Chapter 13

Large Samples and Dependence

With 11D data, the joint distribution of the sample is pinned down by the common
marginal of the observations. The statistical learning problem becomes one of learn-
ing the marginal. With dependent data the joint distribution is more complex. The
fundamental statistical problem from page 213 has to be extended as follows:

Problem 13.0.1 We observe a draw zp from some joint distribution Pp, which is as-
sumed to belong to a given class of distributions & but is otherwise unknown. We
wish to infer some features of Pp from the observation zp.

Let’s look at how we might tackle this problem, starting with least squares.

13.1 Large Sample Least Squares

Our treatment of least squares in this chapter permits dependent data but at the same
time requires that the sample size is large. Large samples allow us to drop some of the
strict parametric assumptions on the error term we made when we considered finite
sample inference (see, e.g., assumption 12.1.5 on page 332). In this sense, the theory
developed below is also useful for cross-sectional environments with no correlation
between observations.

13.1.1 Setup and Assumptions

Let’s go back to the linear model assumption of chapter 12. That is, we assume that
our data (y1,x1), ..., (yr,XT) are generated by the linear model

yt:XIﬁ—i—Mt, t=1,...,T, (131)
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where f is a K-vector of unknown coefficients, and u; is an unobservable shock. Ob-
servations are indexed by ¢ rather than n to remind us that observations are depen-
dent. The sample size will be denoted by T.

We let y be the T x 1 vector of observed outputs, so that y; is the tth element of y,
and u be the vector of shocks, so that u; is the tth element of u. We let X be the T x K
matrix X := (x4 ), where 1 < f < Tand 1 < k < K.

We will estimate the parameter vector § via least squares. The OLS estimate is
therefore unchanged at

-1
R 1 & 1J
(Recall (11.17) on page 306.) The expression for the sampling error in (12.4) can be
expanded into sums to obtain
-1

. 1 ¢ 1 ¢
Br—B= |7 ) xx S Y Xl (13.2)
r'i= =

In this section we drop the exogeneity assumption E [u | X] = 0 (assumption 12.1.3)
because it excludes too many dynamic models. For example, we know from §12.2.2
that exogeneity fails when we try to estimate the simple AR(1) model y;11 = By: +
usy1 by setting x; = y;_1, thereby producing the regression model

Yt = Bxt 4+ uy, t=1,...,T (13.3)

For this specification of (13.1), the regressor is correlated with lagged values of the
shock.

Assumption 13.1.1 The matrix X is full column rank with probability one and the
sequence {x; } is stationary. Moreover

(i) Zx := E[x:x]] exists and is positive definite, and
(i) the sequence {x;} satisfies + Y./ x;x] B Ecas T — .

The full column rank condition is the same as assumption 11.1.1 on page 302 and
ensures that expressions like the matrix inverse in (13.2) make sense. Condition (i) is
borrowed from the identical condition given in (11.10) on page 302 and ensures that
the limit in (13.2) exists. Condition (ii) gives convergence.

Example 13.1.1 Let {x;} be the Markov process in example 7.2.11 on page 195. To
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repeat,

X1 =alx| + (1 —a®)Y?w,; with —1<a<1 and {w;} ~ N(0,1)

As discussed in example 7.2.11, the model has a unique, globally stable stationary
distribution 7. If £(x0) = 7Teo, then the process {x;} is stationary (see fact 7.2.5 on
page 191) and all of the conditions in assumption 13.1.1 are satisfied (see ex. 13.4.3).

Assumption 13.1.2 (Weak exogeneity) The shocks {u;} are IID. Moreover
(i) E[us] = 0and E[u?] = ¢? for all , and
(ii) u; is independent of xq,xp, ..., x; for all ¢.
Assumption 13.1.2 permits dependence between current shocks and future regres-

sors. This is desirable in a time series setting, since current shocks usually feed into
future state variables.

Example 13.1.2 In the AR(1) regression (13.3), assumption 13.1.2 holds whenever
the shock process {u;} is 11D, because the contemporaneous and lagged regressors
x1,...,Xt are equal to the lagged state variables yy, ..., y;—1, which in turn are func-
tions of only yo and u3, ..., u;_1, and therefore independent of u;.

