Example 15.1.7. E := {2, 4, . . .} is countable because it can be put in one-to-one
correspondence with N via f : E 3 m 7→ m/2 ∈ N.

In essence, sets formed by sequences are countable.

Uncountable sets are sets that are not countable. For example, R is uncountable, as
is any set that contains a nonempty open interval (a, b). Put simply, you cannot write
down a sequence that will exhaust the elements of these sets. The story is similar for
RN. (Such sets are said to have the power of the continuum.) For a beautiful proof
that R is uncountable, look up the diagonalization argument of Georg Cantor.

15.1.3.1 Lebesgue Measure and Sets of Measure Zero

A set B ⊂ R is said to have Lebesgue measure zero in R if, given any ε > 0, there
exists a sequence of intervals In = (an, bn) such that B is contained in the union of
these intervals and ∑∞

n=1(bn − an) 6 ε. The definition extends to RN by replacing
intervals with rectangles (see page 406 for a definition of the latter).

For example, any countable set has measure zero. To see this inR, let C := ∪∞
n=1{xn}

with xn ∈ R. Fix ε > 0. To each xn we assign an interval (an, bn) containing xn and
satisfying bn − an < ε2−n. The union of intervals contains C, and, in addition, the
sum of their lengths is 6 ε ∑∞

n=1 2−n = ε.

Uncountable sets can have measure zero too. For example, every linear subspace S
with dim S < N has measure zero in RN. A more classical example of an uncount-
able set with measure zero is the Cantor set. Details can be found in many texts on
analysis.
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The concept of measure zero sets forms part of a branch of mathematics called mea-
sure theory. We have used aspects of measure theory in this text—for example, in
our discussion of σ-algebras in §4.1.1.2 and probabilities in §4.1.2. The basic problem
of measure theory is how to provide a well-defined notion of “measure” or “size”
to sets. This is easy if we just want to assign area to a circle (area = πr2) or rect-
angle, or volume to a sphere. But what about an arbitrary subset of RN? Is there a
well-defined and widely accepted notion of size for such a set?

The answer to this question is affirmative. The so-called Lebesgue outer measure
is a map, typically denoted λ∗, that gives a natural notion of size to any set. It
works by approximating arbitrary sets by simpler sets, like rectangles, and agrees
with standard notions of area or volume for common geometric objects. The only
problem is that it isn’t always additive, in the sense that

λ∗(A ∪ B) = λ∗(A) + λ∗(B) (15.1)

can fail. To get around this problem, we exclude any sets that cause (15.1) to fail.
That is, we define the Lebesgue measurable sets to be those set on which additivity
holds. This causes no difficulty since the discarded sets never come up in day to day
analysis. In fact we usually focus on a smaller class of well-behaved sets, called the
Borel sets. These were introduced in §4.1.1.2.

15.1.4 Real-Valued Functions

For any set A, if f : A → R then f is called a real-valued function. If f and g are
real-valued functions, then f + g is defined by ( f + g)(x) = f (x) + g(x), while α f
is defined by (α f )(x) = α f (x). A maximizer of f on A is a point a∗ ∈ A such that
f (a∗) > f (a) for all a ∈ A. The value f (a∗) is called the maximum of f on A. A
minimizer of f on A is a point b∗ ∈ A such that f (b∗) 6 f (a) for all a ∈ A. The
value f (b∗) is called the minimum of f on A.

Monotone increasing transformations of functions do not affect maximizers. To see
this, let f : R→ R and let h be monotone increasing, in the sense that if x 6 x′, then
h(x) 6 h(x′), and let g be the function defined by g(a) = h( f (a)). Any maximizer of
f on A is also a maximizer of g on A. To see why, let a ∈ A. Since a∗ is a maximizer
of f , it must be the case that f (a) 6 f (a∗). Since h is monotone increasing, this
implies that h( f (a)) 6 h( f (a∗)). Given that a was chosen arbitrarily, we have now
shown that g(a∗) > g(a) for all a ∈ A. In other words, a∗ is a maximizer of g on A.
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Figure 15.8: Increasing transform h(x) = exp(x/2) preserves the maximizer

15.1.4.1 Sup and Inf

Maximizers and minimizers don’t always exist. To illustrate, consider f : (0, 1) →
(0, 1) defined by f (x) = x. The function f has neither maximizer nor minimizer on
(0, 1). For example, no a ∈ (0, 1) is a minimizer because b := a/2 is in (0, 1) and
f (b) < f (a).

To negotiate this kind of problem, we can use the notion of supremum instead. If
A is a set, then the supremum s := sup A is the unique s ∈ R such that (i) a 6 s
for every a ∈ A and (ii) there exists a sequence {xn} ⊂ A such that xn → s. For
example, 1 is the supremum of both (0, 1) and [0, 1]. The infimum i := inf A is the
unique i ∈ R such that (i) a > i for every a ∈ A and (ii) there exists a sequence
{xn} ⊂ A such that xn → i. For example, 0 is the infimum of both (0, 1) and [0, 1].

One can show that the supremum and infimum of any bounded set A exist. The
boundedness requirement can be dropped when the values−∞ and ∞ are admitted
as a possible infima and suprema.

Returning to our original example with f (x) = x, while maxx∈(0,1) f (x) is not well-
defined, supx∈(0,1) f (x) := sup{ f (x) : x ∈ (0, 1)} = sup(0, 1) = 1.
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