One consequence of assumption 13.1.2 is that
o if s=t

E[usut|x1,...,xt] = { 0 Fos<t (134)

The proof is an exercise (ex. 13.4.4).

A useful implication of assumptions 13.1.1 and 13.1.2 is that linear functions of
{x¢u;} form a martingale difference sequence (MDS). This will allow us to apply the
sample path results in theorem 7.3.1.

Lemma 13.1.1 If assumptions 13.1.1 and 13.1.2 both hold, then, for any constant vector
a € RK, the sequence {m;} defined by m; = a"xzuy is

(i) stationary with E[m?] = c*a"Lxa for all t, and
(ii) an MDS with respect to the filtration defined by

yf = {xlr---/Xt,Xt+1/M1,---,Mt} (135)

Proof. First let’s check part (i). That {m;} is stationary follows from the assumption
that {u} and {x;} are stationary. Regarding the second moment IE [m3], we have

E[mi] = E[E[uf(a™1)? |x1]] = E[(a™x)*E[uf | x]]
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From independence of 1 and x;, the inner expectation is 2. Moreover
(aTx)? = a'xja"x; = a"xyx]a
E[m?] = E[a"x;x]a ¢?] = c?a'E[x;x]]a = 0?aEa

To check part (i), note that {m;} is adapted to {.%;}, since m; := usa"x; is a function
of variables in .%;. Moreover we have

Elm | #) = Elua x| Fi] = axe 1 Blupg | Fi] = alx 1 Eugq] = 0

(Here the second equality follows from the fact that x; 11 € .%#;, while the third follows
from the independence in assumption 13.1.2.) This confirms that {m;} is an MDS with
respect to {.Z; }. O

13.1.2 Consistency

Under the conditions of §13.1.1, the OLS estimator B, is consistent for f:

Theorem 13.1.1 If assumptions 13.1.1 and 13.1.2 hold, then
Br LB as T—ooo

Proof. It suffices to show that the expression on the right-hand side of (13.2) converges

in probability to 0. As a first step, let’s show that % YL Xy £ 0. In view of fact 6.1.1
on page 161, it suffices to show that, for any a € RK, we have

T
a' ljl, t;xtut] FaTo=0 (13.6)

If we define m; := a"x;u;, then the left-hand side of (13.6) can be written as T~! Zthl my.

Since {m;} is a stationary MDS (lemma 13.1.1), the convergence T~ Y7 m; -5 0 fol-
lows from theorem 7.3.1 (page 200).

Now let’s return to the expression on the right-hand side of (13.2). By assump-
tion 13.1.1 and fact 6.2.1, we see that

-1
1 I
[T Y. xtxtT] Brl as To o (13.7)
=1
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Appealing to fact 6.2.1 once more, we obtain

|

13.1.2.1 Consistency of 67

T -1 T
1 P —1
; txt] . thzlutxt%):x 0=0 O]

i

In (12.5) we estimated the error variance o2 using 62 := Rss/ (N — K), with N being
the sample size. Here the sample size is T, and since T is assumed to be large relative
to K, we have 1/(T — K) ~ 1/T. Hence in this chapter we set ﬁ% = RSS/T instead.
(None of the following theory is affected if we use RSS/ (T — K), however.)

Theorem 13.1.2 If assumptions 13.1.1 and 13.1.2 hold, then

A%ﬁnfz as T — o0

Proof. By the definition of 62 and the linear model assumption (13.1),

o1 a2 1¢ T 5 12
P o Y =X B = o X [u+x] (B—Br)] (13.8)
r= r=
Expanding out the square gives
21y
07 = = ) Ui +2(B - th”t+ (B—Bp) thxt (B Br)
t=1

By assumption 13.1.2 and the law of large numbers, the first term on the right-hand
side converges in probability to ¢>. Hence it suffices to show that the second and
third term converge in probability to zero as T — co. These results follow from re-
peated applications of fact 6.2.1 on page 170 and convergence results we have already

established. The details are left as an exercise. O

13.1.3 Asymptotic Normality of

Next we show that v/T(B; — B) is asymptotically normal. From this information we
can develop asymptotic tests and confidence intervals.

Theorem 13.1.3 If assumptions 13.1.1 and 13.1.2 hold, then

VT(Br — B) i)N(O,UZZ;l) as T — o0
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Proof. Expression (13.2) gives

-1

N 1 L B T
VT(Br —B) = [T Y XtXtT] CTTVEY upx (13.9)

t=1 t=1

Let z be a random variable satisfying £(z) = N(0,0?Zy). Suppose we can show that
L d
TV2Y ux; Sz as T—oo (13.10)
t=1

If (13.10) is valid, then, applying assumption 13.1.1 along with fact 6.2.2, we obtain

-1
T T
VT(Br—p) = [;zmz] TV Y w4 xls
t=1

t=1

Clearly Z; 'z is Gaussian with zero mean. By symmetry of I ! (since Z is symmetric)
the variance of Z; 'z is

Il var[zZ] It = E o2 I B = 0% ]

This completes the proof of theorem 13.1.3, conditional on (13.10). Let’s now check
that (13.10) is valid.

By the Cramér—Wold device (fact 6.1.6 on page 167), it suffices to show that for any
a € RX we have

T
a [TW Y utxt] 4 ATz (13.11)
t=1

Fixing a and letting m; := u;a"x;, the expression on the left of (13.11) can be rewritten
as T"V2y T | my. Since £(z) = N(0,0?Zy), to establish (13.11) we need to show that

T
T12Y " m; % N(0,0%aTEa) (13.12)
t=1
From lemma 13.1.1 we know that {m;} is stationary with E[m?] = oc?a’Zya and an

MDs with respect to the filtration given in (13.5). By the martingale difference CLT on
page 200, the result in (13.12) holds whenever

T
Y E[m}|Z 1] 5 0%a’Ea asT — oo (13.13)
t=1

|-
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Since x; € .%;_1, we have
E[m} | F 1] = Eluf(a'x)? | F 1] = @)’ B4} | Fq] = 0% (a'x:)?

Another way to write the last expression is c2a"x;x] a. The left-hand side of (13.13) is
therefore

1 1
7 Y E[m}| Fi1] = T Y (c*aTxx[a) = o?a’ [ thxtl

t=1 t=1

which converges in probability to c?aTZya by assumption 13.1.1 and fact 6.2.1. This
verifies (13.13), completing the proof of theorem 13.1.3. O

Example 13.1.3 Consider again the scalar linear Gaussian AR(1) model x;,1 = ax; +
w41 with |a] < 1 and {w;} 1ID and standard normal. Let {x;} be stationary. As
discussed in §12.2.2, the OLS estimator of a is

ar := Tx where y:= (x1,...,x7)and x := (xq,...,X7_1)

Both assumption 13.1.1 and assumption 13.1.2 are satisfied, so /T (41 — a) converges
in distribution to N(0,02Z;!). In this case, 0> = 1 because the shocks are standard
normal. Furthermore Z; ! reduces to 1/E[x?], where the expectation is under the
stationary distribution. By (7.18) on page 190, we see that the stationary distribution
isN(0,1/(1 — a?)). Hence the inverse of E[x?] is 1 — 4%, and

VT(ar —a) % N(0,1 — %) (13.14)

13.1.4 Large Sample Tests

In §12.1.4.1 we considered the problem of testing a hypothesis about an individual
coefficient . Let’s consider this problem again in the large sample setting. The hy-
pothesis to be tested is

Hy: B = B

In §12.1.4.1 we showed that if the error terms are normally distributed, then the ex-
pression (B — Bi)/ se(By) is t-distributed with N — K degrees of freedom. In the large
sample case, we can use the CLT to show that the same statistic is asymptotically nor-
mal.! The next theorem gives details.

1. This isn’t surprising because the t-distribution converges to the standard normal distribution as the
degrees of freedom converges to infinity. However, we can’t use this result directly because our model
assumptions are different.
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Theorem 13.1.4 Let assumptions 13.1.1 and 13.1.2 hold, and let

se(By) := \/oF0e(X)

Under the null hypothesis Hy, we have

AT _ 0
zl = P ATﬁkiN(O,l) as T — o (13.15)
Se(ﬁk)

In the theorem, 07 is as defined in (13.8) on page 359 and vi(X) is the (k, k)th
element of (XTX) 1.

Proof. Recall from theorem 13.1.3 that /T (B, — B) 4 z, where z is a random vector
with distribution N(0,0%Z; ') and B is the true parameter vector. It follows that

~ A d
VT(Bi — Br) = ef [VT(Br — B)] = efz
The distribution of e]z is N(0, e] var[z]ex) = N(0,0%e] X, e;), so

VT(BL — Bi) 4

5 N(0,1) (13.16)
\o2el X ey

Applying (13.7) and (v) of fact 6.2.1 on page 170,
1¢ o
Top(X) = Tel (XTX) ey = e] [T ) thg} er b e[Z, e
=1

By theorem 13.1.2 we have [7% £> o2, and hence

02 Tog(X) LA \o2elEy ey

Combining this with (13.16) yields

VT(Bf - Bx) 4N (0,1)
ﬁ'% TZ)k(X)

Assuming Hp and canceling /T gives (13.15). O
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13.2 MLE for Markov Processes

Let’s now turn to nonlinear estimation in a time series setting, using maximum likeli-
hood. We will cover just the foundations of building and maximizing the likelihood.

13.2.1 The Likelihood Function

If we have 1ID observations from some common density, then, as we saw in §8.3.1,
the likelihood function for that data is the product of the marginals evaluated at the
sample. If, instead, the data contains dependence, the likelihood is more complex.

One intermediate case is Markov processes, the joint distribution of which was
given in (7.17) on page 189. Suppose that the transition density pgp depends on some
unknown parameter vector 8 € ©. Suppose further that the process has a unique
stationary density 7%, for all 8, and that x; is a draw from this stationary density.
Then the log-likelihood function is given by

T-1

0(0) =Innd,(x1) + ) Inpo(xis1|x)
i1

In practice, it is usual to drop the first term in this expression, particularly when the
data size is large, since the influence of a single element is likely to be negligible. In
addition, even though the stationary density is formally defined by (7.19), for many
processes, there is no known analytical expression for this density.> Here we'll follow
this convention and, abusing notation slightly, write

T-1
0(0) = ) Inpo(xs1 |xt) (13.17)
t=1

13.2.1.1 Example: The ARCH Case

Let’s look at a relatively simple case: the ARCH model from (7.5) on page 183. By
(13.17), the log-likelihood function is

I b)—Tﬁ1 -4 (2r(a+b 2))—L (13.18)
& _t; 2 T T a4 ba?) ‘

2. It is still possible to compute the density numerically. See, for example, Stachurski and Martin (2008).
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Rearranging, dropping terms that don’t depend on a or b, and multiplying by 2 (an
increasing transformation), we can rewrite this (abusing notation again) as

T-1 2
lab)=—Y {lnzt + Zl} where  z; := a + bx? (13.19)
t=1

Let’s run some simulations to see what this function looks like. In the simulations
we will set T = 500 and 4 = b = 0.5. Thus, we imagine the situation where, un-
beknown to us, the true parameter values are ¢ = b = 0.5, and we observe a time
series x1,...,x500 generated by these parameters. In order to estimate a and b, we
form the likelihood function (13.19), and obtain the MLEs @ and b as the vector (&, b)
that maximizes ¢(a, b).

Four different simulations of ¢ are given in figure 13.1. In each figure, a separate
data set x1,...,x500 is generated using the true parameter values a2 = b = 0.5 and
the function £ in (13.19) is then plotted using contour lines and a color map. Lighter
colors refer to larger values. The horizontal axis is a values, and the vertical axis is
b values. The code for producing one of these figures (modulo randomness) is given
in listing 11. The function arch_like(theta, data) represents ¢ in (13.19), with theta
corresponding to (a,b) and data corresponding to the time series x1, ..., xT.

In each of the four simulations, a rough guess of the MLEs can be obtained just
by looking for maximizers in the figures. For example, in simulation (a), the MLEs
look to be around 4 = 0.44 and b = 0.61. To get more accurate estimates, we can use
some form of analytical or numerical optimization. For this problem we don’t have
any analytical expressions for the MLEs because setting the two partial derivatives of
¢ in (13.19) to zero does not yield neat expressions for 4 and b. However, there are
many numerical routines we can use to obtain the MLEs for a given data set.

The simplest approach is to use one of R’s inbuilt optimization routines. For ex-
ample, given the definition of arch_like in listing 11 and a sequence of observations
x1,...,xT stored in a vector xdata, the function arch_like can be optimized numeri-
cally via the commands

start_theta <- ¢(0.65, 0.35)
neg_like <- function(theta) {
return(-arch_like(theta, xdata))

3
opt <- optim(start_theta, neg_like, method="BFGS")

Here optim is an built-in R function for numerical optimization of multivariate func-
tions. Most built-in functions perform minimization rather than maximization and
optim is no exception. For this reason the function that we pass to optim is neg_like,
which is —1 times ¢. The first argument to optimis a vector of starting values (a guess
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of the MLEs). The last argument tells optim to use the BFGS routine, which is varia-
tion on the Newton—-Raphson algorithm. The return value of optim is a list, and the
approximate minimizing vector is one element of this list (called par).

In this particular setup, for most realizations of the data and starting values, you
will find that the algorithm converges to a good approximation to the global opti-
mizer. However, there’s no guarantee that it will. In case of problems, it’s useful to
know how these kinds of algorithms work, and how to code up simple implementa-
tions on your own. The next section will get you started.

13.2.2 The Newton-Raphson Algorithm

The Newton-Raphson algorithm is a root-finding algorithm. In other words, given a
function g: R — IR, the algorithm searches for points 5§ € R such that g(5) = 0. Any
root-finding algorithm can be used to optimize differentiable functions because, for
differentiable functions, interior optimizers are always roots of the objective function’s
first derivative.

To describe the algorithm, let’s begin with the root-finding problem and then spe-
cialize to optimization. To begin, let g: R — IR, and let sy be some initial point in R
that we think (hope) is somewhere near a root. We don’t know how to jump from s
straight to a root of ¢ (otherwise, there would be no problem to solve), but what we
can do is move to the root of the function that forms the tangent line to g at sg. In other
words, we replace g with its linear approximation around s(, which is given by

g(s) :=g(s0) +&'(s0)(s —s0) (s E€R)

and solve for the root of §. This point is represented as s; in figure 13.2, and the value
is easily seen to be s1 := s9 — ¢(S0) /<’ (s0). The point s; is taken as our next guess of
the root, and the procedure is repeated, taking the tangent of g at s1, solving for the
root, and so on. This generates a sequence of points {s; } satisfying

g(sk)
' (sx)

Sk+1 = Sk —

There are various results telling us that when g is suitably well-behaved and s is
sufficiently close to a given root 3, then sequence {s; } will converge to 5.3

To move from general root-finding to the specific problem of optimization, sup-
pose now that g: R — IR is a twice differentiable function we wish to maximize. We
know that if s* is a maximizer of g, then ¢’(s*) = 0. Hence it is natural to begin

3. In practical situations we often have no way of knowing whether the conditions are satisfied, and
there have been many attempts to make the procedure more robust. The R optimization routine described
above is a child of this process.
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Listing 11 Code for figure 13.1 (R)

arch_like <- function(theta, data) {
Y <- data[-1] # All but first element
X <- data[-length(data)] # All but last element
Z <- theta[1] + theta[2] * X"2
return(-sum(log(zZ) + Y*2 / Z))

3

sim_data <- function(a, b, n=500) {
x <- numeric(n)
x[1] =0
w = rnorm(n)
for (t in 1:(n-1)) {
x[t+1] = sqrt(a + b * x[t]1*2) * w[t]
}
return(x)

}
xdata <- sim_data(0.5, 0.5) # True parameters

K <- 50
a <- seq(0.3, 0.8, length=K)
b <- seq(0.3, 0.8, length=K)
M <- matrix(nrow=K, ncol=K)
for (i in 1:K) {
for (j in 1:K) {
theta <- c(alil, b[jD)
M[i,3j] <- arch_like(theta, xdata)
3
3
image(a, b, M, col=topo.colors(12))
contour(a, b, M, nlevels=40, add=T)
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oQi

Figure 13.2 First step of the Newton—-Raphson algorithm

our search for maximizers by looking for roots to this equation. This can be done by
applying the Newton—Raphson algorithm to g/, which yields the sequence

. 8 (w)
Sk+1 = Sk g// (Sk) (1320)

We can extend this algorithm to the multivariate case as well. Let’s suppose that
g is a function of two arguments. In particular, suppose that g is twice differentiable
and g: R? — R. The gradient vector and Hessian of g at (x,y) € R? are defined as

e e [ SED N g V(e = SV 81(x%Y)
Vsoy) = (G0 ) and Faen = (G0 S )

Here g; is the first partial of g with respect to its ith argument, gj; is the second cross-
partial, and so on.

By analogy with (13.20), the Newton—-Raphson algorithm for this two dimensional
case is the algorithm that generates the sequence {(x, yx)} defined by

(X1 Vir1) = (X vi) — (V28 (3 vi)] ' Vg (3, k) (13.21)

from some initial guess (x, o).

For the sake of the exercise, let’s apply this to maximization of (13.19). Let z; be as

4. We are assuming that the Hessian matrix is nonsingular.
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Figure 13.3 Newton—-Raphson iterates

defined in (13.19). The first partials are then
YA T=1 [ 2 1 Y4 =1 [x? 1
—(a, l7 — AAA:t;L, - —1, —(a, l; — ):2 Agt:t;L, —
aa( ) t; l 22z ab( ) t; 2z
while the second partials are
920 -1 2 92/ T—1 1 2,
—(a,b) = = -2 ——(a,h) = ¥ |5 -2
9a? t; z? z} ob? t; z? z

The cross-partial is

¢ S
aaap ) = LV 272

From these expressions we can form the gradient vector and the Hessian, pick an
initial guess, and iterate according to (13.21). Figure 13.3 shows four iterations of this
procedure, starting from (ag, by) = (0.65,0.35).% In this case the convergence is quick,
and we are already close to the global optimum.

Replication of this figure (modulo randomness) is left as an exercise.

5. As before, the simulation usesa = b = 0.5 and T = 500.
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13.3 Further Reading

Suitable topics for study after reading this chapter include GARCH models, hidden
Markov models, Markov switching models, stochastic volatility models, factor mod-
els, and cointegration. High-quality textbook treatments of these and other topics
in time series econometrics include Martin et al. (2012) and Hamilton (1994). Use-
ful chapters on time series econometrics can be found in Hansen (2015) and Hayashi
(2000). For a recent survey, see Diebold et al. (2009). For financial applications, see,
for example, Ruppert (2011).

13.4 Exercises

Ex. 13.4.1 Let {x} be the scalar AR(1) process x;;1 = ax; + w1, where |a| < 1 and
{w:} is IID and standard normal. Let xo be drawn from the stationary distribution
Moo = N(0,1/(1 — a?)). Show that

1 XT:x iN(O v) where v:=
TE™ ' - (1-a)?

(Note how v increases in a, meaning that greater correlation makes it harder to esti-
mate the mean of x; via the sample mean. The intuition is that dependent data are less
informative than independent data.)

(13.22)

Ex. 13.4.2 Recall that the sample variance is a consistent and asymptotically normal
estimator of the variance of a distribution when the data are IID. A proof was given
in example 9.2.11 on page 264. Now assume the conditions of exercise 13.4.1. While
the data sequence {x;} is no longer 11D, it is a stable Markov process. Using the proof
in example 9.2.11 as a starting point, prove that asymptotic normality still holds. In
particular, show that

\/T{s2 - var[xt]} LN N(0,7%) where 9%:= Zi
' ' -y
Note that this exercise involves substantial calculation.

Ex. 13.4.3 In example 13.1.1 it was claimed that the threshold process studied in that
example satisfies all of the conditions of assumption 13.1.1. Verify that this is the case.

Ex. 13.4.4 Verify the claim that (13.4) holds when assumption 13.1.2 is valid.
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Ex. 13.4.5 Let K x 1 random vector f1 be an estimator of 8. Suppose that this estimator
is asymptotically normal, in the sense that

VT(0r — 0) % N(0,C)
where C is positive definite. By exercise 3.5.36, for such a C there exists a symmetric
K x K matrix D such that DCD = I. Let Dy be a consistent estimator of D. Show that

N A d
T|Dr(6r - 0)[1> > x*(K) (13.23)

Incidentally, (13.23) can be used to test the null hypothesis that 8 = 6y. Under the
null hypothesis, we have

IR d
T|Dr(8r — 60)]1* = x*(K)

Fixing & and letting c be the 1 — a quantile of the x?(K) distribution, we reject the null
if T||D1(87 — 69)||> > c. This test is asymptotically of size «.

Ex. 13.4.6 Consider once more the scalar linear Gaussian AR(1) model x;41 = ax; +
w1 with |a| < 1 and {w;} 1ID and standard normal. In example 13.1.3 we saw that
the OLS estimator dr is a consistent and asymptotically normal estimator of a, with
asymptotic variance 1 — a2. Let’s now look at another consistent and asymptotically
normal estimate of 2 and compare its performance with the OLS estimator in terms of
asymptotic variance (with small variance being better).

For this second estimator, we can exploit the fact that the sample variance con-
verges to the stationary variance of x;, which in this case is 1/(1 — a?). Once we
estimate the variance with the sample variance, we can solve for the value of a. The
exercise is to formalize this idea, and show that

VT(ar—a) 5N <0, (1—a?) (1 1= ”2)> (13.24)

2a?
where a7 is the estimator just described. Comments:

* The exercise shows that the OLS estimator has lower asymptotic variance than
ay (cf. (13.14) on page 361). We say that the OLS estimator is relatively more
efficient.

¢ In attempting the exercise, you should first consult exercise 13.4.2 on page 370.
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13.4.1 Solutions to Selected Exercises

Solution to Ex. 13.4.1. Let {x;} be as in the statement of the problem. The claim is
that (13.22) holds. To see this, apply (7.27) on page 194. (All the relevant conditions
are satisfied; see, in particular, example 7.2.10 on page 195. Observe also that the
stationary distribution 7 = N(0,1/(1 — a?)) has finite moments of all orders.) This
gives

\% T [;i ] [ th /snoo )ds‘|£>N(0,U)

where, from (7.28),

v = var[xo] +2 ) _ covlxg, x]
=1

Recall here that £(xg) = N(0,1/(1 — a?)), so this becomes

1

> 1 2a
U= 7+22ﬂtE[X%] =
t=1

1—a azz @ = (1—a)(1—a2)

1—

Here the first equality follows from the discussion of correlation in §7.2.4. Simplifying
the right-hand side gives v = 1/(1 — a)? as claimed. O

Solution to Ex. 13.4.2. In this exercise we are assuming that x;; = ax; + w;1 where
la| < 1, {w;} is 11D and standard normal, and £(xg) = e = N(0,1/(1 — a?)). (The
stationary distribution was obtained on page 193.) The aim is to show that

1 1+ a?
VT {SZT 1= az} 4 N(0,7%) where 9%:= 2(11_7;2)3 (13.25)

Letting v := 1/(1 — a2), note from the manipulations in example 9.2.11 that it suffices
to prove that

t=1

T
\/T{; Y 7 — v} 4 N(0,7?) (13.26)

All of the conditions of theorem 7.2.2 on page 193 are satisfied, and we apply the
resulting CLT in (7.27) with h(x) = x? to get (13.26) with

Y2 i=RB[(x3 —v)?] +2 Z E[( — )] (13.27)

To check (13.25) it only remains to show that this expression for 7* matches that in



Large Samples and Dependence 373

(13.25). To see this, consider the first term on the right-hand side of (13.27). We have
E[(x3 — v)?] = E[x}] — 20E [x3] + v* = 20?

(The fourth moment of the distribution N(0,0?) is 3¢*.) For the second term on the
right-hand side of (13.27), we have

E[(x} —0)(x — )] = Elxfx}] — 0 = E {x}[a'x0 +s(w)]2 | — o2

for s(w) := Y!_, a'~w;. Note that s(w) and x is independent. (For a Markov process,
the initial condition is always assumed to be independent of the shocks.) Working
through all the algebra, we get

Returning to (13.27) we have

[ 2
2 2 2t 2 2 a 2

=2 2) 2 =2 4—— 13.28
0% v° + ;:1»1 v v+ =27 ( )

Using v = 1/(1 — a?) and working through the remaining algebra will get you to the
expression for 72 in (13.25). O

Solution to Ex. 13.4.3. Let 7o (s) = 2¢(s)®(gs), where g := a(1 —a%)"1/2, ¢ is the
standard normal density and ® is the standard normal CDF. The process {x; } studied
in example 13.4.3 is identically distributed as a result of our assumption that £(x() =
Tleo (see fact 7.2.5 on page 191). It remains to check the conditions on Zy. In the present
case,

I =E[x}] = /oo §2 Moo (s) ds = /o:o s22¢(s)®P(gs) ds

—oo _
To verify that Xy is positive definite, we need to check that the term on the right-hand
side is strictly positive. This is clearly true, because the function inside the integral is
strictly positive everywhere but zero. To be careful, we should also check that Xy is
finite, and this is also true because ®(gs) < 1, and hence

/.oo s22¢(s)®(gs) ds < /‘oo s22¢(s)ds = 2 /0O $2p(s)ds =2
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Last, we need to show that

S| =

T
Y 1?55 =E[x] (13.29)
t=1

Since the conditions of theorem 7.2.2 (page 193) are satisfied, the convergence in
(13.29) is valid. O

Solution to Ex. 13.4.4. Suppose that assumption 13.1.2 (page 357) is valid. We need
to show that

o if s=t

0 if s<t

E[usut|x1,...,xt] = {

On one hand, if s = t, then E [u? | xy, ..., x| = E[u?] = ¢ by independence. On the
other hand, if s < t, then

[E[usuy | xq, .., X¢, us] | X1, -+ -, X¢]
[usE 1y | X1, ..., Xe, Us] | X1, ., X¢]
[usE [uy] | x1,. .., X¢]
[ =0

us0 X1, ..., X O

Solution to Ex. 13.4.5. By assumption we have Dy 5 Dand VT (b7 —0) LN z, where
L(z) = N(0,C). Applying Slutsky’s theorem, we obtain

N

DrvVT(0r — 0) % Dz (13.30)
Clearly Dz is normally distributed with mean 0. Moreover
var[Dz] = Dvar[z]DT = DCD =1

In other words, Dz is standard normal. As a result, |Dz||?> ~ x*(K). Applying the
continuous mapping theorem to (13.30), we obtain

R A d
IDrVT(0r - 6)[> = ||Dz||* ~ x*(K)
This is equivalent to (13.23). O

Solution to Ex. 13.4.6. Let v := 1/(1 — 4?), the asymptotic variance of x;. We can

solve this for a to get
a=g(v) for g(v):= \/1—%
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We take as our estimator a% the statistic g(s2), where s2. is the sample variance. We
then have

VT(a} —a) = VT{g(s}) - g(v)}

Applying the delta method (see page 173) combined with the result in exercise 13.4.2

we have
1+ a2

(1—a2)3
Using the definition of v and a bit of algebra leads to the expression on the right-hand
side of (13.24). O

VT(a} —a) 5 N(0,¢'(v)29%) where 7% :=2
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